THE RANK OF A UNIMODAL SEQUENCE AND A PARTIAL THETA
IDENTITY OF RAMANUJAN

BYUNGCHAN KIM AND JEREMY LOVEJOY

ABSTRACT. We study the number of unimodal sequences of weight n and rank m using a
partial theta identity discovered by Ramanujan. We obtain rank difference identities as well as
a congruence for the second rank moment.

1. INTRODUCTION

Let U(n) denote the number of unimodal sequences of the form
ar <ay<---<a,<¢c>by >by >0 > b (1.1)

with weight n =c+ > ;_, a;i +>.;_; bi. For example, U(4) = 12, the relevant sequences being

The rank of a unimodal sequence is s — r. Let U(m,n) be the number of unimodal sequences
of weight n and rank m and let U(¢,m,n) be the number of unimodal sequences of weight
n and rank congruent to ¢ modulo m. We note the symmetries U(m,n) = U(—m,n) and
U(m —t,m,n) =U(t,m,n), and we assume that the empty sequence has rank 0.

Define the rank difference Uy, (x) by

Uity () := Z (U(tl, m, mn + x) — U(te, m,mn + x))qu‘m. (1.2)
n>0

With our first result we consider the case m = 5 and find formulas for all of the rank differences
in terms of partial theta functions and modular forms. Recall the usual g-series notation,

k

(a1, a2, .., ap)n = (a1, a2, ..., a; Q) = [ [(1 — @) (1 — aiq) - (1 — a;g" ™). (1.3)
i=1
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Theorem 1.1. Let m = 5. We have

U02 Z Z (_l)nq5n(15n+1)/2 + (_1)nq(Sn-i-fB)(15n-i—10)/27 (1.4)
n>0 n<-—1
Zn ( ) q(5n 5n+1)/2 n 7 7 n n n
U12(O) _ (q>0q ) (q q25) + Z (_1) q(5 +3)(15n+10)/2 _ Z(_l) q5 (15 +1)/2’ (15)
0 n<—1 n>0
U02(1) _ Zn>0( ) q(5n+3)(5n+4 qzn>0( )nq(5n+4)(5n+5)/2 . q(q25 q50 q75'q 5)00
(2% 6%)00(4%%5 ¢%) o (4% 4%) (4" ¢%) o o ’
(1.6)
1 (5n+3)(5n+4)/2 —1)7q(Bn)(5n+1)/2
Una(1) = 2Znzol 25) 1 qz’foz()(% ) L (¢ ), (17)
(%5 4%) 0 (%5 4% ("% 4%)00 ("5 4% )0
42 n>0(—1)"q 5”+3)(5”+4) (Gt )(15n-+4)/2 (5n42)(15n47)/2
@)= (4" 4%) 0 (4"%; ¢*) o ,;) n;f :
(1.8)
U12(2) _ Z _ Z (_1)nq(5n+1)(15n+4)/2 + (_1)nq({"m—&—2)(15n—i—7)/27 (1'9)
n>0 n<-1
En (_ )nq(5n+2)(5n+3)/2
Uo2(3) 22. 25 20. 25 ) (1.10)
(2°14%)o0(4%%5 4% ) o
Ui2(3) = 0, 1.11
Uo2(4) = 0, 1.12)
q Zn>0( 1) q(5n+2)(5n+3)/
Uia(4) = (1.13
W= 0 ) @ ) )

Theorem 1.1 is of course reminiscent of the many rank difference identities for partitions
[9, 17, 19, 24, 26, 27] and overpartitions [21, 22, 23]. However, while those rank differences
are now understood in the context of modular and mock modular forms [1, 14, 16|, there is
apparently no such modular structure in the case of unimodal sequences. Instead Theorem 1.1
is a curious and unexpected application of a partial theta identity discovered by Ramanujan (see
(2.3)).

For m = 7 we are unable to find simple formulas for the rank differences using the partial
theta identity. However, there is a congruence for the second rank moment modulo 7 which
is reminiscent of rank moment congruences for partitions and overpartitions [4, 8, 11, 12, 18].
Define the kth rank moment Uy (n) by

=Y m"U(m,n). (1.14)

meZ

Our second result is the following congruence.
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Theorem 1.2. We have

()" =D (n+DUMG+ [ D = D | (1) (n—1)g" "2 (mod 7). (1.15)

n>0 n>0 n>0 n<-1
In particular, for all n > 0 we have
U(Tn+6) =0 (mod 7). (1.16)

The paper is organized as follows. In the next section we establish some useful generating
functions and in Section 3 we prove the main theorems. We close in Section 4 with some remarks
on the moduli 3 and 4.

Before continuing, we note that in prior studies the unimodal sequences in (1.1) have been
viewed as stacks, two-quadrant Ferrers graphs or convex compositions [5, 10, 29, 31, 32]. The
perspective of unimodal sequences is in line with recent work on asymptotic formulas [13] and
mixed mock and quantum modular forms [15, 25].

2. GENERATING FUNCTIONS

We begin by establishing four generating functions for U(m,n). Define F(z,q) by

F(z,q) := E U(m,n)x™q". (2.1)
n>0
meZ

Proposition 2.1. We have

n

B q
F(z,q) = Z(xq)n(q/x)n (2.2)

n>0

En>0(_1)nx2n+lq(n;1) ,
2 + (1 _ CL‘) (71)71‘,13 n n(3n+1)/2(1 _ g2 2n+1) (23)
(20)oc (/7)o 2 ! !

ngl) non (n;l)

_ nl,2n1( _ x
_ LGOI R 5 (CD'eM

(@)oo (q/7) 0 - >0 (zq)n

(2.4)

n+r n(n+1)/2+2n+1)r+r(r+1)/2

G- [« <) (D
O PP 00 | (25)

o0 nor>0  n,r<0

Proof. Equation (2.2) follows immediately from the fact that >_._; a; and Y ;_, b; in (1.1) are
partitions into r and s parts, respectively. Equation (2.3) is an identity in Ramanujan’s lost
notebook [6, Entry 6.3.2]. Equation (2.4) follows from another identity in Ramanujan’s lost
notebook. It is the case a = —1/x and b = —x of [6, Entry 6.3.1]. We remark in passing that
the equivalence of (2.3) and (2.4) follows from Franklin’s involution on partitions into distinct
parts [2].

For (2.5) we use Bailey pairs. It is not necessary to go into detail on these (the interested
reader may consult [3] or [30]), only to note that if (c,, 5,) is a Bailey pair relative to a, then
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20, Eq. (1.5)]

> "B =

n>0

and that the sequences

L,
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Z (_a)nq(";rl)+(2n+1)ram (2.6)

(aq, q) o

if n =0,

= (") g 0 ma)a-1/2)

A=z (1=q" /) , otherwise

and
1

(q)n(q/T)n

form a Bailey pair relative to 1 (see [28, Eq. (4.1)] with (a,c¢,d) =
Bailey pair into (2.6) and using the fact that for » > 1

/Bn:

(1,2,1/z)). Substituting this

1+q¢)1—-2)(1-1/z) 1-=x 1-1/x
(1—2zq)(1—-q/x) l—zq  1-q"/a’
we have
1 "+1 n+l r+1 1 — X
F — n n+7‘ +(2n+1)r+( ) 9.
TLZO r>1
n>0
1)"*7g ("I +@n+)r+ (75 1-1/x
* Z ’ 1—q"/z
r>1
n>0
_ 09§ (~prtrg("s )+ () (1 -1/ y & Pyt g("E) +En ;)
- 2 T B 2 [P
(q)oo r,n>0 1 =g (q)oo rn<0 1—q /:L'
(1 _ JI) Z Z (_1)n+rqn(n+1)/2+(2n+1)r+r(r+1)/2
(q)go n,r>0 n,r<0 (1 B xq”") 7
as desired. [l
Setting z = 1 in (2.2) and (2.3) (or (2.4)) we have two generating functions for U(n).
Corollary 2.2. We have
qn
UM = > Wz (2.8)
n>0 n>0 4
]. n+1
= oL 21 (2.9)
q n>0

Next we find a generating function for the second rank moment.
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Proposition 2.3. We have

3" Us(n) —2 (2 i na”_ i(—l)”q("31> + i(—l)”(m? +dn + 1)q("'z“)>

n>0 )oo n=1 l—q n=0 n=0
(2.10)
Z o Z (—l)n(Gn + l)qn(3n+1)/2.
n>0 n<l-—1
Proof. From the definition of rank moment we have that
Y Ui(n)g" =05, F(x,q), (2.11)
n>0
where 0, := x4, We calculate 92|, F(x,q) using equation (2.4). Let G(z,q) and H(z,q)
denote the first and second terms on the right-hand side. The fact that
07|, H(x,q) = (=)™ (6n + 1)g" /2 4 3" (—1)"(6n + 1)g" D/ (2.12)
n>0 n<—1

is a straightforward calculation.
For G(x,q) we observe that

o) = (@)oo _qymg2mt (")
G = G T 22

and note that
(9)o
7 —— = Co(z,q)
(Zq) oo (/7)o
is the two-variable generating function for the crank of a partition [7].
We compute that

1 m 1 m
0:G(2,0) = —~—Cilw,0) 3 (1) (") 4 —=—Co(w,q) Y (~1)" (2m+1)a?+1g(")
() m>0 () m>0
and
o0 oo
0R6a.0) = —Calena) V") 4 ) "m0t )
=0
(¢)oo 0
where Cy,(z, q) = 0FCo(x, q). Now we have [8]
1
C 17 = 7N
ot 4) ()0
Cl(]-a(:Z) = 07
02(17(]) - 2 ™
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and so
1 o0 n 00 n
O2G(x,q)|p=1 = WL (22 ;ﬁlqn Z( )"q 2+ Z "(4n? +4n + 1)q ("2 1)> (2.13)
o0 n=1 n=0
Together with (2.12), this completes the proof. O

Finally we record generating functions for U(m,n) and U(t,m,n). These are not necessary
for the sequel but are quite useful for computations.

Proposition 2.4.

(1) For m € Z we have
—1
Z U(mjn)q" _ X(m _ O) + > Z (_1)n+rqn(n+1)/2+r(r+1)/2+27"n+\m\r(1 _ qr)' (214)
n>0 (Q)oo r,n>0
(2) Form>1and0<t<m—1 we have

rt r(m—t) )

Z U t,m, Tl (t _ O) 4 —1 Z (_1)n+7"qn(”+1)/2+7"(7“+1)/2+2rn(1 _ qr) (q 1+_qum

(2.15)

2
n>0 (Q) © rn>0

Proof. For m > 1 equation (2.14) follows from (2.5) after expanding
(1—-2)/(1—2z¢")=(1—-12x) me mr
m>0

and picking off the coefficient of ™. The case m < 0 follows from the symmetry U(m,n) =
U(—m,n). The case m = 0 is trickier. For this we need the identity

Z - Z ( 1)n+rq(n+1)+(2n+1)r+(r;1) _ (q)?xﬂ (2.16)

rn>0 r,n<0
which follows from (2.6) and the unit Bailey pair relative to 1, [3, Theorem 1],
1, if n =0,
Ay = (n) .
q\2/(=1)"(1+¢™), otherwise

and

Specifically, we obtain

(q>c2>o _ Z( n "+1 + Z n-i-r ”Jrl +2m"+(r+l)(1 +qr)

n>0 r>1

n>0
_ Z n+7’ ”+1 +2nr+(r+1 + Z n+rq(";1)+(2n+1)r+(ré_l)‘
r>1 r,n>0
n>0

Replacing (r,n) by (—r,—n — 1) in the first sum gives (2.16).
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Now picking off the coefficient of z° in (2.5) (c.f. equation (2.7)), we have

Z U(O, n)qn _ L( Z (_1)n+rq(n-2+1)+(2n+1)r+(r;rl) n Z(— n+rq(”+1)+(2n+1)r+(T;1))

2
n>0 (q)oo >0 =
n>0
1 ( T Z n+r n+1)+(2n+1)r+(r+1 n Z n+7’q(n;1)+(2n+1)r+(r'§1)>
(q <0 r>1
n>0
= 1 —|— 12 < - Z(_l)nJrTq(n;—l)—i—QnT-‘r(T;l) + Z(_ n+rq(n+1>+(2n+1)r+<,r;1)>7
(Q)Oo rzl r>1
n20 n>0

which gives (2.14) when m = 0.
Finally, equation (2.15) follows from (2.14) after noting that

U(t,m,n) :ZU(mv+t,n)+ZU(mv—t,n).

v>0 v>1

3. PROOFS OF THE MAIN RESULTS

We are now ready to prove Theorems 1.1 — 1.2. For 0 < i < 4 define the sums X; and Y; by

X; = Z(_l)mq(5m+i)(5m+i+1)/2 (31)
meEZ
and
Y; = Z(_l)nq(5n+i)(5n+i+1)/2' (3.2)
n>0

We will frequently use the fact that Xg = — X4, X1 = —X3, and X5 = 0, which follow upon
replacing m by —m — 1 in Xj.

Proof of Theorem 1.1. We begin by observing that

F(Gs,q) = Y Ulm,n)eq"

n>0
meZ

= ZZU 5m +i,n) 5"”” "

n>0 =0
meZ

4
- Z Z U(i7 5, n)ngn

n>0 i=0
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This together with (2.3) gives

4
. 1 n+1
U(i,5, ion _ _1n2n+1(2)
g g (4,5,m)Cq (Goa, Cglq)oo E (—1)"¢" g

n>0 1=0 n>0 (3.3)
+(1=G) Y (=1)"Erg IR (1 - g,
n>0
Using the fact that
(@°;6%)o0 = (54,510 34, G505 @)oo
together with the triple product identity,

Z an(ngl) = (_1/27 —zq, Q)Ooa (34)
neZ
we may rewrite (3.3) as
4
; 1 m+1 n+1
n>0 i=0 5 140 ez n>0 (3.5)
+ (1 - C5) Z(_l)ncgnqn(i%n-&-l)ﬂ(l - C§q2n+1).
n>0

We first treat equations (1.10) - (1.13). These are the simplest cases since the exponent of g
is never of the form ¢°**3 or ¢ in the final sum on the right-hand side of (3.5) .

To obtain an exponent of the form 5n+3 in the product of the first two sums on the right-hand
side of (3.5) we require (m,n) = (0,2), (2,0), (4,2), or (2,4) modulo 5. Thus we have

4
. e 1
SN UG5, 50+ 3)¢Em = T OET (XoYa + (BXaYp + (2X4Y + XoV3)
n>0 i=0 5 ) (e’
1 2
S A ot G )
1 2
= O @) o2~ GXo)

meZ n>0

Z(_l)nq(5n+2)(5n+3)/2,

n>0

(455 4%%) 00 (425 ¢%) 0

by an application of (3.4). Thus, writing

Ui(z) = Z Ul(i,5,5n + x)g"" ™, (3.6)
n>0
we have
Zn (_1)nq(5n+2)(5n+3)/2
Up(3) — ="=5 + U1 (3)Cs + Ua(3)C2 + Us(3)¢3 + Uu(3)¢3 = 0.

(455 6%) 50 (0%°; ¢*) o
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The fact that the minimal polynomial of (5 over Q is 1 + = + z? + 2% 4+ 2 implies that the
coefficients of ¢! are all identical, giving equations (1.10) and (1.11).

Equations (1.12) and (1.13) are similar. To obtain an exponent of the form 5n + 4 in the
product of the first two sums on the right-hand side of (3.5) we require (m,n) = (2,1), (2, 3),
(1,2), or (3,2) modulo 5. Arguing as above we find that

4
i 1
U(i,5,5n + 4)G¢"" ™ = 3X1Ys — CAX5Yx
nzz:o; (2; ; n + )C.Bq (1_(5)(q5’q5> ( CS 112 C5 3 2)
1
S IO D, SN GaY)
_ (G+EG) (5mA1)(5m+2)/2 D)2
(q q) W%:Z( ) q 1;)

(¢ + ¢ n (5n+2)(5n+3)/2
(q10§q25)oo(q15;q25)oo nZZO( )

Recalling (3.6) we have

(5n+2)(5n+3) /2
Uo(4) + <U1(4) . Z(ZT(?( 1))0:1( P >C5 +Ua(4)G + Us(4)G3

q En>0(_1)nq(5n+2)(5n+3)/2 A
(qfo; )0 (4% %) e s = 0.

+ <U4(4) -

As before, the coefficients of (! are identical, giving (1.12) and (1.13).

Next we turn to equations (1.8) and (1.9). Here we will need to take into account the fact
that the exponent of ¢ in the final term on the right-hand side of (3.5) may be 5n+ 2. But first,
to obtain an exponent of the form 5n 4+ 2 in the product of the first two sums on the right-hand
side of (3.5) we require (m,n) = (1,1), (1,3), (3,1), or (3,3) modulo 5. The contribution to

4
> ) U(i,5,5n 4 2)¢Eg"

n>01=0

is thus
1

T

G X1Y1 + X1Ys + (EX3Y1 + (5 X3Y53)
_ 1
(1= )% ¢°)oo

Next we turn to the final sum in (3.5). The contribution to g comes from ¢ +1D/2 with
m=1,2 (mod 5) or ¢mBm+1/2+2m+1 with m = 2,3 (mod 5). Thus the contribution is

(3.7)

(G —G)X1Y1+ (1— () XqY3) .

5n+2

(1= G)EECH+ (1= ¢5)G02 + (1= G5)ECs + (1 — G5)¢5Ca, (3.8)
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where

C = Z(_1)nJrlq(5n+1)(15n+4)/27

n>0

Cy = Z(_l)nq(5n+2)(15n+7)/27
n>0

Cs = Z(_1)n+1q(5n+2)(15n+7)/2+10n+5 _ Z (_1)nq(5n+2)(15n+7)/2’
n>0 n<—1

Cy = Z(_1)nq(5n+3)(15n+10)/2+10n+7 _ Z (_1)n+1q(5n+1)(15n+4)/2_
n>0 n<—1

Putting equations (3.7) and (3.8) together we have

4
. i snio X1+ XY
;Z:O; U(i,5,5n + 2)¢iq™" " = (15+ 25;((]5; q;):o + (8 = G)(Ch + Cs) + (G5 — ¢ (Ca + C).

Now, multiplying both sides of the above by (1 + (5), recalling the notation (3.6), and sim-
plifying, we have

0= (Uo(2) + Us(2) = X1 ¥s + C1 + Cs ) + G (U1(2) + Uo(2) — XaYi = (G + C))

+g05@y+m@»+(ﬂpﬁm+yxm+(a+cqf«n+cw)+g(m@y+%gn.

Again since the minimal polynomial of (5 over Q is 1 4+ = + 22 + 22 + 2* we have that the
coefficients of Cg must be equal. Subtracting the coefficient of (52 from the coefficient of C50 and
applying (3.4) gives (1.8), and subtracting the coefficient of Cg’ from the coefficient of {52 gives
(1.9).

Equations (1.4) and (1.5) are similar. To obtain an exponent of the form 5n in the product
of the first two sums on the right-hand side of (3.5) we require (m,n) = (0,0), (0,4), (4,0), or
(4,4) modulo 5. The contribution to

4
> > UG,5,5n)¢e™

n>0 i=0

is thus
1

(1= (0%0°)s0

(G X0Yo + G X0Ya + (B XY + (5 XaYia)

1 (3.9)

=@ |

Next the contribution to ¢°™ from the final sum in (3.5) comes from ¢™®™+1)/2 with m = 0,3
(mod 5) or ¢m3m+1)/2+2m+1 with m = 1,4 (mod 5). Thus the contribution is

(¢ — 63) X0Yo + (G5 — ¢3) XaYa) .

(1= ¢)D1+ (1= G)¢GE D2+ (1= ¢5)Ds + (1 — G5)¢3 Dy, (3.10)
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where

Dy = Z(_1)nq(Sn)(1571—i-1)/27
n>0

Dy = Z(_1)n+1q(5n+3)(15n+10)/2
n>0

Dy = Z(_1)nq(5n+l)(15n+4)/2+10n+3 — Z (_1)n+lq(5n+3)(15n+10)/2
n>0 n<-—1

Dy = Z(_1)n+1q(5n+4)(15n+13)/2+10n+9 _ Z (_1)nq(5n)(15n+1)/2_

n>0 n<—1

)

)

Putting equations (3.9) and (3.10) together we have

1 2 2. 3
U(i.5.5 i 5n _ ((5 + C5 )XO% + (C5 + C5 + C5 )X4Y4
;ZZ; (4,5,5n)C5q (1+ )% ) (3.11)

+ (1= () (D1 + D3) + (¢ — 1)(D2 + D).

Now, multiplying both sides of the above by (1 + (5), recalling the notation (3.6), and sim-
plifying, we have

0= (Uo(0) + Us(0) = (D1 + D3) ) + G5 (U1(0) + Uo(0) — Xo¥p — XaYa + Dz + D)
+ Cg (UQ(O) + Ul(O) — XoYy — XuYy+ Dy + Dg) + Cg (U3(0) + UQ(O) — X4Y4> (3.12)

+ (Va0 + Us(0) = (D2 + D))

As usual since the minimal polynomial of (5 over Q is 1 + = + 22 + 2® 4+ 2 we have that the
coefficients of g“g must be equal. Subtracting the coefficient of Cg from the coefficient of (5 gives
(1.4), and subtracting the coefficient of C53 from the coefficient of Cg and and applying (3.4) gives
(1.5).

The final case is the progression 5n + 1. Here there are nine pairs (m,n) which give an
exponent of g of the form 5n + 1 in the first term on the right-hand side of (3.5), namely (0, 1),
0,3), (4,1), (4,3), (2,2), (1,0), (3,0), (1,4), and (3,4) We obtain a contribution of

(= EXo¥i — EXoYs — Xa¥i — (EXaYs + G XoYa — GX0 Yo — XYy — X0 Ys — B XsY))
(1= )0 )
(¢ = @Xo¥s + (1 = ¢ X1Yo + (1= ) XoY1 + (¢ - D)X Ya)
(1 =)@ ¢%)oo '

(3.13)
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The contribution from the final sum in (3.5) comes from ¢™®™+1/2 with m = 4 (mod 5) or
gmB3mAD/242mA1 with m = 0 (mod 5). We obtain

1 _ C5 C Z q(5n+4 (15n+13)/2 (1 _ C5)<5 Z( )nq5n(15n+1)/2+10n+1

n>0 n>0
— (2 -3 Zq(5n+4)(15n+13)/2 " Z (= 1) g0 (5n+13)/2
n20 ns-l (3.14)
e Z gD (15n+2)/2
nez
= (¢ - 3)a(@®,0",4":¢7)
= (G - G)P.

Putting equations (3.13) and (3.14) together we have
4 Do (@ -dxevs+ (- X0+ (- )XoV + (¢ - )X
ZZU(2,5,5n+ 1)¢sa - 01— )P )
5 ) o0

n>0 1=0
+ (¢ - @)P.

(3.15)
Multiplying both sides of the above by (1 — (2), recalling the notation (3.6), and simplifying, we

have
= (Uo(l) —Us(1) = X1Yp — XoY1 — P> + G (Ul(l) - U4(1))

+ 2 (U2(1) — Up(1) + XoYs + X1Ys + P) e (U3(1) ~ Uy (1) + XoYi — X1Yi — P) (3.16)

+ ¢ (1) = Ta(1) - XoYs + X1Yo - P).

Now the coefficients of ¢} are all equal to 0 since the coefficient of (5 is 0. The fact that the
coefficient of ¢2 is 0 gives (1.6) and the fact that the coefficient of (2 is 0 gives (1.7).

This completes the proof of Theorem 1.1. O
Proof of Theorem 1.2. Define U(q) by
n 1 = n ("1
Ula) = 2 Uma" = 5 > (1",
n>0 750 n=0
Then, we calculate that
d - ad n, ("4 _3 > —ng" 2 —|— n (n+1)
a5.U() = ;)H) o) (- 2(0) m; : _qn) 3 Z :
= L Z ("3") Z 1—q 0L Z "(4n® + 4n)q ("3 (mod 7).
n=1

(3.17)
O

Comparing this with equation (2.10) gives equation (1.15).
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We remark that Theorem 1.2 implies the congruence
U(1,7,7n+6) +4U(2,7,Tn +6) +2U(3,7,7n+6) =0 (mod 7). (3.18)
We also note that the proof of Theorem 1.2 only works modulo 7, as 7 is the only prime p for
which 27! =4 (mod p).
4. REMARKS ON THE MODULI 3 AND 4

We have focused on the moduli 5 and 7, but equation (2.3) can also be used to obtain results
modulo 3 and modulo 4. In the latter case, we consider F'(z,q), and find that on one hand

Fli,q) = 3 (U(0,4,0) + U1, 4,0) = U(2,4,0) = U(3,4,0)1)¢"
n>0

(4.1)
_ Z( (0,4,n) U(2,4,n)>q”
n>0
while on the other hand using (2.3) we have (assuming that ¢ is real)
("3
1
Flog) = R(S2200 4 (1= ) T g (1 4 o)), (42)
(=% ¢*)oo =
Thus picking off the real part of the final sum gives:
Theorem 4.1.
> (U0.4,0) = U@ 4,m)q" = 3 (~1)Egn @R g gt (4.3)
n>0 n>0
Turning to the modulus 3, we have
F(o,a) = (U(0,3,0) + (G + U, 3,m) )a"
n>0
_(Q)oo 2n+1 ("F! 3n+1)/2 2 2n+1 (44)
_ WZ(il)n 3n+ q( 5 ) +(1 7@3)2( )nqn( n+1)/ (1 —(2q n-+ ).
(0% ¢%)oo 25 =

After expanding (¢)so = Zmez(—l)mqm(3m+l)/ 2 it is a straightforward calculation to determine
the coefficients of ¢®*** on the right-hand side of (4.4). We omit the details, but record the
result.

Theorem 4.2.
U (0) = (q q 7 )oo Z 3n+l)(3n+2)/2
(q q n>0
(@47 ,q ooz gDz [ $™_g S| (LqyrgemOnen)/2,
(q q n>0 n>0 n<—1

(4.5)
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6 21
U01(1):(J(q q L g OOZ {3n+2)(3n+3)/2

(q n>0

(qm>¢’ ,q )oo 3n+1)(3n+2)/2 3n+2)(9n+7)/2
_ Z ( n+1)(3n+2)/2 | 2_2 Z (_1)nq( n+2)(9n+7)/ ’

(q q n>0 n<—1
(4.6)

6 21
U01(2):CJ(Q 4 p T g7 OOZ 3n+1)(3n+2)/2

1]

(q n>0

(q37q2 aq OO (3n+2)(3n+3)/2 n_(3n+1)(9n+4)/2
+q - —2 —1)"q :
Ty 2

(4.7)
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