(-ADIC PROPERTIES OF SMALLEST PARTS FUNCTIONS

SCOTT AHLGREN, KATHRIN BRINGMANN, AND JEREMY LOVEJOY

ABSTRACT. We prove explicit congruences modulo powers of arbitrary primes for three smallest
parts functions: one for partitions, one for overpartitions, and one for partitions without repeated
odd parts. The proofs depend on f-adic properties of certain modular forms and mock modular
forms of weight 3/2 with respect to the Hecke operators T(£2™).

1. INTRODUCTION

Let p(n) denote the number of partitions of n and let spt(n) denote the number of smallest parts
in the partitions of n. For example, there are 7 partitions of 5,

5,441,342, 3+14+1,242+1,24+14+1+1,14+1+1+1+1,
and so spt(5) = 14. The generating function [2, Theorem 4] is given by

1 n n(dn+1)/

> _spt(n)g" = | [] = Z + Z

n>1 n>1 n>1 neZ\{0}

The smallest parts function was introduced by Andrews [2], who proved that it satisfies the following
Ramanujan-type congruences:

q" —q" —q")?

spt(bn+4) = 0 (mod 5), (1.1)
spt(Tn+5) = 0 (mod 7), (1.2)
spt(13n+6) = 0 (mod 13). (1.3)

A number of studies of explicit congruences for spt(n) quickly followed Andrews’ work. Garvan
[10] produced explicit (and much more intricate) congruences modulo other small primes. Folsom
and Ono [9] studied spt(n) modulo 2 and 3, showing in particular that the generating function of
spt(n) is an eigenform modulo 3 for the weight 3/2 Hecke operators. Garvan [12] showed that the
generating function is in fact an eigenform modulo 72. Ono [15] found systematic congruences for

n

spt(n) modulo £ for any prime £ > 5. He proved that when (=) = 1 we have

“n+1
spt <€ T;Z_ )EO (mod ?¢), (1.4)

and that for all n we have

spt (537;2 1) - @) spt <£”21 1) (mod £). (1.5)

Finally, Garvan [11] found systematic extensions of the congruences (1.1)-(1.3), obtaining results
which are analogous to Ramanujan’s partition congruences modulo powers of 5, 7, and 11. If £ > 5
is prime and m > 1, then denote by dy ., the least positive integer with 248y, =1 (mod £™). As
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an example of Garvan’s results modulo powers of 5, 7, and 13, we have the following congruence
for each m > 3:

spt (5™n + 05,m) + 55pt (5™ 21+ d5,m—2) =0 (mod 52"3). (1.6)
Garvan also proved that for each of £ =5, 7, and 13 we have
spt ({"n + dpm) =0 (mod ELWTHJ). (1.7)

The works of Garvan and Ono provide elegant families of congruences which are infinite in
different aspects: the congruences (1.6) and (1.7) hold for arbitrary powers of certain primes,
while the mod ¢ congruences (1.4) and (1.5) hold for any prime. In this paper we exhibit explicit
congruences for spt(n) and two other smallest parts functions which hold modulo arbitrary powers
of arbitrary primes. The congruences satisfied by the three functions which we consider are identical
in form. In fact, they all arise for the same reason: a modular form or mock modular form related
to the generating function satisfies a simple congruence described in terms of the Hecke operators
T (™) (see Theorem 1.2 and Proposition 4.2). This is a general phenomenon which will hold for
a much wider class of modular forms and mock modular forms, and is of independent interest.

We begin with the results for spt(n), which extend (1.4) and (1.5) to any prime power.

Theorem 1.1. For any prime £ > 5 and any integer m > 1 the following are true:
(i) If (52) =1, then we have

<£2mn +1
spt | ———

o1 ) =0 (mod ¢™).

(ii) For any n we have

e2rrlp 41\ /3 2m=lp 41 o
spt (24> = <€> spt <24> (mod £™).

Remark. Setting n = 24N — 1 in the first part of the theorem, we obtain
spt (€2mN +0¢2m) =0 (mod ™)

when (Z23524N) — 1. So our result is implied by (1.7) for the primes ¢ = 5, 7, and 13. It is not
7 Yy

clear how (or if) our results are related to the more delicate (1.6) and its counterparts modulo 7
and 13 (see (1.6)-(1.8) of [11]).

Remark. Theorem 1.1 can be used to produce explicit families of congruences. For example, we
may take n = 24¢N — 1 in part (i) to obtain
(£2m o

41)) =0 (mod ™).

Such prime power congruences are in contrast with those for the partition function p(n), which are
known to exist [1] but are sporadic in nature. Further ¢-adic properties of the partition function,
including periodic behavior resembling that in part (i) of Theorem 1.1 have recently been studied
by Folsom, Kent, and Ono [8].

Before giving the results for the other smallest parts functions, we briefly describe the ideas in

the proof of Theorem 1.1 (the relevant definitions can be found in Section 2). Setting ¢ := €*™7,

we define the functions S and M by
S(r) =" F(n)g" =Y spt(n)g*" (1.8)

n>23 n>1
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and
1

~ no.__ 24n—1

M(r)= Y m(n)g" = S(r) + D > (24n — 1)p(n)q . (1.9)
n>—1 n>0

To establish (1.4), Ono used the fact (proved in [3]) that M is a weight 3/2 mock modular form

whose shadow is an eigenform of the weight 1/2 Hecke operators together with the fact (proved in

[7]) that the Hecke operators behave nicely on such forms. Ono demonstrated that for each prime

¢ > 5 we have

M|T (¢*) - @) M =0 (mod?¥), (1.10)

where T'(¢?) denotes the Hecke operator of weight 3/2 and character (%) In an analogous way,
Theorem 1.1 will follow from the next result, which shows that (1.10) is the simplest case of an
¢-adic property of M corresponding to the Hecke operators T'(£2™).

Theorem 1.2. For any prime £ > 5 and any integer m > 1 we have

M|T(m) (‘Zj) M|T(™2) =0 (mod £™).

This theorem gives congruences for the coefficients of the mock modular form M, and spt(n)
inherits the congruences in Theorem 1.1 because of the simple form taken by M — S.

We turn to the other smallest parts functions. Recall that an owverpartition is a partition in
which the first occurrence of each distinct number may be overlined. The function spt1(n) (see [5])
denotes the number of smallest parts in the overpartitions of n whose smallest part is odd. For
example, the 14 overpartitions of 4 are

40, 34+1,341,3+T,341,24224+2,241+1,241+1,24T+1,
24+ 1+1,1+1+1+1,1T+1+1+1,
and so spt1(4) = 20. By [6, Section 7] we have

> spti(n)g”

n>1
1.11
(L) (v 2y A(=1)"g" (1 + ¢ + ¢ (1
- —aqn _ 42n _ 2n _ 4n
T B il Sy S G ARA TR
Define the functions S and M by
S(r) = S St ()"
n>1
and 1 (@)
M(r) =Y mn)g" == 5(r) + — L2 (Es(r) — 4B (27)) , (1.12)

19 12
= 12 n%(7)

where n(1) := ¢/ [I,>1(1 = ¢") is Dedekind’s n-function, and Ej is the weight 2 quasimodular
Eisenstein series defined by
n
Ey(r)=1-24) ™

n>1 L—g
A priori this situation seems rather different than that encountered above. In contrast to M, the
function M is a generating function for class numbers and is thus a Hecke eigenform (see the proof
of Proposition 4.1 for details). However, there seems to be no immediate reason that spt1(n) should
inherit congruence properties from 7m(n). It turns out that a certain weakly holomorphic modular

form g related to M — S (see (4.6) for the definition) has the desired f-adic properties, which are
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described in Proposition 4.2. As a consequence we obtain the following congruence properties for
spt1(n).

Theorem 1.3. For any prime £ > 3 and any integer m > 1 the following are true:
(i) If (/%) =1, then we have
Spt1(f*™n) =0 (mod ™). (1.13)
(i) For any n we have
sptl(£2™T1n) = spt1(£*™ n) (mod £™). (1.14)

Remark. The restriction to overpartitions whose smallest part is odd is essential. While it was shown
in [5] that both spt1(n) and the unrestricted smallest parts function for overpartitions satisfy simple
congruences modulo 3 and 5, only sptl(n) satisfies the general congruences in Theorem 1.3.

Finally, we consider the restriction of spt(n) to those partitions without repeated odd parts
and whose smallest part is even [6]. Denote this function by M2spt(n). For example, there are 7
partitions of 7 without repeated odd parts,

7,641,542 443, 44+2+1,3+2+2,2+4+2+2+1,
giving M2spt(7) = 3. By [6, Section 7] we have
1+ q2n71 nq2n (_1)nq2n2+n
ZM2Spt(n)q” - H 1— q2n Z 1 — q2n + Z (1 _ q2n)2 : (115)
n>1 n>1

n>1 nez\{0}
Define 52 and M2 by
S2(r) = s2(n)q" = > (—1)" M2spt(n)g™ ! (1.16)

n>7 n>0

and
1 n(87)

M2(1) = Z 7772(”)(1" = 52(q) + ﬂnz(l&_)

(E5(167) — Ea(87)). (1.17)

The situation here is very similar to that of M and S above.

Theorem 1.4. For any prime { > 3 and any integer m > 1 the following are true:
(i) If (52) =1, then we have

2m 1
M2spt <€?:3+> =0 (mod (™). (1.18)
(ii) For any n we have
2m~+1 1 2 2m—1 1
M2spt (687”) = <£> M2spt <£8"+> (mod £™). (1.19)

The paper is organized as follows. In the next section we collect some necessary background on
modular forms, mock modular forms, and Hecke operators. In Section 3 we prove Theorem 1.2 and
use it to obtain the congruences in Theorem 1.1. In Section 4 we prove Theorem 1.3 and in Section
5 we prove Theorem 1.4.

Acknowledgements. The authors thank Frank Garvan and Ken Ono for helpful comments on an
earlier version of this paper.



2. PRELIMINARIES

First we recall the definitions of harmonic weak Maass forms and mock modular forms (see, for
example, [16] or [18] for details). If k € 3Z\ Z and 7 = z + iy with z,y € R, then the weight &
hyperbolic Laplacian is given by

0? 0? 0 0
Api=—y? | ==+ =— ky | — +i— ).
e <5$2+0y2>“ y<31‘+28y>
If d is odd, then define ¢4 by

1 ifd=1 (mod 4),
€4 ‘=
i ifd=3 (mod 4).

If 4| N and x is a Dirichlet character modulo N, then a harmonic weak Maass form of weight k
with Nebentypus x on T'o(N) is a smooth function F': H — C satisfying the following:

(1) For all (¢%) € Ty(N) and all 7 € H, we have

F <Z:I;> - (2) 723 (d) (et + d)F F(r).

(2) Ap(F) =0.

(3) The function F has at most linear exponential growth at the cusps of I'g(V).
We denote by Hy (I'g(N), x) the space of harmonic weak Maass forms of weight k& with Nebentypus
x on I'g(N). We denote the subspace of weakly holomorphic forms (i.e., those meromorphic forms
whose poles are supported at the cusps of T'g(N)) by M, ,'c (To(N), x), and the space of holomorphic
forms by My (Fo(NV), x) (if x is trivial, then we drop it from the notation). Each harmonic weak
Maass form F' decomposes uniquely as the sum of a holomorphic part F'™ and a non-holomorphic
part F'~. The holomorphic part, which is known as a mock modular form, is a power series in ¢
with at most finitely many negative exponents.

We will suppose throughout that x is a quadratic character. For m coprime to N, the weight

3/2 Hecke operators T)(m?) act on the spaces M (I'o(N),x), My (Do(N),x), and Hy (Do(N), x)
(see Section 7 of [7] for a discussion of the latter). For primes ¢{ N the action on g-expansions is

given by
(Z a(n)q">

n

-n n
T\ (%) := ; (a (6*n) + x(¢) (£> a(n) + la <£2)> q". (2.1)
We will drop the subscript x from 7} when there can be no confusion. The Hecke operators
commute, and the multiplicative relations are the same as those in weight 2 and trivial character.

In particular, for m > 2 we have
T (™) = T(P" )T (%) = £- T (") 22)
=T()T(*"2) — £ T(>™ ). '

The next proposition describes the action of T'(¢?™) on Fourier expansions. We begin with the

series
Fo(r) = ao(n)q".
n
If m > 1 and x is a quadratic character, define the series F;, , by

Frp (1) =Y am(n)q" = Fo| T (27)(7) = x () Fo| T (P 2) (7). (2.3)

From (2.2) it follows that for each m > 2 we have

Finx = Fm—l,x‘Tx(KQ) =Ll Frn2y. (2.4)
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Proposition 2.1. With notation as above, for each m > 1 let Fy, ,(T) = >, am(n)q"™ be defined
as in (2.3).
(i) For any n, and for all m > 1, we have
am (0°n) — bay—1(n) = ap (" °n) — x(O)ag (*™n) .
(#i) If L4 n, then for all m > 1 we have

am(n) = ag (£*n) + <1 - (;)) .;(—1)’“)((6)]“@0 (eZm*%n) :
(t31) If || n, then for all m > 1 we have
am(n) = ag (€2™n) — x(£)ag (¢*™?n).
Proof: Using (2.1) and (2.3) we find for any m > 1 that
a1 (€2mn) = aqg (€2m+2n) + Lag (me_2n) —x()ag (€2mn) . (2.5)

In particular the first formula is true when m = 1. Suppose that m > 2. Repeated application of
(2.4) together with (2.1) shows that

am(€2n> — Eam_l(n) — a1(£2mn) _ an(€2m72n)’

and the first formula follows by (2.5).
Suppose now that £2  n. The second and third formulas can be checked directly when m = 1
using (2.1) and (2.3). When m > 2, we use (2.1), (2.4), and the first formula to obtain

am(n) =am—1 (*n) + (gn) X(O)am—1(n) — Lap—2(n)

—n _
=ag (Ezmn) + <£> X(0)am—1(n) — x()ag (€2m 2n) .
This proves the third formula. The second formula follows after induction. U

3. THE spt FUNCTION AND THE PROOFS OF THEOREMS 1.1 AND 1.2

We begin by proving Theorem 1.2.

Proof of Theorem 1.2: Correcting a sign error in equation (1.6) of [3], we deduce the following
(which is also recorded as Thm. 2.1 of [15]):

M(7) := M(7) + NH(7) € H; <F0(576), (1.2)> , (3.1)
where .
NH(T) : = v ndw) sdw.

V2 )7 (—i(r+w))?
If £ > 5 is prime, then 7(242) is an eigenform of the Hecke operator of index ¢? and weight 1/2
whose eigenvalue is (2)(1 4 ¢~1). By Lemma 7.4 of [7] it follows that

M|T(6?) = M|T(¢%) + @) (L+¢)-NH € Hy <F0(576), <1.2>> :

Arguing inductively using (2.2) we obtain, more generally,

M |T(6#™) = M |T(6*™) + (3) (I4+6+6+-+0™)-NH

€ H, <P0(576), <12>> .

(3.2)



Defining

o = M|T(*™) — @) NI T (22 — @)memz\? (3.3)

we see using (3.2) that

G = MIT(£™) - (i)M!T(£2m2) - (2) “ g e w} <P0(576), (?)) L34

Another induction argument using (2.1) and (2.2) shows that for each m > 0 we have
L 6 N e S A 3\"1
—12. M |T (¢?™ = b ) = 4. ) Z410(6%).
It follows that for m > 1 we have
gm

3\ m
—12-GmT:Tm— - 7+O 23. 35
)= = (3) 0 @) (5.5)

Now define the functions
Fom(7) = 0" (247) Gon(7)
and
Hyp o (T) = Fym (1/24). (3.6)
We wish to show that
Hy,, M[mT+3 (To(1)). (3.7)

Using (3.4) together with the fact that n(24z) € M% (To(576), (£2)), we see that Fy,, is an element
of M

2m43

(F'o(576)). The coefficients of Fy,, are supported on exponents divisible by 24, which

implies that
1mplies tha
Hipm € Mlsm,, (To(24)).
2

We argue as in the proof of Theorem 2.2 of [15]. To prove (3.7) we begin by noting (after replacing
T by 7/24) that it will suffice to establish the equality

sz

Hypn(—1/247) = (247) 72 Hypn (247). (3.8)
The Fricke involution Wy in weight k € 1/2 + Z (see, for example, [14]) is defined by

F| W(r) := (—NJVT) PN, (3.9)
Using (3.6) and the fact that
n(=1/7) = V—ir - 1(7) (3.10)
we obtain
Hyp(—1/247) =" (=1/247) - Gy pn(—1/5767)
:(—242'7)22%" "7 (247) - Gym(—1/5767) (3.11)

é2m+3

2m
=—(247) =z -7 (24T)-Gg7m‘%W576.

A computation using Corollary 4.3 and Lemma 4.4 of [3] shows that
]/\4\ ‘ 3 Wisre = —]/W\ .
2

From this together with the definition (3.3) and the fact that Ws7¢ and T'(¢2) commute, it follows
that
Gé,m‘%WE)?G =—Gym-
7



Together with (3.11), this this yields (3.8), and with it (3.7).
Now from (3.5) we see that Hpy,, vanishes modulo ¢ to order at least 5227123. By Sturm’s

criterion [17], Hy,y, is identically zero modulo ¢™. The theorem follows from (3.4).
O

Proof of Theorem 1.1: We use the notation of Section 2 with Fy(r) = M (1) =), m(n)q" and
X(£) = (2). Observe that Theorem 1.2 (with a, defined as in (2.3)) gives

am(n) =0 (mod ™) for all n,m > 1.
By Proposition 2.1 (ii) we see that if (_Tfl) =1, then

m ((*"n) =0 (mod £™).
Noting that the coefficient of ¢" in M — S is divisible by n, we conclude that
5(*™n) =0 (mod ™),
which is the first assertion in Theorem 1.1.
Proposition 2.1 (iii) gives, for m > 1 and £ { n,
m (2" ) — (i;) m (*"'n) =0 (mod £™). (3.12)

Part (i) of that proposition shows that (3.12) holds when ¢ | n as well. We may again replace m(n)
by s(n), and Theorem 1.1 follows.
(|

Remark. There are congruence properties for m(n) which are not inherited by s(n). For instance,
applying Proposition 2.1 (ii) with (%) = —1 to Theorem 1.2 gives

i () — 2 (?)m (™) 1 2 () - 4 2(—1)™ @) "Fn) =0 (mod £™)

which is not guaranteed to hold with s(n) in place of m(n).

4. PROOF OF THEOREM 1.3
We now turn to the congruences for sptl(n). First we need the following proposition.

Proposition 4.1. Let M be defined as in (1.12). Then for each odd prime ¢, M is an eigenform
for the Hecke operator T'(£2) of weight 3/2 and trivial character, with eigenvalue £ 4+ 1. Moreover,
for all m > 1 we have o o
M|T (™) = M|T (¢*"%) =0 (mod ¢™). (4.1)
Proof: In the proof of Theorem 1.4 in [5] it is shown that
M+ NH € Hj (To(16)),

L 1 100 772(w)
NH(T) := , +dw.
2v/2mi / n(2w) (~i(r +w))?

where

Define f by

g n2n) N (L
Jo =4 & g 2

In Theorem 1.1 of [4] it is shown that

f—4-W€H% (To(16)) .
8



Canceling the non-holomorphic parts, we conclude that 4M + f € M} (To(16)). Using (4.2) and
2
(1.11), we see that the coefficients of

n*(7)
n(27)

have at most polynomial growth. A weakly holomorphic modular form whose coefficients grow at
most polynomially must be holomorphic. We then prove that 4M + f = 0 by checking sufficiently
many coefficients.

Now by [5, Prop. 5.1], f is a generating function for class numbers and an eigenform for the
weight 3/2 Hecke operator T'(¢?) with eigenvalue £+ 1. Hence the same is true for M. The property
(4.1) then follows by induction using the second identity in (2.2).

(4M(7) + f(7))

O

Proof of Theorem 1.3: Arguing as in the proof of Theorem 1.1, and noting that the character
is trivial, we obtain the following congruences for m > 1:

m ((*™n) =0 (mod (™) if (7) =1 (4.3)

m (") —m (™" 'n) =0 (mod £™).

In order to replace m by sptl, we must show that the coefficients of M — S satisfy the same
congruences. We recall that the generating function for overpartitions is given by

P(r)= 3 p(ma" = 120,

2
= 7 (7)

Differentiating gives

d =, . n 1 n(27)
75, P(r) = Z m()" = 15050 (Ba(2r) = Ba(r)).
With
E(7) := 2E»(27) — Ea(7) € My (F0(2)>

and

Ty n(27) !

Hr) = B o € M (ro(16)), (4.4)
we see that B B g L

M(t)—S(r) = 2qd—q P(1) — 1 h(T). (4.5)

It is clear that the congruences (4.3) are satisfied with m(n) replaced by np(n). Therefore, the key
step will be to prove the following

Proposition 4.2. For any prime £ > 3 and any integer m > 1, we have
BT (¢*™) = R|T (£*™2) =0 (mod £™).

Assuming for the moment that this proposition is true, and writing h(t) = >, c(n)q", we
conclude as before that the congruences (4.3) are satisfied with m(n) replaced by c¢(n). Then (4.5)
shows that the congruences are also satisfied by the coefficients of .S, and Theorem 1.3 follows. [

Proof of Proposition 4.2: We define g € M} (T'x(16)) by
2

g(1) == E(87) =q¢'+0(d). (4.6)



Recalling the definition (3.9) of the involution Wig, we find that
hlsWig(r) = (—4iT)"2h (—1/167) = V8 - g(7). (4.7)

If £ # 2 is prime, then Wig preserves f-integrality and commutes with the operators T'(¢£2™).
Therefore Proposition 4.2 will follow if we can prove that for any prime ¢ > 3 and any integer
m > 1, we have

gT(™) =T =0 (mod ™). (48)

The rest of the section is devoted to proving (4.8). To begin, define

Gum = gIT(*™) —g|T (%) € M’g (T'o(16)) , (4.9)
and
2[2m
_ _ 167
F&m(’?’) = Gg,m(T)nT() ~ M22m+3 (FO(lG)) . (410)
n=" (87) B
Then it will suffice to show that
Fim=0 (mod (™). (4.11)

Using (4.6) and (2.2), we conclude by induction that

— 2m o gmil 1 7

which in turn gives

_ m
Gem(T) = P +0(q").

Moreover, Gy, is supported on exponents which are = 7 (mod 8). Since the form

2£2m

n (].67') 2m £2m+8

AT _ en oy )
77[2771 (87‘) q q

is supported on exponents which are = 1 (mod 8), we conclude that
Fom(r) =M+ 0 (qﬁ’””) (4.12)
is supported on exponents which are = 0 (mod 8). Setting
Hym(T) = Fom (1/8), (4.13)

we find that Hy,, € M!z2m+3 (Po(2)). It is clear that Hy,, is holomorphic on H and at co. We will

- 2
show that Hy,, is holomorphic at the cusp 0, which is equivalent to showing that

Wy is holomorphic at oo. (4.14)

Z,m 2m +3
2

To establish (4.14) we compute using (4.13), (4.10), (4.9), and (4.7), together with (3.10) and
the fact that the Fricke involution (3.9) commutes with the Hecke operators T'(¢*™). To be precise,
10



we find that

Fg7m‘[2rnTHW2(T) = (—2’\/§T>_£22+d - Fym (—1/167)
_ g G|y Wa(r) - m
e 'g‘%WIG(T)‘ (T(*™) —T(*™2)) - ZZ:Z;))
= 97T )| (T2 — T(2)) - ij:z ;: >>

This together with (4.4) establishes (4.14), and we conclude that Hy,, € M p2m, 5 (To(2)). Using
2

(4.12), we see that Hy,, vanishes modulo ¢™ at infinity to order at least (2™ + 7)/8. By Sturm’s
criterion [17], Hy,, vanishes identically modulo ¢™. This establishes (4.11), and so finishes the

proof of Proposition 4.2.
O

5. PROOF OF THEOREM 1.4
We begin with a proposition.

Proposition 5.1. Let M2 be defined as in (1.17). Then for each odd prime £, M2 is an eigenform
for the Hecke operator T(€%) of weight 3/2 and trivial character, with eigenvalue £ + 1. Moreover,
for allm > 1 we have

M2|T (£2™) — M2|T (¢*™ ) =0 (mod £™). (5.1)
Proof: From Theorems 6.3 and 7.1 and equation (1.2) of [6] we know that
M2+ NH, € Hs (To(16)), (5.2)
where .
NHy(7) = ! . /100 7 (16w) sdw.
W2mi )7 p(8w) (~i(r +w))?

In fact, (5.2) remains true with M2(7) replaced by the generating function
Z H(8n —1)¢* !,
n>1

where H(n) is the Hurwitz class number. To see this, recall the Zagier-Eisenstein series [13, Section
2.2,

1 ioo O(w)
F(r) = H(n)q" + . ——————dw € Hs(T'y(4)), (5.3)
n0,3§(:m0d 4) ! 8\@7{2 /_T (_i(T + w))§ : '
where O(7) := >, ¢"°. Then
% (F(r)=F(r+1/2))= > H(n)q"+ NH(7) € H; (To(16)).
n=3 (mod 4)

It is known that the generating function for H(8n + 3) is a modular form (see, for example, pages
92 — 93 of [13]). In fact, we have
6(16
S sHm = L0 ¢ gy (ro(i6).
n°(87) 2
n=3 (mod 8)
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and so
Y H(n)q"+ NHy(r) € H; (To(16)), (5.4)
n=7 (mod 8)

which is the desired counterpart to (5.2). Canceling the non-holomorphic parts in (5.2) and (5.4),
and arguing as in the proof of Proposition 4.1, we find that

M2(r) =Y H(8n—1)¢*" . (5.5)

n>1

Next let H(7) denote the generating function for H(n) in (5.3). Recall that for each odd prime /¢,
O(7) is an eigenform of the Hecke operator of index £ and weight 1/2 whose eigenvalue is (1-+£¢71).
An application of Lemma 7.4 of [7] gives that

H|IT(?) — (1+0)H e M (To(4)).

Since H(n) grows polynomially we may replace M} (T'g(4)) by Ms(I'o(4)) above. The latter is a
5 2

one-dimensional space generated by ©3(7). Comparing constant terms we conclude that H|T(¢?) =
(1 + ¢)H and by (5.5) the same is then true for M2(7) in place of H(7). The property (5.1) then
follows from (2.2) using induction. O

We now turn to the proof of the congruences for M2spt in Theorem 1.4.

Proof of Theorem 1.4: Arguing as before, we obtain for m > 1 the congruences

m2 ((*"n) =0 (mod £™)  if <_gn) =1 (5.6)

m2 (e*mFn) — m2 (*""n) =0 (mod £™).

In order to replace m2 by s2 (and then by M2spt), we must show that M2 — S2 satisfies the same
congruences. To this end, we start with the generating function for partitions without repeated
odd parts, which is given by

R(r) = 3 (~1)" M2(n)g® =

n>0
Differentiating, we obtain

a
G

R(r) = (80 — 1)(~1)" M2(n)g = 15T (

4B (167) + E2(8T))
= n?(167) '

3

We conclude that

M(r) = 52(7) = 5 (9657) + a5 R )

where g is defined in (4.6). By (4.8) it follows that the congruences (5.6) continue to hold with
m2(n) replaced by

~ n 1
s2(n) = (—1)%1 M2spt <ng ) ,

and so the theorem is proved. ]
12



REFERENCES

[1] S. Ahlgren, Distribution of the partition function modulo composite integers M, Math. Ann. 318 (2000), 795-803.

2] G. Andrews, The number of smallest parts in the partitions of n, J. Reine Angew. Math. 624 (2008), 133-142.

3] K. Bringmann, On the explicit construction of higher deformations of partition statistics, Duke Math. J. 144

(2008), 195-233.

[4] K. Bringmann and J. Lovejoy, Dyson’s rank, overpartitions, and weak Maass forms, Int. Math. Res. Not. (2007),
rnm063.

[5] K. Bringmann, J. Lovejoy, and R. Osburn, Rank and crank moments for overpartitions, J. Number Theory 129
(2009), 1758-1772.

[6] K. Bringmann, J. Lovejoy, and R. Osburn, Automorphic properties of generating functions for generalized rank
moments and Durfee symbols, Int. Math. Res. Not. (2010), 238-260.

[7] J. Bruinier and K. Ono, Heegner divisors, L-functions, and Maass forms, Ann. Math. 172 (2010), 2135-2181.

[8] A. Folsom, Z. Kent, and K. Ono (with an appendix by N. Ramsey), ¢-adic properties of the partition function,
preprint.

[9] A. Folsom and K. Ono, The spt-function of Andrews, Proc. Nat. Acad. Sci. USA 105 (2008), 20152-20156.

[10] F. Garvan, Congruences for Andrews’ smallest parts partition function and new congruences for Dyson’s rank,
Int. J. Number Theory 6 (2010), 1-29.

[11] F. Garvan, Congruences for Andrews’ spt-function modulo powers of 5, 7 and 13, Trans. Amer. Math. Soc., to
appear.

[12] F. Garvan, Congruences for Andrews’ spt-function modulo 32760 and extension of Atkin’s Hecke-type partition
congruences, preprint.

[13] F. Hirzebruch and D. Zagier, Intersection numbers of curves on Hilbert modular surfaces and modular forms of
Nebentypus, Invent. Math. 36 (1976), 57-113.

[14] K. Ono, The web of modularity: arithmetic of the coefficients of modular forms and g-series, CBMS Regional
Conference Series in Mathematics, 102, Amer. Math. Soc., Providence, RI, 2004.

[15] K. Ono, Congruences for the Andrews spt-function, Proc. Nat. Acad. Sci. USA, 108 (2011), 473-476.

[16] K. Ono, Unearthing the visions of a master: harmonic Maass forms and number theory, Proceedings of the 2008
Harvard-MIT Current Developments in Mathematics Conference, International Press, Somerville, MA, 2009,
347-454.

[17] J. Sturm, On the congruence of modular forms, in Number theory (New York, 1984—1985), 275-280, Lecture
Notes in Math., 1240 Springer, Berlin.

[18] D. Zagier, Ramanujan’s mock theta functions and their applications, Astérisque 326 (2009) 143-164.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS, URBANA, IL 61801
E-mail address: ahlgren@math.uiuc.edu

MATHEMATICAL INSTITUTE, UNIVERSITY OF COLOGNE, WEYERTAL 86-90, 50931 COLOGNE, GERMANY
E-mail address: kbringma@math.uni-koeln.de

CNRS, LIAFA, UNIVERSITE DENIS DIDEROT - PARIS 7, CASE 7014, 75205 PARIS CEDEX 13, FRANCE
E-mail address: lovejoy@liafa. jussieu.fr

13



