PARITY BIAS IN PARTITIONS
BYUNGCHAN KIM, EUNMI KIM, AND JEREMY LOVEJOY

ABSTRACT. Let p,(n) denote the number of partitions of n with more odd parts than even
parts and let p.(n) denote the number of partitions of n with more even parts than odd
parts. Using g-series transformations we find a generating function for p,(n) — pe(n), which
implies that p,(n) > pe(n) for all positive integers n # 2. Using combinatorial mappings we
prove a stronger result, namely that for all n > 7 we have 2p.(n) < p,(n) < 3p.(n). Finally,
using asymptotic methods we show that p,(n)/pe(n) — 1++/2 as n — co. We also examine
related properties for two other types of partitions.

1. INTRODUCTION

Inequalities have a long and important history in the theory of partitions. Two of the
most well-known examples are related to the Rogers-Ramanujan identities, which state that
g 1
(1.1) = ,
nzzo (@n  (66°)(0* ¢%)0

¢t 1
(1.2) RZZO (@)n (%67 0(¢* 6700

Here and in the sequel, we use the standard g-series notation:

(@)n = (a;0)n = [ J(1 = ag*™)
k=1
for n € Ny U {oo}. The Rogers-Ramanujan identities imply that for a = 1 or 2, the number
of partitions of n into parts of size at least a and differing by at least 2 is equal to the number
of partitions of n into parts congruent to +a modulo 5. See [15] for much more on these
identities.
Now, subtracting (1.2) from (1.1), we have

1 1 n* (1 — gn
_ ZCJ( q")

()05 ) (0% 0°)x(0® ) = (On
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n2

i q
n>1 <Q)n—1

)

and the coefficients of the right-hand side are clearly non-negative (and clearly positive for
n > 4). Therefore there are at least as many partitions of n into parts = 1 or 4 (mod 5)
as partitions of n into parts = 2 or 3 (mod 5). In 1987 at the AMS Institute on Theta
Functions, Leon Ehrenpreis asked whether this inequality of partition functions could be
established without using the Rogers-Ramanujan identities. The Ehrenpreis problem, as it
became known, was first solved using a combinatorial mapping by Kadell [12] (see also [6]).

Next let gq(n) denote the number of partitions of n into parts differing by at least d and
let Qq(n) denote the number of partitions into parts congruent to £1 (mod d+ 3). The first
Rogers-Ramanujan identity gives ¢2(n) = @2(n), while Euler’s classical partition identity
says that ¢;(n) = Q1(n). This equality does not persist for higher d, however, for a partition
theorem of Schur [14] says that the number of partitions of n into parts congruent to 41
modulo 6 is equal to the number of partitions of n where parts differ by at least 3 and
multiples of 3 differ by at least 6. But this does imply that g3(n) > Qs(n).

Motivated by these results Alder [1] conjectured that gz(n) > Qq(n) for all positive d
and n. Alder’s conjecture was proved in several steps. First, Andrews [3] established the
case d = 28 — 1 for k > 4 using a generalization of Schur’s theorem. Much later, Yee [16]
constructed an injection that settled the conjecture for d > 32. The proof was completed
by Alfes, Jameson and Lemke Oliver [2] using asymptotic analysis on the finitely many
remaining cases.

The point to be taken from the above discussion is that the study of partition inequalities
requires a variety of methods, from g-series to bijective combinatorics to asymptotic analysis.
In this paper, we use all of these methods to examine parity bias in partitions. By parity
bias we mean the tendency of partitions to have more odd parts than even parts.

Let p,(n) denote the number of partitions of n with more odd parts than even parts and
let pe(n) denote the number of partitions of n with more even parts than odd parts. For
example, there are 11 partitions of 6,

6,54+1,4+244+1+1,3+334+2+1,3+1+1+1,
242+42242+1+41,24+1+14+1+1,14+1+1+1+1+1,

and so we have p,(6) = 7 and p.(6) = 3. Our first result gives a generating function for
Po(n) — pe(n), which implies that this difference is positive with one exception.

Theorem 1. We have

(1.3) > (po(n) = pe(n))q" Z " 1 - q ).

n>1 © p>1

Moreover, for all positive integers n # 2,

(1.4) Po(n) > pe(n).
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By employing a more careful ¢-series analysis and constructing a combinatorial map, we
prove a sharper inequality.

Theorem 2. For all positive integers n > 7,
2p.(n) < po(n) < 3pe(n).

More precisely, for positive integers n we have (i) 2p.(n) < po(n) except for n = 2,4 and (i7)
3pe(n) > po(n) except forn =1,3,5,7.

Finally, we obtain the exact asymptotic ratio between p,(n) and p.(n) by employing
Ingham’s Tauberian theorem [11].

Theorem 3. Asn — oo,

Po(n)

14+ vV2 ~ 24142,
pe(n)

In fact, if p(n) denotes the number of partitions of n, we prove that as n — oo we have

Do(n) ~ %p(n) ~ 0.7071p(n)

V2—1
pe(”) ~ \/5

We illustrate this in the following table.

p(n) = 0.2929p(n).

TABLE 1. Comparison of p(n), p,(n), and p.(n) for n < 10000 (values rounded
to four decimal places)

n__ | po(n)/p(n) | pe(n)/p(1) | po(n)/pe(n)
100 | 0.6795 0.2764 2.4588
500 | 0.6946 0.2854 2.4339
1500 | 0.6998 0.2885 2.4255
2500 | 0.7015 0.2895 2.4229

5000 | 0.7031 0.2905 2.4204
10000 | 0.7043 0.2912 2.4186

The rest of the paper is organized as follows. In Section 2, we give some brief background
on partitions and Frobenius symbols, ¢-series transformations, and Ingham’s Tauberian the-
orem. In Section 3, we prove the main results. In Section 4, we consider parity bias in
partitions without repeated odd parts and in Section 5 we examine a related property for
overpartitions. We close in Section 6 with two conjectures.
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2. PRELIMINARIES

Let A and B be sets of partitions. In his seminal paper [5], Andrews defined the gener-
alized Frobenius symbol of type (A, B) and weight n to be a two-rowed array of the form

a Qg --- ag
by by --- by

where the top row (a1, as, . .., a) is a partition in the set A, the bottom row (by, bs, ..., by) is
a partition in the set B, and n = Zle(ai +b; + 1). Throughout the paper, we will use F4 g
to denote the set of Frobenius symbols of type (A, B) and F4 p(n) to denote the number of
Frobenius symbols in F4 g having weight n.

By taking various sets of partitions in the top and bottom rows, generalized Frobenius
symbols can be used to represent a number of types of well-known partitions. For example, if
D is the set of partitions into distinct non-negative parts, then p(n) = Fpp(n). For another
example, let O be the set of overpartitions into non-negative parts. The third author and
Corteel [9] bijectively showed that

p(n) = Fpo(n),
where p(n) denotes the number of overpartitions of n. The bijection can be also used to
deduce that
pod(n) = Fp, pop(n),

where pod(n) is the number of partitions of n with odd parts distinct, D, is the set of
partitions into distinct non-negative even parts, and POD is the set of partitions into non-
negative parts with odd distinct parts [13]. This shows that

(—¢:6%) o =" (¢
21) m‘go (¢%q%)2

Much of our combinatorial work in this paper will be in terms of Frobenius symbols. In the
following table we record the notation for the sets of partitions used in the sequel.

TABLE 2. Notation for sets of partitions

Notation Partitions
D. Partitions into distinct non-negative even parts
236 Partitions in D, where the largest part may be overlined
D, Partitions into distinct odd parts
POD Partitions without repeated odd parts
POD>, Partitions in POD having at least one odd part
POD, Partitions in POD having exactly one odd part
P! Partitions into non-negative even parts with at least one 0
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Next we recall three g-series identities. We begin with the Heine transformation [10,
Appendix III.1], which says that for |q|, \z| |b| < 1, we have

(2.2) $ (@n(®)n_p _ (D)oo (02)o Z c/b o)

2 (g)u()n

By appropriately iterating Heine’s transformation two times, we obtain another version [10,
Appendix I1I1.3], sometimes called the g-analogue of Euler’s transformation. Namely, for |z|,
labz/c| < 1, we have

(2.3) Z (a)n(b)nz" = abz/c = Z Jn “(abz/c)".

>0 ()n(@)n n>0

Finally, we record an identity of Sylvester [4, Eq. (9.2.3)]. For |¢| < 1 we have

(2.4) (—;pq)oo = Z ( )”(1 + $q2n+1)ann(3n+1)/2
= (@
To conclude this section, we state Ingham’s Tauberian theorem [11, Theorem 1.1], as
presented in [7].

Theorem 4 (Theorem 1.1 in [7]). Let f(q) = }_,5oa(n)q" be a power series whose radius of
convergence is equal to 1 and whose coefficients a(n) are non-negative and weakly increasing.
Suppose that for A > 0,\,a € R,

fle™) ~ %Mt ast — 07T, fe™®) < |zl as 2 — 0,
with z = x + 1y (x> 0,y € R) in each region of the form |y| < Az for A > 0. Then
A ASTE
a(n) ~ —%62\/%
2ﬁ nEJrZ

as n — 0.

3. PROOFS OF THE MAIN THEOREMS

In this section we prove Theorems 1 — 3. We begin by computing some generating
functions. Using standard combinatorial arguments in partition theory, we see that

qbn

(4% ¢*)n
generates a partition into n odd parts when b = 1, a partition into at most n even parts
when b = 0, and a partition into exactly n even parts when b = 2. This implies that

q" q

Po(M)q" =) 55— D 555
; ; (7% ¢*)n ,; (4% ¢*)x

=q+¢*+2¢° +3¢" +4¢° +T¢° +9¢" + 14¢° + - -

3n
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n

_ q
=2 pelnd" = (@) Z(q%q%

n>0 n>0
=¢ +2¢" +¢" +3¢° +3¢" +6¢°+ 7¢" + 10¢" + - --

We are now ready to prove Theorem 1.

Proof of Theorem 1. Applying (2.3) with ¢ — ¢, a,b — 0, c = ¢*, z = ¢ gives

. q q
P = =) &

2n2+3n+1

1
:.222.612

(@ 6%)o0 255 (0% @11 (0% )

(3.) I

(@ 4%)o0 27 (€% @)n(@%; ¢%)n1

2n2—n

Also, by (2.3) with ¢ — ¢%, a,b — 0, ¢ = ¢*, z = ¢, we have

1 1 q
Pe(q) = —— 2.2 _2(2.22

(¢ (6% ¢ 55 (%827

2n24n

1 e 1 q
2) 2(2.22 .2)@;(2

= (o - 2)2
(4:¢%)o0 23 q,q)n (4:4%)o0 255 (% %)

(3.2) Zq 1_‘1

n>1

Subtracting, we arrive at

1 q2n2—n(1 _ qn)
- n2 2. 42)2
(%) = (6% 0°)7

P,(q) — P.(q) =

as desired. Each summand on the right-hand side above clearly has non-negative coefficients
since the term (1—¢") cancels with a term in (¢*; ¢*),, if n is even and with a term in (¢; ¢*) oo
if n is odd. Moreover, the second summand is

qﬁ

(1=¢*)(1=q")*(1 - a)(¢* ¢*)
which implies that for n > 6 the coefficient of ¢" is positive. Checking for n < 6 we find that
Po(n) > pe(n) for all positive n # 2, as claimed. O

We now turn to Theorem 2. We prove parts (i) and (ii) separately. For part (i) we give
both a g-series proof and a combinatorial proof. For part (i7) we only give a combinatorial
proof and leave finding a ¢-series proof to the motivated reader.



PARITY BIAS IN PARTITIONS 7

First proof of part (i) of Theorem 2. First, from (3.1) and (3.2), we find that

—-n

¢
z: (

e n>1

— )2

1 (1—gq
3.3 P,(q) —2P.(q) =
33) @ & (4:¢%) @ )
For n > 2, each summand on the right-hand side above has non-negative coefficients. When
n is even, this is clear and when n > 1 is odd, this follows from

(1—g¢") -1
=1l+q+-+q" .
(1 =q)(1—q")
For the case n = 1, we use (2.4) with z = 1 and compute
g1—-¢q? 1

¢ +q +

(1-¢*)? (¢4

9 4 Q(l - Q)2 .
2 2 q (=@ 2n+1y (3n2+n)/2
=¢(1+q¢)+ (14+4¢" g
O+W%;@%

3 3
2 2 q (1+¢°) 4q (=@)n 2n+1Y . (3n2+n)/2
=q¢(1+q¢°)+ + + > (1+4¢")q
I+q  1-¢ (49?25 (@

q(1+¢°

) q (=@n 2n+1y (3n2 2
= + > (14 ¢ g7,
— 2 2
l—gq (1+4q)* = (@)

which gives

Q(l — Q)Z 1 2 4 Q(l + q2) q (_q2)n71 2n+11 ,(3n24n)/2

(3.4) =—q¢ —q+ + (IT+q™ 7 )g"m /=,
(1= 4*)? (4:*)oo 1-¢ ﬂ—@ﬁég(th

We conclude that P,(q) —2P.(q) has non-negative coefficients except for n = 2,4, where the

coefficient is —1.

To see that the coefficients are positive, we note that the second summand in (3.3) is

q6

(1 =g =) (¢* ")’
which implies that for n > 6 the coefficient of ¢" is positive. Checking the coefficients for
n < 6 then confirms the result. U

Second proof of part (i) of Theorem 2. First, we fix some notation. Recall that D, denotes
the set of partitions into distinct non-negative even parts and that ﬁe denotes the set of
partitions into distinct non-negative even parts where the largest part may be overlined. If
A is a Frobenius symbol we write |A| for its weight and ¢()\) for the number of its columns.
If 7 is a partition then |7| denotes the sum of the parts.

We define two kinds of partition pairs involving generalized Frobenius symbols. First,
let A be the set of partition pairs (7, \) where 7 is a partition into distinct parts and A is
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a Frobenius symbol in Fp_p, such that 0 always occurs as a part on the top row. Next, let

B be the set of partition pairs (7, \) where X is a Frobenius symbol in ]:ﬁe,De such that 0 is

always a part of the top row and 7 is a partition into distinct parts not equal to £(\).
Using standard combinatorial arguments, we have that

2n2—n
Iml+IAl — q
Z q - ) Z 2. 2 2. .2
(m,A)eA n>1 (q 14 )n(q 4 )n—l
ST g = (- Zq 1—q)'
(mN)eB n>1

Using (3.1) and (3.2), we find that
Po(q) — 2P.(q) = 2(Po(q) — P(q)) — Po(q)

EPYEIS gl Gl DRNEPIS A

2. 02) (2 o2
= (%) = (0% 4*)n(g? ¢*)n
Z q|7TH-|>\| _ Z q|7f|+|>\\
(m,\)eB (r,A)eA
Now let A,, (resp. B,,) denote the number of partition pairs (7, A) in A (resp. B) such that
|7| + |A] = n. To prove the theorem, we will describe an injection ¢ : A, — B, for all
n # 2,4.

Suppose that (m, A) € A,,. Then we define ¢((m, A)) = (7', \') € B, as follows:

Case 1: /()) is not a part of 7. Then (7', \') = (7, A).

Case 2: ((\) is a part of 7 and 7 has at least two parts. Then )\ is the Frobenius
symbol obtained by overlining the top leftmost part of A and 7’ is constructed by
deleting the part £(\) from the partition 7 and adding ¢(\) to the largest part among
the remaining parts of .

Case 3: m = (¢(\)) and 4(\) > 1

(1) If £(\) is even, X is obtained by adding ¢()) to the top leftmost part of A after
overlining the top leftmost entry, and 7’ = (),
(2) if £(\) is odd, X is obtained by adding ¢(\) — 1 to the largest part of the top
row of A after overlining the top leftmost entry, and 7’ = (1).
Case 4: m = (¢(\)) and ¢(\) = 1. For this case, we define

A= <((1)’ (QOk))> =)= <®’ (21?—2 8))

for k > 1.

We note several easily verified facts about the mapping ¢. First, ¢ is defined on all pairs
(m,A) € A except for k = 0,1 in Case 4. Second, the image (7/, \') of a pair (7w, \) € A, is
indeed an element of B,. Third, the sets of images obtained in the four cases are disjoint.
Finally, in each of the four cases, the unique preimage (m, A) can be recovered from (7/, \').



PARITY BIAS IN PARTITIONS 9

Taken together, the above facts imply that ¢ : A, — B, is an injection for n # 2,4 and
therefore we have |B,| > |A,| for all such n. To obtain strict inequality, we observe that
there are classes of partition pairs in B\¢(A). For example, for k& > 2, the pairs

(e (5 35)) (2 (3 2 0)) e

are not in ¢(A). If they were, then they would necessarily come from Case 2, but then
the largest part of 7 would be at least 3 since ¢(\) = ¢(\) = 3. This gives |B,| > |A,| for
n > 17. By checking the coefficients for n < 17, we complete the proof.

O

Now we prove the upper bound in Theorem 2.

Proof of part (ii) of Theorem 2. We begin by defining two sets of partition pairs. First, let
A be the set of partition pairs (m, A) where A is a Frobenius symbol in Fp, p, such that 0
is always a part of the top row and 7 is a partition into distinct parts not equal to £(\).
Second, let B be the set of partition pairs (m, A\) where A is a Frobenius symbol in Fp, p,
such that that 1 is always a part of the top row and the smallest part of the bottom row
may be overlined, and 7 is a partition into distinct parts not equal to £(A). Recall that D,
is the set of partitions into distinct odd parts.
Using standard combinatorial arguments we have the generating functions

S T = (e Y q2” - 1— q ),

(m,\)eA n>1
" 1 - q
yDFGRIERTRNIS pies el
(m,\)eB n>1

Now by (3.1) and (3.2), we have
3P(q) — Polq) = 2P.(q) — (Po(a) — Pe(q))

_ (1-q¢") @ (1 — )
=2(—q) 2 ) ( Q)OOHZZI Fa
and so
(35) 3P.(q) S N G P L)

(m,\)eB (m,A\)eA

As before, let A, (resp. B,) denote the set of partition pairs (m, A) in A (resp. B)
with weight n = |r| 4+ |A|. For all positive integers n > 14, we will construct an injection

o: A, — B,

- ap -+ ag—1 0 VY S N T V|
(7T7>\)_((7T177T2a aﬂf(ﬂ))a(bl bkfl bk>>_>(7r7)\)_(7ra(dl dk/,1 dk/))’
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where 7y > w9 > -+ > myr with the number of parts in 7 denoted by ¢(7). This gives the
non-negativity of the coefficients in (3.5) for n > 14. Later we will see that B,\¢ (A,) is
nonempty for these values of n, giving the positivity. Checking the coefficients for n < 13
then completes the proof.

We now describe the injection. It is somewhat involved due to a number of exceptional
cases. We invite the reader to verify at every step that the image is indeed in B,,, that the
images in the various cases are disjoint, and that the mapping is always invertible. We make
some notes along the way concerning the disjointness, and a precise description of the inverse
map is given later.

Case 1: b, # 0.
(1) It = #£ 0,
+1 1 +1 1
= (imskmmon (5] 150 )
(2) It =10,
a; +1 ap—1 +1 1 :
(Q)J\)_} ((k_l’l)’(bl—Z bp—1—2 bk_Q)) =2
ai 0 a1+3 1
((Z)’ (b1 bz)) ” (@, <b1—2 b2_2)>7
0 31
(0 (o)) = (@G’ 0))-

Note that the last mapping is well defined as n > 14 implies that m > 6. Clearly
there is no overlap between the four sets of images here.
Case 2: b, =0 and k£ > 2.
(1) If ap_1 > 2,
(a) If 1 7& 2

-1
(m,\) — ((m + (k= 2), T2, ..., o)) (albl

We set mp =0if 7 =0 and 7' = 0 if 7} = 0.
(b) If 7y = 2 (which implies that k£ > 3),

ak,1—1 1

b1 0O

)

(
—1 1—11
(k - 27 2)7 “ =1 _ if k> 4,
by br_1 0
—1 1—1 1
(2).0) =< (@1, (" Gt 2 if k= 3,
by br_1 0
0 ar+1 ax+1 az—1 1 ko
by by bs 0
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-1 ... -1 1
k—1,2), " -t J) if k # 3,

by R br_1

1 11
o (T T it k= 3.
by by D

We note that the resulting partition 7’ from Case 2-(1)-(a) cannot be of
the form (k' —2,2) or (k' —1,2), and it can only be () if & = 2. Therefore
there is no overlap between Case 2-(1)-(a) and Case 2-(1)-(b). Also,
since there is an overlined part in \’ there is no overlap with Case 1.
(2) If Qp—1 — 2,
(a) fk—1¢morm=Fk—1,

(m,A) — ((m + k,WQ,..,,WZ(W))7 (al k-1 — )) .
by be_1

Note that ¥’ = k — 1 and by_; # 0. As before, we take m; = 0 if 7 = ().
(b) If k—1 € mand m # k—1, replace k—1 by k, and add k — 1 to m;. Recall
that k & 7.

-1 ... 1
(71',/\)—> ((71'1+(k—1),7T2,...,]{3,...,7Tg(7r))7 (&1 akl_ )) .
by br_1

Again there is no overlap with Case 1 since there is an overlined part in

((2,1),A) —

M. Since this overlined part must be nonzero, there is also no overlap with
Case 2-(1). Finally, the subcases (a) and (b) above are disjoint because
in (b) 7’ contains both k and at least one other part while in (a) 7’ only

contains k if it has just one part.

0
Case 3: \ = (0)

We proceed as m; — m decreases.
(1) my —my > 3. (If {(7) = 1, then we take m = 0. Since n > 14, this case covers
all instances where ¢(7) = 1.)

) o ()

Note that the image cannot come from Case 2-(1) as &' = 1, or from Case
2-(2) as 0 is in the bottom row of X.
(2) m —me =3 and {(m) > 2.

1
((ﬂ-l - 27 T2y« 77T5(7T) - 1)7 (g)) if ﬂ-f(ﬂ') > 2a
(m,A) =
1 :
((71’1—1,7T2,...,7Tg(7r)_1), <§>> if 7Tg(7r) = 2.



12 B. KIM, E. KIM, AND J. LOVEJOY

Note that the condition m} — ) = 1 for the case 7 > 2 means that it cannot
come from Case 2-(2). For the case 7y = 2 we have 7} — 7, = 2. This could
happen in Case 2-(2)-(b), but only if £ = 2. Since k € 7’ there, this contradicts
Tyx)—1 > 2. Therefore the case myr) = 2 cannot come from Case 2-(2).

(3) m —me =3, {(m) = 2.

(m,\) = ((m 1), (%)) |

As in Case 3-(1), this cannot come from Case 2, and there is no overlap with
Case 3-(1) since ©} — 75, = 2 here and 7] — 7}, > 3 in Case 3-(1).
(4) m — mg = 2. Note that since n > 14, we have ¢(7) > 2.

(7)) = ((m L T ), (é)) .

This cannot come from Case 1-(1) as 7] — 75 > 2 there while 7} — 7, = 1 here.
For the remaining cases we have m — my = 1. Since n > 14 this implies that ¢(7) > 2
and m > 5. Let g denote the length of the initial run in 7. That is, g is the largest
integer such that 7; — m;;1 = 1 holds for all 1 <i < g. Note that 2 < g < ().
(5) m — my =1 and either g < {() or g = £(m) > 2 with 7y > 2. In other words,
{(m) > 2 and 7y, > 2.

(7, \) — ((m,--- Ty L), (%)) .

Since 7] — 7, < 2, there is no overlap with Case 3-(1). Moreover, the image
cannot come from Case 3-(3) as 7’ has at least three parts here.
(6) 1 —m =1, g =4€(m) = 2. Since n > 14, we have m; > 6 and m > 5 for this

- (7, \) — ((m —2m—3), G)) .

Note that 7} — 75 = 2 and 75 > 2 together guarantee that this image cannot
come from Case 2-(2).

(7) m —my =1, g = {(m) > 3, and 7y = 2. Note that since m; > 5, this actually
gives g = {(m) > 3.

(m,\) = ((...,5,4,3,2), (8)) N ((...,5,4), @)

Since 7 — ) = 1, this cannot come from Case 2-(2) or Case 3-(6).

The map ¢ is well-defined and injective. To emphasize the latter point, we explain how
to determine whether a given (7', \') € B has a preimage and how to find the preimage if
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. . IRV ’ Ct - Cpr—1 1
it exists. Let (7', \) = (7?, <d1 o du
(m,\) € A, with ¢ (7, \) = (7, X) if (7', N) € ¢ (A,) as follows:
Case 1: * = dj, is unoverlined.
(1) If n" #£ 0, «} # 2K, and 7] — 7h > k' (taking 75, = 0 if {(7’) = 1), then this is
from Case 1-(1):

)> € B,,. Then we can find a unique pair

1 e e —1 0
A\ = A T // €1 k'—1 )
(', X) ((ﬂ-l T2 ’Wg(ﬂ))’ (d1+2 e dp +2 dp +2
(2) If #" = (K —1,1) and k' > 2, then this is from Case 1-(2):
Y co—1 - cpg—1 0
o= (005 D ake):

(3) If ©" =0, k¥ = 2, and ¢; > 5, then this is from Case 1-(2):

0= (0.6 a) - (050 k)

3
dy

(7', X) = ((1), (;1 é)) - (0’ (dlo+6)>'

(5) If my —wh=1,4(n") > 1, and X = (é), then this is from Case 3-(4):

/ / / / / O
(7', \) — ((7‘(‘1 + 1,7, o Thany)s <O>) .

(6) Otherwise, there is no preimage.
Case 2: x = 0.
(1) If & > 1,
(a) Suppose that 7} # 2k" — 2. If 7] — 7wy, > k' —2 for {(n') > 2 or 7} > k' — 2
for £(7') =1 or ¥’ = 2 for ©/ = (), then this is from Case 2-(1)-(a):

ca+1l -+ cpa+1 0
(W/;)\/) — <(7Ti o (k/ - 2)771-57 s 77T2(7r’))7 ( d; ce dk’—l 0)) '

Note that if 7 = {0} as a result, we let 7 = 0.
(b) If 7" = (k' — 2,2), then this is from Case 2-(1)-(b):

((k’—2,2),)\’)—><(2), (Cldfl oot 8))

(4) If 7" = (1) and X = ( (1)>, then this is from Case 1-(2):
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(¢) If 7" = (k' —1,2) and k' > 4, then this is from Case 2-(1)-(b):

/ . Cl+1 PN Ck’fl_'_]‘ O
((k: - 1,2),)\) — ((27 1)7 ( dl PR dk"*l O)) '

(d) If 7" = (2, 1), then this is from Case 2-(1)-(b):

+1 - cp_1+1 0
((7 )a>‘)_>(( >7< dy di_1 0
(e) If 7' =0, k¥ =4, and ¢y — ¢3 > 4, then this is from Case 2-(1)-(b):

/ 01—1 62—1 03+1 0
(@),A)%((?)?( St 0))

(f) If 7’ =), and k' = 3, then this is from Case 2-(1)-(b):

((Z),X)%((?vl)’(qd_ll Cdel 8))

NIK =1, ie N = (1)
( ) Y O
(a) If 7’ # 0 and 7] — 7 > 2 (letting 75 = 0 if £(7') = 1), then this is from

Case 3-(1):

(. (1)) (i 1. (2))

(b) If ¢(7") = 2 and 7] — 7}, = 2, then this is from Case 3-(3):

) ()

(c) If £(7") > 2 and 7 — 7y < 2, then with 7" = (m,..., 7)) let g be
the largest integer such that m,_; — 7/ = 1 holds for all 1 < i < g and
m,_y — m, = 2. If no such g exists, then there is no preimage. Otherwise
we have 2 < g < /(n’) and this is from Case 3-(5):

(. (1)) = (¢ i ()

(3) Otherwise, there is no preimage.
Case 3: % = dj is overlined and * # 0.
(1) Suppose that @} # 2k +2. If 7} — 7, > k' +1and K’ +1 ¢ 7’ for {(n") > 1 or
w1 > k" + 1 for {(n") = 1, then this is from Case 2-(2)-(a):

I \/ / / / / Cl+1 ck,—l—i'_l 2 0
(7?,)\)—>((7r1—k—1,7r2,...,7rg(7r,)),< 4 o dy dy 0)>

Note that if 7 = {0} as a result, we let 7 = ().
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(2) If (") > 1, K +1 € «’, and 7] — 7, > k', then this is from Case 2-(2)-(b):
(77/7 )‘/) = ((Wia 7T57 SRR K+ L... ’ﬂ-z(w’))’ )‘/)
’ r_ / ’ caa+1 -+ w1 +1 2 0
—>((Wl—k:,7r2,...,l<:,...,7rg(w,)),( 4 o du, dv 0))

(3) If N = (%), ((r") > 2, and m; — 7w = 1, then this is from Case 3-(2):

(', X) = ((w; o T £ 1), (8)) .

(4) It N = (l), U(r') > 1, m —my = 2, and 7,y > 2, then this is from Case 3-(2):

2
(7', \) = ((7‘(1 + 1,7, ... ,ﬂg(ﬂ,), 2), <8>)

(5) If N = (i), ((r") = 2, and 7w — ) = 2, then this is from Case 3-(6):

(7, V) - ((w; 42,7+ 3), (g)) .

1
(6) If N = (Z)’ Ur') =2, Ty =4, and m —mi ;= Lforall i, ien =(...,5,4),
then this is from Case 3-(7):

(7 N) = ((...,5,4), G)) N ((...,5,4,3,2), <8))

(7) Otherwise, there is no preimage.

Here are some examples from the case n = 14.
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We can see that ¢! (¢ (m,\)) = (7, A) for all (m,\) € A,. We also note that there are
elements in B,\¢ (A,). For example,

(07 ) (G ) s

which implies that the coefficients are positive for n > 14. By checking the first few coeffi-
cients up to ¢*2, we can conclude the desired inequality. 0

Finally, we prove Theorem 3. To apply the Tauberian theorem, we first need to show
that both p,(n) and p.(n) are weakly increasing. Note that a function a : N — Z is weakly
increasing if and only if (1 —¢q) >~ -, a(n)¢" has non-negative coefficients.

Lemma 5. We have that p,(n) is weakly increasing for all positive integers n and p.(n) is
weakly increasing for all integers n > 5.

Proof. Using (3.1) and (3.2) we have

2n2—n

(36) (1= )P0) = = > e

<q3; q2)oo n>1 )n(q2; q2)n71 ’

1 q2n2(1 _ qn) .
(0% @)oo 27 (2% %)

(3.7) (1—-q)Pu(q) =

The g-series on the right-hand side of (3.6) clearly has non-negative coefficients, and so p,(n)
is weakly increasing. On the right hand side of (3.7), the nth summand has non-negative
coefficients for n > 2. The first summand is
¢*(1—q)°
(1= ¢*)*(4¢%)e0’
which is ¢ times (3.4). Therefore p.(n) is weakly increasing for n > 5. O

Now we are ready to prove the asymptotic result.

Proof of Theorem 3. We use the constant term method on

— coeff[z"] ((_wq; q2)<(>;§;2q):b/x; q2)oo)

2n2+bn

1 q
D= () nzz% (4% ¢°)2

for b = —1,0, and 1, where the identity comes from

2
ynqn
(94600 = Y

2. 42\
= (@*¢%)n

Let ¢ = e and x = >, where z,u € C and Re(z) > 0. For the case b =1,

— coofily® (7G5 @)oo (=07/ 7 4*)oo (0% 4) oo (=23 ¢°)2
Gt = ot (e )



PARITY BIAS IN PARTITIONS 17

= coeff[z’)] ( <q>( 7id)oo (q,x/Q)>

(—z;¢%)2

where 0(q; x) is Jacobi theta function defined by 0(q;z) := Y_ ., ¢" 2. Now we need the
modular inversion formula for Jacobi theta function (see e.g. [8, eq. (2.5)])

(38) 27rzu \/7 Z - Q(W;ru

ne”

and the quantum dilogarithm [17, p.28| defined for |z| < 1 by

(3.9) Lig(x; q) == —log(x)s = Z ( *

sm 1 —qm)

Cauchy’s integral formula together with (3.8) and (3.9) gives us

1 \/?/ - ( > )2 ! | 2
=—/— E exp| —— (n+u——| —Lis(—x;q) + 2Lis(—x;¢") | du
(@)oo V 2 Jpo114ic0 e ( < 2 ’ ) o
j / (o) - tatoma) i) ) 4
=—/— exp| —— (u——— ) — Lis(—x; lo(—x; u
q)oo 2 Jrric P P o 2 4 2 4 )

where ¢ = 22 5 (. The asymptotic expansion of the quantum dilogarithm for |z| < 1 and
a>0is

m

—anz n

) car s x"e 1 x 1
ng(l‘e ,€ ):Zm:;ZnQ (1—nz(a—§)+(9( )>
n>1 n>1

= %LiQ(]}) + (a — %) log(1 — ) + O(z),

where the series converges uniformly in x as z — 0 with |z| <1 [17, p.28]. Using the change
of variable v = u — 7= with the asymptotic expansion of the quantum dilogarithm, we obtain

\[ / exp (——v — Liy(—e?™g; ) + 2Liy(—e>"q )) v
= m\/;/Rexp <—?02 — %log(l + ™) + O(z)) dv

Therefore, as z — 0 with Re(z) > 0 in the restricted region Im(z) < ARe(z) for A > 0,

/ 1 + 6271'11)

1 E(1+O(z))/e_ﬂgv2 (i _imv N mv?  birty? N 177t N > "
z V2 2v2  8V2  48V2  384V2

:ﬁ\/g(1+0(z))\/§<1+%+%+--->
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1 [z =2
~ — —E 62z
2V 7w

using the asymptotic formula [7, eq. (3.2)]

1 z gj
—_— —¢ 62
(q) oo 2T
as z — 0 in this restricted region . Similarly, for b = —1 we find

z a2
G_1(e7%) ~ \/;eﬁz

as z — 0 in the restricted region Im(z) < ARe(z) for A > 0. The b = 0 case is simpler since
we have

Go(q) = N

Hence, we have the asymptotics of P,(q) and P.(q): as z — 0 with Im(z) < ARe(z) for

A >0,
P ) = Gl ) = Gule ) ~ e (),
P.(e7%) = Gole™) — Gy(e™?) ~ (% - %) gexp (g) .

Since p,(n) and p.(n) are weakly increasing for n > 5, by Theorem 4,
(n) 1 2n 1 (n)
o\T) ~ [62:€ TA | — ~ —=pn),
P 4o 7 3 V2

V2 -1 2n V2 -1
Pe(n) ~ o exp (7‘(‘\/%) ~ 7 p(n),

1

as n — 0.

4. PARTITIONS WITHOUT REPEATED ODD PARTS

Let pod,(n) (resp. pod.(n)) denote the number of partitions of n without repeated odd
parts having more odd (resp. even) parts than even (resp. odd) parts. Using elementary
combinatorial arguments we have

n2 n2+2n

o— n _ q —q
(4.1) POD,(q) := Zpodo(n)q = Z (& )2 - Z (4% )2
=q+¢ +q'+ ¢ +2° +q" +4¢° +2¢" + -,
2 n?
n —4549" ) 4q
(4.2) POD.(q) :== ZPOde(”)(] = u - Z (

2. 42 2. 42)2
= (0% ¢ L (%027
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P42+ P30 43¢ + 55+ T+ 8¢ + -

Given the fact that odd parts may not repeat, we naturally expect pod.(n) to be larger than
pody(n). Our goal in this section is to prove a combinatorial lower bound for pod.(n) —
pody(n).

To describe the lower bound, recall that D, is the set of partitions into distinct non-
negative even parts and POD is the set of partitions into non-negative parts where odd parts
are distinct. Define Fy(n) to be the number of Frobenius symbols counted by Fp, pop(n)
having at least two odd parts in the bottom row. Note that the generating function for Fy(n)
is

(4.3) ZFQ q_zq{ Qq —1} Z ”Hl_ﬂ})

n>1 n>1 n>1 (1 —a*)(e*¢*)7
=q +2q10+5q12+q13+8q14+3q15+14q16+"'7

the first (resp. second) series on the right hand side of (4.3) corresponding to Frobenius
symbols with at least (resp. exactly) one odd part in the bottom row. Our lower bound is
the following.

Theorem 6. For all positive integers n > 12,
pode(n) — pod,(n) > Fy(n).
Before proving Theorem 6, we establish an inequality for certain Frobenius symbols.
Recall that P! denotes the set of partitions into non-negative even parts with at least one

0 and POD; denotes the set of partitions into non-negative parts having exactly one odd
part.

Lemma 7. For alln # 1,3 we have Fp, pop,(n) > Fp, p;(n), the inequality being strict for
all odd n > 5 and for all even n > 12.

Proof. To prove the result, we define a weight-preserving injection from Fp,_ p: to Fp, pop,-

Let 1 az -+ Agp-1 Qg .
) (bl by - b1 O € Fo.p;
Case 1: gy =0and k > 1
ay az -+ Q-1 Qg _ 3] Qg - Ag—1
bi by -+ b1 O bi+1 by -+ bpq/)’

Note that a;_; > 0.

Case 2: q, =2 and k > 2
ap Qg -+ Qp_1 G _ aL—2 ay—2 -+ ap_1—2
by by -+ by O by +4 by+3 -+ bp1+2)°

Note that ap_; — 2 > 0.
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Case 3: ap, =2 and k=2
aq 2 _> a; — 2 20 or 0
by O by+1 0 0 bi+7)°
where the latter case is only for a; = 4.

Case 4: a5 > 2
ai; Qs -+ Qg1 G N a1 —2 ax—2 -+ ap1—2 a,—2 0
by by -+ b1 O by +2 bo+2 -+ bp_q+2 1 0/
Note that the map is not defined on the Frobenius symbols (8) and (3) , which explains

the exceptional cases n = 1 and n = 3. It is straightforward to check that the map is indeed
a weight-preserving injection from Fp, p: to Fp, pop,. Moreover, for m > 1 the Frobenius

symbols
2m 0 2m+2 2 0
( 2 1> < 2 2 1> € Fp.pon;

are not in the image of the map, which gives the strict inequality. O
We are now ready to prove Theorem 6.

Proof of Theorem 6. Using (4.1), (4.2), and (2.1) we have

POD.(q) — POD,(q) = % -2 261#222 + %
(% ¢%) (%) (a7
_ (6= 3 ¢ 3 ¢"(1— ¢
- (- — 1} 3 gt
= (@R = (@%¢)n(0% ¢
- Y #- T
AE]—'DE,POD21 AGfDe,Pg

recalling that POD>; is the set of partitions into non-negative integers without repeated
odd parts having at least one odd part. Applying Lemma 7 gives the result. U

5. OVERPARTITIONS

Define p,(n) (resp. p,(n)) to be the number of overpartitions of n with more unoverlined
(resp. overlined) parts than overlined (resp. unoverlined) parts. Here we prove the following
result.

Theorem 8. The difference p,(n)—p,(n) is equal to the number of overpartitions of n where
the number of unoverlined parts is at least two more than the number of overlined parts.
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For example, there are 8 overpartitions of 3,
3,3,2+ 1,2+ 1,2+ 1,2+ 1,1 +1+1,1T+1+1.

Here p,(3) = 4, p,(3) = 2, and thus p,(3) — p,(3) = 2, which corresponds to the partitions
2+land 1+1+1.
For x = u or o, let P,(q) be the generating function for p,(n). We have

Z Z qn (n+1)/ Z qn (n+1)/24n
n>0p0 q N n>0 n>0
" Zpu(n)q” _ Z qn(n+1)/2

n>0

Proof of Theorem 8. Note that

— — (=)o qn(n+1)/2 qn(n+1)/2+n
Pula) = Pola) =T = =20 T+ 2
R Y I e A C
@D & (@7 & (@)
C(—0)w /2 g/ 241
@ & @2 % @a@en
_ (—q)so B qn(n+1)/2 <1 N gttt )
(@ = (03 1 — gt
o N

(Do 55 (@Dn(Dnia’

The above sum is the generating function for overpartitions where the number of unoverlined
parts at most one more than the number of overlined parts. This gives the result. U

6. CONCLUDING REMARKS

We close with some open problems. First, it is natural to wonder about parity bias in
other types of partitions. For example, if d,(n) (resp. d.(n)) denotes the number of partitions
into distinct parts having more odd (resp. even) parts than even (resp. odd) parts, then
numerics say that

do(n2) > de(n)

for n > 19. (This has been checked up to n = 2000.) We leave this as a conjecture.
Second, some interesting behavior arises if we attach weights to some of the generating
functions considered in this paper. For example, let a(n) denote the number of partitions A
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counted by p,(n), each weighted by (—1)*, where

1
w = E(the largest even part of A + the largest odd part of A — 1).

Then we have

. ¢"(1+¢”")
2 almd" =) e
and it appears that a(n) = 0 if and only if n € {3,5,9,17,20, 23,24, 26, 28,51, 125, 233}.
(This has been checkd up to n = 2000.) We leave this as a conjecture, as well.
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