THE COLORED JONES POLYNOMIAL AND KONTSEVICH-ZAGIER
SERIES FOR DOUBLE TWIST KNOTS, II

JEREMY LOVEJOY AND ROBERT OSBURN

ABSTRACT. Let K(,, ) denote the family of double twist knots where 2m — 1 and 2p are non-
zero integers denoting the number of half-twists in each region. Using a result of Takata, we
prove a formula for the colored Jones polynomial of K(_., _p) and K(_, ). The latter case
leads to new families of g-hypergeometric series generalizing the Kontsevich-Zagier series. These
generalized Kontsevich-Zagier series are conjectured to be quantum modular forms. We also
use Bailey pairs and formulas of Walsh to find Habiro-type expansions for the colored Jones
polynomials of K., ») and K, —p).

1. INTRODUCTION

Let K be a knot and Jy(K; q) be the usual Nth colored Jones polynomial, normalized to be 1
for the unknot. Formulas for Jy(K;q) in terms of g-hypergeometric series have been proved for
several families of knots [14, 16, 17, 22, 26, 32]; these have played a prominent role in numerous
studies in quantum topology and modular forms [6, 13, 18, 19, 20, 21, 35]. In recent work [24],
the authors used a theorem of Takata [30] to find ¢-hypergeometric expressions for the colored
Jones polynomial of double twist knots where each of the two regions consisted of an even
number of half-twists. This led to a doubly infinite family of ¢-series generalizing the famous
Kontsevich-Zagier series [34, 35],

Flg)=) 1-g)(1=¢*)--(1-q"). (1.1)
n>0
These generalized Kontsevich-Zagier series are conjectured to be new families of quantum mod-
ular forms. Comparing with previously known expressions for the colored Jones polynomials of
double twist knots due to Lauridsen [23] led to generalizations of a g-series “identity” involving
F(q) due to Bryson, Ono, Pitman, and Rhoades [7] — namely, for any root of unity ¢ one has

Fig ) =) ¢""1-¢? - (1-¢"> (1.2)
n>0
For a complete description of these results, see [24].
Here we turn our attention to double twist knots where one region has an odd number of
half-twists. Recall the standard g-hypergeometric notation
n—1
(@) = (a;¢)n == [ (1 — ag")

k=0
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and the usual g-binomial coefficient

-t~

Consider the family of double twist knots K, ,) where 2m — 1 and 2p are non-zero integers
denoting the number of half-twists in each respective region of Figure 1. Positive integers
correspond to right-handed half-twists and negative integers correspond to left-handed half-
twists.

S B —

2m-1

2p

FiGUurE 1. Double twist knots

To state the case K(—m,—p)> we define the functions €; j, and 7; ., by
1, ifj=—ior—i—1 (mod2m+1),
€jm=14—1, ifj=iori—1 (mod 2m+1), (1.4)
0, otherwise
where 1 <i<j<(2m+1)p—1with (2m+1)tiand j # m (mod 2m + 1) and
1, ifi=1,...,m—1 (mod2m+1),
Yim=4—1 ifi=0m+1,...,2m (mod 2m + 1), (1.5)
0 ifi=m (mod2m+1)
where 1 <14 < (2m + 1)p — 2. Our first main result is the following.
Theorem 1.1. For positive integers m and p, we have

JN(K(fm,fp); Q)

—1)(N—-1 1-N -
— D) 3 (@ Mgy, o (—1)1Cm -1
N—-12n@mi1)p—122n120

"(27n+1)p71+1)
2

(2m+1)p—2

% H qei7j7mn¢nj H (_1)711an1+( 2 )

1<i<j<(2m+1)p—1 , i=1
(277(1+1)J(i) i=m, 2m~+1 (mod 2m-+1)

j#m (mod 2m+1)
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(2m+1)p—2

% H gL Y m |:ni+1:| ) (1.6)

n;
i=1
For an example of Theorem 1.1, take m = 3 and p = 1. We then have
JN(K(_37_1); q) = Z (ql—N>n6 (_1)n3+n6an3+("32+1),("62+1)

N—-1>ng>ns>nga>n3>n2>n1>0

n1(ns+ne)+n2(nat+ns)—ning—nanz—nins—nsne

an1+n27n4fn5 Ne| M5 T4 T3] |12
ns| |n4| |ns| [n2] [m1]”

xXq

For the case of K (—m.p)> define the functions A; j,, and B;,, by
1, ifj=—-ior—i+1 (mod2m+1),
Aijm=19q-1, ifj=diori+1 (mod2m+1), (1.7)

0, otherwise
where 1 <i < j<(2m+1)p with (2m+1){¢and j Zm+1 (mod 2m + 1) and

1, ifi=1,...,m (mod2m+1),
Bim=4—1 ifi=m+1,...,2m (mod 2m + 1), (1.8)
0, ifi=0 (mod2m+1)

where 1 <14 < (2m + 1)p — 1. For convenience, we define ;o =0 for 1 <14 < p— 1. Our second
main result is the following.

Theorem 1.2. For a nonnegative integer m and positive integer p, we have
JN(K(fm,p); Q)

1-N 1-N
= qp( ) Z (q )n(2m+1)p(_1)n<2m+1)pq
N=1>n2m41)p> 21120

_(7l(2m<;1)p+1)

(2m+1)p—1 -
X H in7j7mninj H (—1)niq_Nni+(n22 )
. i1
19?2;553&?1);7 i=m—+1, 2meLr1 (mod 2m+1)
jZm+1 (mod 2m+1)
(2m+1)p—1
Bimni | Thi41
X H1 q { " } . (1.9)
1=

The case m = 0 of Theorem 1.2 was proved by Hikami [16]. Here Ko,y = T(22p+1), the family
of right-handed torus knots. Thus, one recovers JN(T(272p+1); q) by taking m = 0 in (1.9). To
see this, we first rewrite (1.9) as

N (K(—m,pﬁ Q)
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n 1
- qp(l—N) Z (ql_N)n(2m+1)pan(2m+1)pq_2( (2m§1>p+ )

(2m+1)p -
% H in,j,m”mj H (_1)”iq_N”i+( o)
1<i<j<(2m+1 i=1
(2]m—(&-1)h p i=m+1 (mod 2m-+1)
jZm~+1 (mod 2m+1)
(2m+1)p (2m+1)p—1

X I1 (~1rig Nt T gfen [mﬂ] . (1.10)
L 1. n;
i=2m+1 EE})d 2m+1) =t

For m = 0, the first product in (1.10) is empty while the second and third products in (1.10)
are equal. Taking ;0 = 0 in (1.8), we have (cf. Proposition 9 in [16])

p—1
IN(T(2,2p+1); ) = ¢"0) > I || [nn“] . (11
N=1>np>->n1>0 i=1 !

For another example of Theorem 1.2, consider m = p = 2. We then have

IN(K(—2,2);9)
_ 2(1-N 1-N nz+ns+ng+nio ,—N(nz+ns+ns
=g > (@ (-1) N )
N—12n10>n9>ng>n7>ne>ns>na>n3>n2>n1 >0

X q (M9 ("8 + (M) ("3 4 (—natnatns —ne—nr+ng+ni1o) +nz(na—n7+ng)

x g" (—n4a+n7—ng)+ns(—ns+ne+nr—ng—nio)+ne(—nr+ng+nio)+nrng—ngng—ngnio

xqn1+n27n37n4+n6+n7fngfn9 ni1o g ng ny e ns Ny n3 n2
ng | [ng| [n7| |ng| |ns| |na| [ng| [nal| |1l

IN(K;q7") = In(K¥;q), (1.12)

where K™ denotes the mirror image of the knot K. Thus, since K(_,, _,) is the mirror image of
K41,y and K(g,_1) is the mirror image of K _,y, equations (1.6) and (1.9) cover all of the
double twist knots in this family, up to a substitution of ¢ by ¢~'. Combined with Theorems
1.1 and 1.2 in [24], we have ¢-hypergeometric series expressions of this type for all double twist
knots.

Another type of g-hypergeometric formula for the colored Jones polynomial can be deduced
from formulas of Walsh [32] together with the theory of Bailey pairs. These formulas are our
third main result.

Recall that

Theorem 1.3. For positive integers m and p, we have

JN(K(m,p) ) q)
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1+N 1-N m—1 p—1
_ N 3 (g )nlq )nqn 11 g [ni+1:| Hqs§+s]- |:5j+1:|
n>0 (@)ny i=1 i %
N=Nn >Ny —1 >+ >11 >0
n=sp>8sp—12>2>512>0

J=1

(1.13)

and

IN (K (m,—p); @)
o 2 (¢"™M)nlg"™N) nt1
—P(1=N7) Z n n(—l)nq_( 21)

n>0 (@)ns

N=Nm >Nm—1>>n1>0
n=sp>sp—1225120

J

m—1 p—1
2 . [ M1 —§i—8. [ S5+1
X G +n; 1+ Sj—8j4+1S55 J . 114
[« " ]Hq o aa

In view of (1.9) and (1.14), we define the g-series Fy, ,(¢) for m > 0 and p > 1 and Uy, p(z; q)
for m,p > 1 by

Frnp(q)
n(2m —+1
=Y @, (e U T gt
N2mi1)p>2n120 1<i<j<(2m+1)p
(2m+1)ti
jZm+1 (mod 2m+1)
(2m+1)p—1 ) (2m+1)p—1
ni+ ) ) ;
x 11 (—1)nig("s") I & {”;fl} (1.15)
i—1 1 1
i=m+1, 2m—?—1 (mod 2m+1) !
and
U,p(25 9)

_ (2O (=2 D \n (")
4 nzzo (Q)m ( 1) 1

NN >N 1 >+ 311 >0
n=sp>sp—12--25120

m—1 n p—1 s
2 . .

X n;+mn; i+1 —8;—8;+18; 741 .
[Tt [ Tl [
=1 7j=1

(1.16)

Note that neither F,, ,(¢) nor Uy, ,(z;q) is defined anywhere except at roots of unity. In this
case, we have

Frnp(CN) = IN(K(Zmp); CN) (1.17)



6 JEREMY LOVEJOY AND ROBERT OSBURN

and
Unp(=15Cn) = IN (K (1m,—p)i CN) (1.18)

for any Nth root of unity (y. By (1.12), (1.17) and (1.18) and since the mirror image of K(_,, ;)
is K(y41,—p), we immediately have the following.

Corollary 1.4. If (y is any root Nth root of unity, then we have
Fmdﬂ(CN) = Uerl,p(*l; C]?[l) (1.19)

Similar “dualities” involving g-hypergeometric series at roots of unity can be found in [7, 9, 10,
20, 24]. As the case Fy 1(q) is equal to ¢ times the Kontsevich-Zagier series (1.1) we refer to the
g-series Fy, ,(q) as the Kontsevich-Zagier series for odd double twist knots.

Similarly, motivated by (1.6) and (1.13), we define the g-series §p,,(q) and ,, ,(x;q) for
m,p > 1 by

Sm,p(Q)

_ —("@m+1)p-111 R
7Y @ (e (T T g
Neemi1)p—122n120 1<i<j<(2m+1)p—1

(2m+1)ti
j#m (mod 2m+1)
(2m+1)p—2 ( +1) (2m+1)p—2
1)y g™ —ninip1+vimng | Titl
S | G | O "] )
i=m, 2m+1 (mod 2m+1) B
and
-1 -1
S, (.CEq) _ qp Z (*$Q)n(*x_1Q)nqnnﬁ qanrni |:’I’Li+1:| Ir[qs?+sj |:8j+1:|
o n>0 (@), i=1 i j=1 5
N=Np >N —1 >+ >n1 >0
n=sp>sp—1>->51>0
(1.21)

Here, i, »(2; q) is well-defined for |g| < 1 and for ¢ a root of unity when x = —1 while §, »(q)
is only defined at roots of unity. Then

Fmp(Cn) = IN(K(—m,—p)i CN) (1.22)
and

Unp(=1CN) = IN(K () CN) (1.23)
for any Nth root of unity (un, giving the following.

Corollary 1.5. If (y is any root Nth root of unity, then we have
Fmp(CN) = t1p(—1; C]?/l) (1.24)

The rest of this paper is organized as follows. In Section 2, we recall Takata’s main theorem
and provide some preliminaries. In Sections 3 and 4, we prove Theorems 1.1 and 1.2. In Section
5, we prove Theorem 1.3. In Section 6, we conclude with some remarks.
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2. PRELIMINARIES

We begin by recalling the setup from [30]. Let [ and ¢ be coprime odd integers with [ > ¢ > 1
and p' := 5L For 1 < j < p/, define integers r(j) such that r(j) = (2j — 1)t (mod 2I) and
-l <r(j) <l. Weputo; = (—1)L(2J?1)tJ, r'(j) = ‘T(J# and i.(;y = j (and thus iy = j if
and only if 7/(j) = k). For an integer 7, sgn(i) denotes the sign of 7. Let n = (n1,...,n,y) and
ns = 0 for s < 0. Finally, define

N —an/ if Op = —1,
wv) = { 0 if g, = 1 2.1)
and

(2.2)

S if o = —1,
() = { o :

n;—m;_1+1
q(J ) ifo; =1.

Consider the family of 2-bridge knots b(l,t) (see [8] or [25]). The main result in [30] is an
explicit formula for the colored Jones polynomial of b(l,#)*.

Theorem 2.1. We have
INCEOS)= ), TR ) (2.3)

N—-1>ny>..2n1>0

where!
1 L Z 1 R
a(n) = D) ( Z (o, + O'ip/+1k)> (nj —mnj—1) — 5 ()41 + opr1-5)n;
J=1 \k=r'(j) j=1
p/
— 5oy + 1)ny — Z%ﬁ
j=1
l_it p/ p/
2
1—o0 1+o
bi(n) = —a(n) + 2 Eng, 1 — Z Ny, —1 + Z 5 “ng, — (L+ oy )y
k=1 k=541 k=541
=,
+ B Z(Uﬁl —oj)n;
j=1
‘-1  p . .
1 X 14 sgn(ig — tpr
3 > : (2 )(% = 04y ) (i, — 1) (i, — iy, —1)
k=1 k'=k+1

' r'(j)

+
M*@
QQI

/N
ng

El
ES

E
i

=

S

I

INote that there is a misprint in the definition of X (n) in [30]. Each g in the prefactor should be g.
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2
1 .
Z +20—lk My —1 if | < 2t,

2
1 .
— Z +2Uzk M), —1 if 1 > 2t,

o @ONa(@ny, B 1)
n) = (—1)" =@ p
X(w) = ()¢ FHMq)

)N—np/—l nj—Tj—1

Our interest will be to apply Theorem 2.1 to the case of the double twist knots K, 41, =
b(4mp +2p — 1,4mp — 1) and K(;41,—p) = b(4mp + 2p + 1,4mp + 1), whose mirror images are
K, —p) and K(_, ), respectively (cf. [31]). In order to facilitate these computations, we need
the following results concerning o, iy, and o;,. We omit the proofs as they are straightforward
generalizations of Lemmas 6-9 in [30].

Lemma 2.2. Forl=4mp+2p—1 and t = 4mp — 1, we have

(i) o; = 1 ifyj=1,2,...,m (mod 2m + 1),
Tl -1 ifj=0,m+1,...,2m (mod 2m +1).

(ii) To compute ix, apply the following algorithm. Divide the integers from 1 to p' into
2m intervals, each of length p, and a final interval of length p — 1. The value of iy, is
(2m+1)(k—1)+m+ 1 in the first interval and (2m + 1)(2p — k) +m in the second. If
j > 1 is odd, then to obtain the value of iy in the jth interval, subtract 2(2m + 1)p — 1
from the formula for iy in the (j —2)th interval. If j > 2 is even, then to obtain the value
of i, in the jth interval, add 2(2m+1)p—1 to the formula for iy, in the (j —2)th interval.

(iii) To compute o, , apply the following algorithm. Divide the integers from 1 to p’ into 2m
intervals, each of length p, and a final interval of length p—1. The value of oy, alternates
between —1 and 1 starting with —1 in the first interval.

Lemma 2.3. Letl=4mp+2p—1 andt =4mp —1. Then for 1 <k <p and1<j<p —1
we have

2 dfip+1<k<(i+lp—1fori=13,...,2m—1,
(i) o +0oiy,, =9 2 Fip+1<k<(i+1p—1fori=0,2,...,2m,

0 dfk=ipfori=1,2,...,2m.
I _J =2 ifj=m (mod 2m + 1),
(i) ojp1+ 0pp1—j = { 0  otherwise.

Lemma 2.4. Forl=4mp+2p+1 and t = 4mp + 1, we have

Q) Uj:{l if7=1,2,...,m+1 (mod 2m + 1),

-1 if7=0,m+2,...,2m (mod 2m + 1).
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(ii) To compute iy, apply the following algorithm. Divide the integers from 1 to p’ into 2m+1
intervals, each of length p. The value of iy is (2m + 1)(k — 1) +m + 1 in the first in-
terval and (2m + 1)(2p — k) + m + 2 in the second. If j > 1 is odd, then to obtain the
value of iy in the jth interval, subtract 2(2m + 1)p + 1 from the formula for iy in the
(j —2)th interval. If j > 2 is even, then to obtain the value of iy, in the jth interval, add
2(2m + 1)p+ 1 to the formula for iy in the (j — 2)th interval.

(iii) To compute o;,, apply the following algorithm. Divide the integers from 1 to p' into
2m+1 intervals, each of length p. The value of o;, alternates between 1 and —1 starting
with 1 in the first interval.

Lemma 2.5. Let l=4mp+2p+1 andt =4mp+1. Then for 1 <k <p and1<j<p —1
we have

. _J2 ifip+1<k<(i+1)p fori=0,2,...,2m,

tp! =2 ifip+1<k<(i+1)p fori=1,3,...,2m —1.
oy _J 2 ifj=0 (mod 2m+1),
(i) o541 + Opr1— _{ 0 otherwise.

We now illustrate the computation of a(n) and by(n) + be(n) for I = 10p+ 1 and t = 8p + 1.
The routine evaluation of X (n) is left to the reader. First, we take m = 2 in Lemmas 2.4 and
2.5 to obtain

1,2,3 (mod 5),

1 ifg=
%_{—1ﬁj5m4(mm®, (2.4)
5(k—1)+3 if1<k<p,
52p—k)+4 ifp+1<k<2p,
ir=1 5k—10p—3 if2p+1<Fk < 3p, (2.5)
Np—5k+5 if3p+1<k<dp,
5k —20p—4 ifdp+1<k<5p,
1 if1<k<p,
—1 ifp+1<k<2p,
g, =4 1 if2p4+1<k<3p, (2.6)
1 if3p+1<k<dp,
1 ifdp+1<k < bp,
2 if1<k<p,
9 ifpr1<k<2p,
Oip +0ig, =4 2 if2p+1<k<3p, (2.7)
—2 if3p+1<k<dp,
2 ifdp+1<Ek<5p,
and ( )
2 ifj=0 (mod 5),
j+1 Tt Oop+l—j = { 0 otherwise. (2.8)

Applying (2.4), (2.5), (2.7), (2.8) and reindexing yields that a(n) equals
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1 5p 5p
o 5 Z (Uik + Ui5p+1—k) ( —nj— 1 Zn5]
J=1 \k=r(j)
112 5p
- 9 Z Z (Uik + Ui5p+1—k) (n5j - n5j—1)
J=1 \k=4p—j+1
op p 5p
+ Z < (o4, + a¢5p+1k)> (n5j—4 — n5j—5) + Z( Z (i, + ai5p+1k)> (n5j—3 — N5j—4)
j=1 \k=4p+j =1 \k—2ptj
p P 5p
+ Z < (oi, + ai5p+1_k)> (nsj—2 —nsj—3) + Z ( Z (04, + Uz‘sp+1_k)> (n5j—1 — n5j—2)
g=1 A=y G=1 \k=2p—j+1
p—1
- N5 —P
j=1
P p—1
=D -2 = ) s —P. (2.9)
Jj=1 j=1

By (2.4) and (2.6), the second and fifth sums in by(n) are zero. We then use (2.4)—(2.6) and
reindex to obtain

5p 2p 3p 4p 5p
- E nik—1:—<z N, —1 + Z N, —1 + Z N, —1 + Z Mip—1

k=p+1 k=p+1 k=2p+1 k=3p+1 k=4p+1
P
= — (Z(n5j_2 + N5j—4 + N55-1 + n5j_5)) , (2.10)
j=1
5p 1 + o 5p P
Z LY} Z ng, + Z NG, = Z(n5j_3 + n5j_4), (2.11)
k=p+1 k=2p+1 k=dp+1 j=1
1 5p—1 p—1 p
5 2_ (41— o)y = > nsj— Y nsj-2 (2.12)
j=1 j=1 j=1
and
A
ba(n) = Z 5 L1 = Z Mij—1 —Zns)j 4. (2.13)
k=p+1 k=2p+1
By (2.9)—(2.13), the sum of b2(n) and the first six terms in b (n) equals
p—1
P+ ZTLE,J + Z N5j—4 + N5j—3 — N5j—2 — N5j—1)- (2.14)

Jj=1 Jj=1



THE COLORED JONES POLYNOMIAL FOR DOUBLE TWIST KNOTS, II 11

To compute the seventh term in by(n), we use (2.5) and (2.6) to observe that k < k' and
aik#aik, if and only if either 1 <k <pandp+1<k <2porl<k<pand3p+1<k' <d4p
orp+1<k<2pand2p+1<k'<3porp+1<k<2panddp+1<k <b5por2p+1<k<3p
and 3p+1 <k <4dpor3p+1<k<d4dpand4dp+ 1<Kk <5p. Also, sgn(iy —ix) = 1if and
only if i, > i and either i, =5k —2for 1 <k <pand iy =10p -5k +4forpy +1 < k' <2p
orip =5k—2for 1 <k<pandiy =20p—5k+5for3p+1<k<4dpori,=20p—5k+4 for
p+1<k<2poriy=>5k—10p—3for2p+1<k'<3pori=20p—>bk+4forp+1<k<2p
and iy = Bk —20p —4 for dp+1 < k < Bpor iy = 5k —10p —3 for 2p+1 < k < 3p
and iy = 20p — 5k’ +5for 3p+1 < k < 4por i, = 20p—5k+5for 3p+1 < k < 4p and
i = bk’ —20p —4 for 4p+1 < k < 5p. Taking these cases into account and reindexing, we have

bp—1 5p

1 1+ sgn — g
5 Z Z )(O-Zk - O-’Lk/)(nlk - nikfl)(nik/ - n’ik/fl)
k=1 k'=k+1
p 2p P 4p
== > (i —ni-)mi —nig-) =Y > (niy = ni—1)(niy, — niy 1)
k=1 k' =2p—k+2 k=1 k' =4p—k+2
2p  4dp—k+1 2p  6p—k+1
+ Z Z (i, — nig—1) (i, — niy,—1) + Z Z (i, — nip—1) (i, — iy, —1)
k=p+1 k'=2p+1 k=p+1 k/=dp+1
3p 4p 4p 8p—k+1
Z Z (i, — mip—1) (1, — miy 1) + Z Z (i, — mip—1)(ni, — 1m0 —1)
k=2p+1 k'=6p—k-+2 k=3p+1 k'=4p+1
P J P J
== (nsj2 —nsj-s)(ns—6 — nsjr—7) — > (nsj—2 — nsj-s) (M55 — nsjr—g)
Jj=1j'=1 j=14'=1
P P J
)0 (nsjo1 —nsj-2)(nsy_3 —nsp_a) + Y > (ns5i—1 — nsj_2)(nsj_s — n5j_s)
j=ly'=1 j=1j=1

hS]

\.M“

(nsj — nsj—1)(nsjr—4 — nsj—z).  (2.15)

-
M-

(nsj—3 — nsj—a)(N5j—5 — N5jr—6) +
J=1j

v

1y 1

.
Il
Il
—

Finally, using (2.4) and (2.5), then reindexing and simplifying gives the eighth term in b;(n),

5p ()
Z (Z N, — Ny—1 )njfl
j=1 k=1
P dp+j 2p+j
055— 4(2 Ng, — Ny —1 )n5j 5+Zo'5] 4(2 Mg, — Ny — 1))”5] 4
=1 k=1 =1 k=1
p—l dp—j+1

J D
05— 2(2 (1), — N1 >n5] 3+ E 0’5]( E (1), *nik71)>n5j71
1 k=1 j=1

k=1

J
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P 2p—j+1
+ Z U5j—1( Z (niy, — nik—l))n5j—2
j=1 k=1
p 2p 3p
= Z Z(%k—z — N5k—3) + Z (n10p—5k+4 — N10p—5k+3) + Z (5k—10p—3 — M5k—10p—4)
j=1 \k=1 k=p+1 k=2p+1
4p dp+j
+ Z (N20p—5k+5 — N20p—5k+4) + Z (N5k—20p—4 — M5k—20p—5) | 555
k=3p+1 k=dp+1
P 4 2p
+ Z Z(anz—Q — nsk-3) + Z (M10p—5k+4 — M10p—5k-+3)
j=1 \k=1 k=p+1
2p+j 4 J
+ Z (N5k—10p—3 — NM5k—10p—4) | M5j—a + Z Z(nSk—Z — N5k—3) | 553
k=2p+1 j=1 \k=1
P P 2p 3p
D (msr—2 — msk—s) + > (Maop—skra — Maop—sk+3) + D (Msk—10p—3 — N5k—10p—4)
j=1 \k=1 k=p+1 k=2p+1
dp—j+1
+ Z (N20p—5k+5 — N20p—5k+4) | T5i—1
k=3p+1
P 4 2p—j+1
-3 (nsk—2 — nsk—3) + > (R10p—5kra — Mi0p—5k+3) | sj—2
j=1 \k=1 k=p+1
p p
= Z( Y (nsj = nsj-a) +ns5) |5
J=1 \j'=j+1
P J P
+ Z (Z(n5j’—1 — n5j—a) + Z (n5jr—1 — n5j1—3) | n55-4
=1 \y=1 j=j+1
p [ J
+ Z (Z (n5j—2 — N5j1—3) | n55—3
J=1 \j/=1
p /j—1 P
- Z (Z(n5j/1 — nsjr—a) + Z(%J" — Nji—4) | N5j—1
=1 \j/=1 =i
p [/j—1 P
-3 (Z(%j'—z — i)+ Y (ns-1 —nsjs) |nsjoa. (2.16)
Jj=1\j'=1 J'=j

Thus, combining (2.9)—(2.16) implies that b (n) + ba(n) equals
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p—1
p+§ n5j+§ n5y 4+ N5j—3 — N5j—2 — Nij— 1)
J=1 Jj=1
p J P J
E E (n5j—2 — n5j—3) (551 —6 — Nsjr—7) — E E (n5j—2 — n5j—3) (N5 —5 — N5 —6)
L= =1 =1

n5j71 - n5j72)(n5j’—3 - n5j’—4) + (n5j71 - n5j72)(n5j’—4 - n5j’—5)

+
'M“
MQ
1=
M- &

<
I
—_
h\
Il
-
<
I
—
<
%
Il
-

M’U
M’U
\M“
M“

(n5j 3 — N5j— 4)(”53‘/75 - n5j’f6) + (”5j - n5j71)(”5j/74 - ”53'/*5)

j=1j'=1 j=1j'=1
p p
+D D (nay —nspa) + n5j)> M55
J=1 \j'=j+1
p J p
+ Z Z Nsjr—1 — Nsjr—4) + Z (nsj—1 — n5j’—3)> N55—4
=1 \y=1 j=3+1

n5j’—2 - n5j/—3)> N55-3

<.
I
—_
<
%
Il
-

<
—_

M“@
=

(-1 — n5jr—4) +

(7’L5j/ — ’I’L5j/_4)> ’I’L5j,1

<.
I
—_
<
%
Il
—
%

7=

<
[asry

(nsjr—2 —nsj—3) +

M@
NE

+
M= T
/\/—\/F—ﬁ\/—\/—\

>/

J

(77,5]-/,1 — ?7,5]-/3)) n5j_2.

.
Il
i
<
%
Il
-

J
3. PROOF OoF THEOREM 1.1

Proof of Theorem 1.1. Using Lemmas 2.2 and 2.3, one can check that for [ = 4mp + 2p — 1 and
t=4mp—1

p—1 P
a(n) = Z N(2m+1); T Z N@m+1)j—(m+1) TP — 1 (3.1)
P =1

and b1(n) + ba2(n) equals

P m—1 2m
L =p+n@mip-1+ Z (Z N(2m+1)j—2m+i—1 — Z n(2m+1)j2m+z‘1>

=1 \i=1 i=m+1

p j m k
+ E E E E em+1)j—k — n(2m+1)jfk71)(n(2m+1)j/+k72mfk/ - n(2m+1)j’+k72mfk’fl)
j=1j'=1k=1k'=1
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7 m
- Z Z Z (n(2m+1)j—m—k - n(2m+1)j—m—k—l)(n(2m+1)j/—2m—k’ - n(2m+1)j’—2m—k/—1)

k
m p [/j—1
+ Z Z ( (N@m+1)j7—s = P(@m+1)j'—2m+s—1)

+ E (N(@2m1)j7—s — n(2m+1)j/2m+s2)> N(2m+1)j—2m+s—2
Jj'=j

p—1 P
- ( Z (n(2m+1)j’—1 - n(2m+1)j’—(2m+l)) + n(2m+1)j> NE2m+1)j-1
J

=1 \j'=j+1
m p J
- Z (Z(n(2m+1)] —m4s—1 — (2m+1)j'—m s) (3.2)
s=1j=1 \j/=1
P
+ Z N(2m41)j' —m+s—2 — (2m+1)j/ms)> N(2m+1)j—m+s—2-
J'=j+1

Also, by (2.1) and (2.2), X(n) equals

i

l S 7'7
DN 1@ sys P ("ot ansns g e

(_1)"(2m+1)p—1q*N”(2m+1)p—1 5
q)N*”(2m+1)p—1*1 m

7j=1
H(q)n(2m+1)j72'm+571_n(27n+1)j727n+572
s=1
p—1 - .
—1)"*em+1); R (2m+1)j-1
X 1) (3.3)

(Q)n(zmﬂ)j*n(zmﬂ)j—l

J=1

S(m, 3, 8) == (N@m+1)j—2mts—1 = T(@m+1)j—2m+s—2) (M@m+1)j—2mts—1 — T(2m+1)j—2m+s—2 + 1)-

(3.4)

We first consider the case m = 1. Upon comparing (2.3) and (3.1)—(3.4) with (1.6) and then
simplifying, it suffices to prove that

P J pJ
Z Z(”?)y 1 — n3j—2)(n3j—2 — naji— Z Z(nsj—2 — ngj—3)(naj—3 — ngj_a)

1j/=1 j=1j5'=1

p [/j-1 p
+ E (ngjr—1 —ngjr—2) + E (n3jr—1 —nsj—3) |n3;j—3

i=1 \j/'=1 i'=j

<.
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P P J
— E § (ngjr—1 — nazjr—3) +n3j |n3j_1 — E E (ngjr—1 — ngjr—2)n3j—2

J'=j+1 Jj=1j'=1

- Z n3j—2M3;-3 (3.5)
j=1

equals
3p—2
E €i,5,1M315 — E NniMG41 (36)
1<i<y<3p—1 =1
31
j#1 (mod 3)

where €; j., is given by (1.4). Here, we have used the fact that

3p—2

— Z’rlgj 1= Z Yi, 1M + anl, (37)

where 7; , is given by (1.5), together with the identities

1 & naj— "\ (ngj_o+1
PILTENED o (VA D 3] () IRURTIR S

j=1 j=1
where S(m, j, s) is given by (3.4) and
P ng; ng; + 1
] — 7
Z< >+Zn31—21< ) > (3.9)
Jj=1 )

We now explain how to proceed from (3.5) to (3.6). After taking out the j/ = j term from
the fourth sum in the third line of (3.5) and simplifying, we obtain

P J p j—1 p j—1

E E n3j—1Mn3j—2 + § E Nn3j/—1M35—3 — E E N34/ —2N3j—3 — E E Nn3j—1M35—1
Jj=1j'=1 Jj=1j=1 Jj=1y5'=1 J=1j'=j+1

p—1

_Z n3;ng;—1 — Zn3j 2M35— B_Zn?)] 1M35-2- (310)
j=1

The first line of (3.10) corresponds to the first sum in (3.6); namely, the first two sums correspond
to (i,7) = (i,—i) (mod 3) and (7,7) = (i,—i — 1) (mod 3), respectively, while the second two
sums correspond to (i,7) = (i,i—1) (mod 3) and (4,j) = (4,7) (mod 3), respectively. The three
sums in the second line of (3.10) match the second sum of (3.6). Thus, we have proven that
(3.5) equals (3.6).

We now turn to the general case m > 2. Upon comparing (2.3) and (3.1)—(3.4) with (1.6)
and then simplifying, it suffices to prove that
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p J m k

D3NN eminyiok = nemr1i—h-1) (Mem 1) +h—2m k. — T2+ h—2m—k—1)
j=1 /=1 k=1k'=1

p J m m—k+1
- Z Z Z Z (n(2m+1)j—m—k - n(2m+1)j—m—k—1)(n(2m+1)j’—2m—k’ - n(2m+1)j’—2m—k/—1)

j=1j/=1k=1 k'=1

m p [/j—1
+ Z Z (M(@mr1)j'—s — N@m+1)j/—2m+s—1)

s=1 j=1 \j'=1

p
+ Z(n(zmﬂ)jus N(2m+1)j'—2mts—2) | (2m+1)j—2m+s—2
J'=J

p—1 p
- ( Z (N (2mt1)j7—1 = P2m+1)j'—(@m+1)) T n(2m+1)j> N(2m+1)5—1
m p /]
- Z (Z (n(2m+1)j/fm+sfl - n(2m+1)j’fmfs) (3'11)

+ Z (M (@2m41)j/—m+s—2 — n(2m+1)j/ms)> N(2m+1)j—m+s—2

J'=j+1
2

=1

<n(2m+1)j—2m +1

n s
2 > ~ emt1)j—2m T (2mA1)j—2m—1 T < (2m+1)j—m 2)

<

1 m—1 »
= N(©2m+1)j—m—1T2m+1)j—m—2 T B Z S(m, j, 8)]
s=2

equals

(2m+1)p—2

Z €i,g,m Tl — Z T4 1 (3.12)
1<i<j<(2m+1)p—1 =1
(2m+1)ti
j#£m (mod 2m+1)

Here, we have used the fact that

p m—1 2m—1 p—1
E E2m+1)j—2mti—1 — E (2m41)j—2m+i—1 | — E (2m+1)j—1
=1 j=1

j i=1 i=m+1
(2m—+1)p—2 p—1 (3.13)
= Z Yi;mMi + Z (2m+1)is
i=1 i=1

together with the identities
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IR Slm. i s) — N (Namt1)j-2m-1 N@m+1)j-m—1 T 1
22 2 Stmgis) =)\ T ) )
j=1s=1 j=1
Nem+1)j—2m T 1 N(2m+1)j—m—2
+j§_:1 ( e )]2 > = N@2m+1)j-2mM(2m+1)j—2m—1 T+ ( ( +2)J >
1 m—1
~ NEmt1)j—m—1"2m+1)j-m-2 t 5 Z S(m, j, 3)] (3.14)
s=2
and

- N(2m+1)j—2m—1 = = N(emt1)i T 1
m+1)j—2m— o m+1)s
> ( 2] ) + ) nEmini = Y < 9 > (3.15)

j=1 i=1 i=1
We now sketch how to proceed from (3.11) to (3.12). For 1 <i <9, let L; denote the ith line
of (3.11). First note that

p—1m—1 p—1 m
Ls+ Lg = Z Z n%2m+1)j+i - Z Z M(2m+1)j+i"(2m+1)j+i—1- (3.16)
j=0 i=1 =0 i=1

Next, the sum over &’ in both L; and Lo telescopes, and we obtain

J

m p
L= Z Z Z(n(2m+1)j—k - n(2m+1)j—k—1)n(2m+1)j’+k—2m—1
k=1 j=1j/=1

o (3.17)
- Z Z Z(n(Qm-l—l)j—k - n(2m+1)j—k—1)n(2m+1)j’—2m—1
k=1 j=1j'=1
and
m p J
Ly =— Z Z Z(”(2m+1)j—m—k - n(2m+1)j—m—k—1)n(2m+1)j’—2m—1
S (3.18)
m p
+ Z Z Z (n(2m+1)j—m—k’ - n(2m+1)j—m—k—1)n(2m+1)j —3m+k—2-
k=1 j=1j'=1

SO

m P J m p J
Ly = Z Z Z n@2m41)j—k"(2m+1)j/+k—2m—1 — E E E N(2m+41)j—k—11(2m+1)j +k—2m—1
k=1j=1j=1 k=1j=1j5=1
p J p i
+ E E N(em+1)j—m—-11(2m+1)j'—2m—1 — E E (2m41)j—11(2m+1)5j’—2m—1
Jj=14'=1 j=1j'=1

(3.19)
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and
m p J
Ly = Z Z Z 1(2m+1)j—m—k"(2m+1)j'—3m+k—2
k=1j=1j4'=1
m p ] P
o Z 2: NEem+1)j—m—k—1"(2m+1)j' —3m-+k—2 + § E N(2m+1)j—2m—1T(2m+1)j/ —2m—1
k=1j=1j'=1 j=1j'=1
P
o Z Z N(2m+1)j—m—17(2m+1)j/—2m—1-
j=14'=1

(3.20)
Observe that the third sum in (3.19) and the fourth sum in (3.20) cancel. Moreover, if we take
s = 1 in the triple sum in Ly,

m p p
Z Z Z N(em+1)j/—s — n(2m+1)j’—2m+s—2)n(2m+1)j—2m+s—27 (321)

s=1j=1j

and exchange j and j' we see that this cancels with the fourth sum in (3.19) and the third sum
n (3.20). Putting this and (3.16) together and expanding all of the sums we find that (3.11)
equals

m P J m p
E E E n(2m+1)j—kn(2m+1)j’+k—2m—1_E E E N 2m41)j—k—1T(2m+1)j'+k—2m—1
k=1j=1j=1 k=1j=1j=1
m p J m p J
+ § E E N(2m+1)j—m—kT(2m+1)5'—3m+k—2 — E E E N(2m+1)j—m—k—1T(2m+1)j'—3m+k—2
k=1j=1j=1 k=1j=1j=1
m Jj—1 m p j—l1
+ E E E T (2m41)j/ —sT(2m+1)j—2m+s—2 — E E E N(2m+1)j —2m+s—1T(2m41)j—2m+s—2
s=1j=1j5'=1 s=1j=1j5'=1
m p P m p P
+ E E E N(2m41)5/ —sT(2m~+1)j—2m+s—2 — E E E N(2m+1)j —2m+s—2T(2m+1)j—2m+s—2
s=2 j=1j'=j s=2 j=1j'=j
p—1 p p—1 p
E E N(2m+1)j—11(2m+1)j—1 T E E (2m4-1)5'—(2m+1) TV (2m+1)5—1
j=1j'=j+1 Jj=1j'=5+1
p—1
- n2m+1);T(2m41)j-1
J=1

J m p J

m p
- Z Z Z N(2m+1)j —m+s—11(2m+1)j—m+s—2 T Z Z Z NE2m+1)j —m—sT(2m41)j—m+s—2

s=1 j=1j/=1 s=1 j=1j/=1
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m p p p
E E E (2m41)j —m~+s—2T(2m~+1)j—m+s—2 + E E E (2m+1)5' —m—s"(2m+1)j—m+s—2
s=1j=1j'=j+1 s=1 j=1j'=j+1
p—1m—1 p—1 m

+ ” (2m—+1)j+i E : E N(2m~+1)j+iT(2m+1)j+i—1- (3.22)
Jj=0 i=1 j=0 i=1

In the second sum on the fourth line of (3.22), we exchange j and j’ and reindex to obtain

m p
—E E E N (2m41)j—2m+s—2T(2m+1)j' —2m+s—2-

s=2 j=1 j/'=1
We then take out the term j' = j and shift the indices in this term by j — j+1 and s — s+ 1
to cancel with the first sum on the last line of (3.22). In the second line of (3.22), perform the
shift j* — 7'+ 1 and start the sum at j' =1 (as j/ = 0 gives 0) to obtain

m p j—1 m p j—1
E Z N 2m+1)j—m—kT(2m4+1)§ —m+k—1 — E Z E Nm+1)j—m—k—11(2m+1)j' —m+k—1-
k=1 j=1 j/:1 k=1 j=1 j'=1

(3.23)
Now, in the second sum of the penultimate line of (3.22), we exchange j and j' and reindex,
shift by s — s+ 1, then remove the s = 0 term. Note that what remains cancels with the second
sum in (3.23) after removing the k£ = m term. In total, this yields that (3.11) equals

m p m p J
E E E n@2m41)j—k"(2m+1)j/ +k—2m—1 — E E E Nem+1)j—k—1T(2m+1)5/ +k—2m—1
k=1j=1j=1 k=1j=1j5=1
m J—1 p j—1
+ E E 2m+1)j—m—ET(2m41)j —m+k—1 — E E (2m41)j—2m—1"1(2m+1)5’—1
k=1j=1j=1 j=1j'=1
m Jj—1 m p j-1
+ E E N 2m+1)j/ —sT(2m~+1)j—2m+s—2 — E E N 2m+1)5' —2m~+s—11(2m41)j—2m~+s—2
s=1j=14'=1 s=1j=1j45'=1
m p P m p j—1
+ E E E (2m41)5 —sT(2m+1)j—2m+s—2 — E T(2m4-1)j —2m+s—2"1(2m~+1)j —2m+s—2
s=2 j=1j'=j s=2 j=1j'=1
p—1 p
- E E N(2m+1)j/ 1M (2m—+1)j—1 T E E (2m4-1)5' —(2m-+1) TV (2m+41)5—1
§=1j'=j+1 J=ly'=j+1
p—1

- T2m+1)51(2m+1)5-1

m p

m P J J
- Z Z Z N 2m+1)j —m+s—1T(2m+1)j—m+s—2 T Z Z Z (2m41)j —m—s"(2m+1)j—m+s—2

s=1j=1j4'=1 s=1j=1j'=1
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m P p p j—1
E Z Z N (2m41)j —m+s—2T(2m+1)j—m+s—2 T E Zn2m+1)] —m—1T(2m+1)j —m—1
s=1 j=1j'=j+1 Jj=1j'=1
p—1 m
- N(2m41)j+i"(2m41)j+i—1- (3.24)
7=0 i=1

We now simplify further. The s = 1 term of the first sum in the penultimate line cancels with
the second sum in the same line. Remove the j° = j term from the first sum in the seventh
line and write it in the last line. The s = 1 term of the remaining triple sum cancels with the
k = 1 term of the first sum on the second line. The first sum on the fourth line cancels with
the second sum of the first line once we remove the £ = m term. This k& = m term then cancels
with the s = 1 term of the second sum of the seventh line. The first sum in the fifth line is the
s = m-+1 term of the first sum in the penultimate line. The second sum in the fifth line cancels
with the second sum in the second line. Finally, the sum in the sixth line is the ¢ = 0 term in
the last line. Thus, (3.11) equals

m p J m p j—1
E E E N(2m41)j—kT(2m+1)j/+k—2m—1 T E E N(2m+1)j—m—kT(2m+1)5' —m+k—1
k=1j=1j'=1 k=2 j=1j'=1
m p j—1 m p J
+ § E T(2m+41)5' —sT(2m+1)j—2m+s—2 + § E E T(2m+41)j' —m—s"(2m+1)j—m+s—2
s=1 j=1 j3/'=1 s=2 j=1j'=
j—1

N(2m+1)j’—2m4s—11(2m+1)j—2m+s—2

M-
¥
I\

@
Il
—

<

Il
_
Sl

I

L

M: 15 11
L
M

<

Il
-
S

T
it

(2m+1)j’ —2m+s—2T(2m+1)j—2m-+s—2

m p p
(2m41)j —m+s—1"(2m41)j—m—+s—2 — E E E (2m41)j —m+s—1T(2m+1)j—m+s—1

M-

i=1j=1 s=1 j=1j/=j+1
p p—1 m
- E (2m41)j—m4s—1"(2m+1)j—m+s—-2 — Z E (2m4-1)j+iT(2m4+1)j+i—1- (325)
s=1 j=1 j=0 =0

Now we see that this is equal to (3.12) as follows. The first five lines of (3.25) correspond to the
first term in (3.12); namely, the first line of (3.25) corresponds to (i,5) = (i, —i) (mod 2m + 1)
while the second line corresponds to (i,5) = (i, —i — 1) (mod 2m + 1). The first sums in the
third and fifth lines correspond to (i,7) = (4,4 — 1) (mod 2m + 1) while the sum in the fourth
line and the second sum in the fifth line correspond to (i,j) = (i,7) (mod 2m + 1). Finally, the
sixth line of (3.25) matches the second sum of (3.12). Thus, we have proven that (3.11) equals
(3.12).

O
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4. PROOF OF THEOREM 1.2

Proof of Theorem 1.2. As (1.9) reduces to (1.11) when m = 0 and this case was proven in [16],
we assume that m > 1. Using Lemmas 2.4 and 2.5, one can check that for [ = 4mp+2p+ 1 and

t=4dmp+1

a(n) = = nomi1y; Zn(Qerl )i—(m) — (4.1)

and b1(n) + ba2(n) equals

1=m-+1

-1 P/ m 2m
p+ Z N(2m+1)j Z (Z T(2m+1)j—2m+i—1 — Z n(2m+1)j—2m+i—1)

k
Z N 2m41)j—k+1 — T(2m41)j—k )(n(2m+1)j’+k—2m—k’ - n(2m+1)j’+k—2m—k’—1)

/

M@
Mm

+
k'=1
k+1
nNEem+1)j—m—k+1 — (2m+1)j—m—k)(n(2m+1)j/—2m—k’ - n(2m+1)j’—2m—k/—1)

M- T
M-
iy

/ —

x
—_

1

1

k
J
Z Nem+1)j —s — (2m+1); —2mts—1)

J'=1

<.
Il

—
<.

%
I

n
NE
M'U

1

@
Il
—

<.
Il

P
+ § N(2m41)j'—s — n(2m+1)j’2m+s)) N(2m+1)j—2m+s—1
]/

_|_
Ms
LM~ z

(n(2m+1)j’ - n(2m+1)j’72m) + n(2m+1)j> T(2m+1)j—(2m+1)

<.
Il
—_
<.
-

j+1
J

Z N(2m41)5'—s n(2m+1)j’—2m+s—l)

Ms
M’U

s=1j=1 \j/=1
P
+ Z(n(2m+l)j’—s+l - n(2m+1)j’—2m+s—1)) n(2m+1)j—s- (4.2)
J'=i
Also, by (2.1) and (2.2), X(n) equals

LS S(m.gis)

Memt ) em i omg® S
(*1)”(2m+1)1’q_N'n‘(2m+1)p (Q)N (q)n(2m+l)p H 2m+]i) R e q ! (43)

qg)N— n(2m+1)p— j=1
H (q)n(2m+1)j72m+571_n(2m+1)j72m+sf2
s=1

where S(m, j, s) is given by (3.4).
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Upon comparing (2.3) and (4.1)—(4.3) with (1.9) and then simplifying, it suffices to prove that
form>1

P Jj m k
Z Z N(em+1)j—k+1 — T 2m+1)j— k) (n N(2m4-1)j/ +k—2m—k’ — T(2m4-1)5/ +k—2m—k'— 1)
j=1j'=1k=1 k/:l
p 7 m m—k+1
Z Z Z n(2m+1)j—m—k+1 - n(2m+1)j—m—k)(n(2m+1)j’—2m—k’ - n(2m+1)j’—2m—k’—1)

15/=1k
p (

Jj=1

k=

—

J

=1
J
E n(2m+1)5'—s n(2m+1)j’—2m+s—1)

>/

J'=

_|_
11

P
+ E N(2m41)j'—s — n(2m+1)j’2m+s)) N(2m+1)j—2m+s—1

/

_|_
M"s
M- z

(n(2m+1)j’ - n(2m+1)j’72m) + n(2m+1)j> T(2m+1)j—(2m+1)

/

<.
Il
-

Ms
Mﬁ ‘

Jj+1
J

—_

E (2m+1)j'—s — n(2m+1)j’f2m+371)
J'=1

Il
—

s=1j

+ § N(2m41)5'—s+1 — T(2m+1)j/—2m—+s— 1)) N(2m+1)j—s
Jj'=j

n(2m j—2m T 1 n(2m j—m—
+Z < ¢ ""1)]2 ’ ) — N2m+1)j-2mN(2m+1)j-2m-1 T < (@ +12)] 1)
j=1
1 e :
N(2m+1)j—m"(2m+1)j—m—1 T B Z S(m, j, s) (4.4)
s=2
equals
Z Ai,j,mninj (4.5)
1<i<j<(2m+1)p
(2m41)ti

jZm+1 (mod 2m+1)
where A; j, is given by (1.7). Here, we have used (3.15),

Pt n —m 1
- Z Z S m ]7 Z < (2m+1) ] 2m— 1> + ( (2m+1)§fm >
] 1 s=1 7j=1

i

Jj=1

+

- o n o
< (2m+1) ] 2m > — N(2m+1)j—2m"(2m+1)j—2m—1 + < (2m+12)] m 1)
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1 & ,
N(2m+1)j—m"(2m+1)j—m—1 T ) Z S(m, 7, 5)] (4.6)
s=2
and the fact that
p m 2m (2m+1)p—1
Z(Z NE2m+1)j-2m+i-1 — Z n(2m+1)j2m+i1> = Z Bimmi (4.7)
j=1 \i=1 i=m+1

where f3; ,,, is given by (1.8). We now sketch how to proceed from (4.4) to (4.5). For 1 <1i <9,
let L; denote the ith line of (4.4). First, note that

p—1 m p—1m+1
Ls+ Lo =Y nlominjri — D D ME@ms)j+il@mi1)j+i-1- (4.8)
=0 i=1 j=0 i=1

Next, the sum over £’ in both Ly and Lo telescope and we obtain

m P J
1= ZZ Z( N(@2mA1)j—k+1 — T(2m+1)j—k)U2m+1)j +h—2m—1

L
k=1j=1j'=1
4.9
m p J ( )
- ZZ Z(n(2m+1)] k+1 = T(2m+1)j k) (2m+1)5'—2m—1
k=1 j=1j'=1
and
. m p J
Ly =— Z Z Z(n(2m+1)j—m—k+l - n(2m+1)j—m—k‘)n(2m+1)j’—2m—1
k=1 j=1j'=1 (4.10)

m p J
+ Z Z Z (N (2mt1)j—m—k+1 = T2mA+1)j—m—k ) 2m+1)j/—3m+k—2-

m p J m P J
E E E Nem+1)j—k+11(2m+1)5/ +k—2m—1 — E E E nem+1)j—kT(2m+1)j/+k—2m—1
k=1 j=1j'=1 k=1 j=1j'=1
p J J
+ E E N(2m41)j—m " (2m+1)j'—2m—1 — E E N(2m+1);T(2m+1) 7/ —2m—1
j=175'=1 j=1j4'=1

(4.11)
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and

m J
E E E Nem+1)j—m—k+17(2m+1)5/ —3m-+k—2

k=1j=1j/=1

3y

k=1 j=

Mu.

N(2m4-1)j—m—kT(2m+41)5' —3m+k—2

v/

=

1

J

M*@

j
+ Z T(2m+41)j—2m"(2m+1)j'—2m—1 — ZZ”(QWH—I)] —mM(2m+1)j'—2m—1-

1y Jj=1j'=1

J

(4.12)
Observe that the first sum in the second line of (4.11) cancels with the second sum in the third
line of (4.12). Combine the remaining double sums, then remove the j/ = j term to obtain
cancellation with the double sum in Ls. The second sum in this j' = j term then cancels with
the remaining sum in Ls. Next, the i = 1 term of the second sum of (4.8) cancels with the first
sum in this j/ = j term. Putting this together and expanding sums, we now have that (4.4)
equals

m P m P J
Z Z Z N(2m+1)j—k+1"(2m~+1)j/+k—2m—1 — Z Z Z N(2m+1)j—k"(2m+1)5'+k—2m—1
=1

k=1j=1j5=1 k=1 j=1j5'=1

+

p J m J
ZZn(?m-‘rl)j—m—k—i—ln(2m+1)j’—3m+k 2~ ZZZ N(2m~+1)j—m—k"(2m+1)5'—3m+k—2

Jj=14'=1 k=1 j=1j5'=1

M3 T -
M'@
Mb

m p
T(2m41)5' —sT(2m+1)j—2m+s—1 — E E E T(2m41)j' —2m+s—1"1(2m+1)j—2m+s—1
s=1 j=1j'=1

@
Il
-
<
Il
-
<

+
NE

=1
M’E ll

m p P
N(2m41)5' —sT(2m+1)j—2m+s—1 — E Z E T (2m41)5’ —2m+sT(2m41)j—2m+s—1

s=1j=1j'=j+1 s=1j=1j'=j+1
m p j-1 m p j—1
- E E (2m41)5 —sT(2m+1)j—s + E E E N(2m41)j —2m+s—1T(2m+1)j—s
s=1 j=1j'=1 s=1 j=1j'=1
m p p m
o ZZ Z N(@2m+1)j/—s+11(2m+1)j—s T E : E : E :”(2m+1 —2m+s—11(2m+1)j—s
s=1 j:l .]/:] s=1 ] 1]
p—1 m p—1m+1
+ E :n(2m+1 )i+i E : E N(2m+1)j+i"(2m+1)j+i—1- (4.13)
Jj=01i=1 j=0 i=2

We combine the j' = j term from the first sum on the third line in (4.13) with the first sum in
the fourth line and then cancel with the second sum in the first line. Next, the 7/ = j term in
the second sum of the third line cancels with the first sum in the last line. Thus, (4.13) equals
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m p
E E E (2m4-1)j—k+1T(2m+1)§/+k—2m—1

k=1 j=1j4'=1
m p J m P J

+ Z Z Z N2m+1)j—m—k+17(2m+1)j' —3m+k—2 — E Z E N(2m+1)j—m—k"T(2m+1)5' —3m-+k—2
k=1j=1j'=1 k=1 j=1j'=1
m p j—1 m. p j—1

+ Z Z N(2m+1)j—sT(2m+1)j—2m—+s—1 — Z Z Z N(2m+1)j —2m+s—1T(2m+1)j—2m+s—1
s=1j=1j s=1 j=1j'=1

-
-
M*@ I

T 2m+1)5 —2m~+sT(2m+1)j—2m+s—1

s=1 j=1 j/=j5+1
m p j—l1 m p j—l1
- E E N(2m+1)5'—sT(2m+1)j—s T+ E E E N(2m41)j' —2m+s—1T(2m+1)j—s
s=1j=1j'=1 s=1j=1j'=1
m P p m P p
- E E E N(2m+1)j'—s+1T(2m+1)j—s T E E n(2m+1 —2m+s—11(2m+1)j—s
s=1 j=1j'=j5 s=1 j=1j5'=
p—1m+1
- N(2m+1)j+i"(2m41)j+i—1- (4.14)
7=0 =2

Now, the last line of (4.14) is the j' = j term of the fourth line. In the second line, perform the
shift j/ — 7'+ 1 and start the sum at j' = 1. The second sum in this line then cancels with the
second sum of the penultimate line, except for the j/ = j term. But this term now becomes the
j' = j term for the second sum in the fifth line. After simplifying and gathering terms, we have

NE

pJ m p j—1
Z Z N (2m41)j—k+17(2m+1)j/'+k—2m—1 T Z Z Z T (2m+41)j—m—k+11(2m+1)j' —m+k—1
T k=1

k=1 j=1j'=1 =1j=1j'=1
m p j—1 m p J

+ E E N(2m+1)5'—sTV(2m+1)j—2m+s—1 T E E E N(2m+1)5'—2m+s—1T(2m+1)j—s
s=1 j=1 j'=1 s=1j=1j'=1
m p j—1

- E E E N(2m+1)j —2m4+s—11(2m+1)j—2m+s—1 — E E E N(2m+1)j —2m4+s"(2m+1)j—2m+s—1
s=1j=1j'=1 s=1j=1j'=j
m p j—1 m p P

- E E N(2m41)5 — s (2m+1)j— E E E N(2m41)5/ —s+17(2m+1)j— (4.15)
s=1 j=1 j'=1 s=1 j=1 j'=j

Now we see that this is equal to (4.5) as follows. The first line of (4.15) corresponds to (i, —i+1)
(mod 2m + 1) while the second line corresponds to (i, —i) (mod 2m + 1). The first sums in the
third and fourth lines correspond to (i,7) (mod 2m+ 1) while the second sums in the same lines
correspond to (4,7 4+ 1) (mod 2m + 1). Thus, we have proven that (4.4) equals (4.5).
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5. PROOF OF THEOREM 1.3
Before proving Theorem 1.3, we briefly review the theory of Bailey pairs [3, 4]. Two sequences
(an, Br) are said to form a Bailey pair relative to a if

n

b= (ot (5.1)

2 (@m0

The Bailey lemma says that if (a,, 3,) form a Bailey pair relative to a, then so do (a,, 3,),
where

o (Pl)n(pz)n(aq/ppo)”a
" (GQ/Pl)n(aq/pz)n (5'2)
and
= (p0)k(p2)k(aq/ prp2)n—k(ag/prp2)*
"= kzo (aq/p1)n(aq/p2)n(@)n—k B (5.3)

Iterating (5.2) and (5.3) gives what is called the Bailey chain.
We shall not require the full power of the Bailey chain, but only two special cases. First, take
the Bailey pair relative to g [27, p.468, B(3)],

(_1)nqn(3n+1)/2(1 _ q2n+1)

. 4
o — (5.4)
and
fn= (55)
" @n '
Iterating (5.4) and (5.5) using (5.2) and (5.3) with p1,p2 — oo at each step, we find that
(a%p ), 7(Lp )) is a Bailey pair relative to g, where
n, n(n—1)/2 n?+n 2n+1
and
B(p) 1 Z pl_Il n2-+nj |:nj+1:| (5 7)
n = q J . .
(@)n =n,> >..>n1>0 j=1 "
n=np>np_1>:->n1>0 j
Next take the Bailey pair relative to ¢ [33, Eq. (4.12)],
n? 2n+1
_ (A=)
ap = - (5.8)
and
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Performing the same iteration as above to (5.8) and (5.9), we find that (aq(zp),ﬁflp)) is a Bailey
pair relative to g, where
qpn2+(p—1)n(1 _ q2n+1)

() — 1
a,! - (5.10)
and
p—1
g — 3 n3+n {”ﬂ“] _ (5.11)
(Do, om0 (D J=1

We are now ready to prove Theorem 1.3.

Proof of Theorem 1.3. We began by recalling a formula of Walsh [32, Cor 4.2.4, corrected].
Namely, for m > 1 and p # 0, we have

JN(K(m,p); a2)
@2p(1-N?) N-1 [N + n]! . (=120 + 11 {n}! Z": 2k + 1] 2m1
[

N & N-n—1Rn+ 1" {IHa—a )2 2 [nt+k+1[n— k"2
(5.12)
where . g
M = a ;217 {n}=a"—-a™", |[n]= a—a1l’
{n}!={nH{n—-1}---{1}, [n]l =[n][n—1]---[1]
and
e S k4] it
“p = (g —q-1)n PR It k+1)n— &

k=0
We note that the prefactor a2?(!~N*) and the normalization factor ﬁ are both missing in [32]°.
Some routine (but tedious) simpliﬁcation shows that (5 12) can be written as

IN(E (mpyiq) = ¢# Zq N (@ ) npn (@) dman(q), (5.13)
n>0
where . 2
n (_1)kq 5)tp(k +k)(1 . q2k+1)
Cpnit) = M 5.14
por@) =0 k=0 (Dn—k(Dntrs1 (5.14)
and » |
n gk (m=1k (1 _ 2k+1
(@) = (@0 3 2 (1-¢"") (5.15)
k=0 (Dn—k(Dntr+1

Here, we have used that a> = q. Now, recalling (5.1) and comparing (5.14) to (5.6) and (5.7),
we have that for p > 0,

cpn(q) = > H gt [n’“] : (5.16)

n=np>n,_1>-->n1>0 j=1

2We thank Katherine Walsh Hall for providing us with the corrected version.
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Similarly, comparing (5.15) to (5.10) and (5.11), we have that for m > 0,

m—1
_ 1 nZ+n; |Tj+1
dmn(q) = > H1 gt [ Al (5.17)
J:

N="Nm >Ny —12>+->112>0 (q)nl J

Inserting (5.16) and (5.17) in (5.13) gives (1.13).
n+1

For the case p < 0, a calculation using the fact that (1/¢;1/q), = (q)n(—l)”qf( 3) shows
that

Cp,n(l/q) - (_l)nqn(n+3)/20—p,n(Q)- (5.18)
Using (5.18) together with the fact that

gives that for p > 0,

p—1
_ N T
C,p,n(q) =(—-1)"¢q n(n+3)/2 2 : Hq n;—Nj 41N [ le—ji-l} ‘ (5.19)
n=np>n, 1 >>n1>0 j=1

Inserting (5.19) and (5.15) in (5.13) gives (1.14), which completes the proof.

6. CONCLUDING REMARKS

Recall that Habiro [15] showed that for a knot K, the colored Jones polynomial has a cyclo-
tomic expansion of the form

IN(K;q) =Y (6" V)n(g" ™ M)nCn(K q), (6.1)
n>0

where the cyclotomic coefficients C,(K;q) are Laurent polynomials independent of N. The
formulas in (1.13) and (1.14) for Jn (K p); ¢) and Jn (K, —p); ) closely resemble the expansion
in (6.1), but the coefficients are neither polynomials nor independent of N. It would be highly
desirable to find the correct cyclotomic expansions for these knots. We note that this has already

been done by Hikami and the first author in the case of the left-handed torus knots K _,
where we have [20, Prop. 3.2]
t—1 . i—1
_ > (ki1 + ki —i4+ 2" ky
C (K i) = g"Tip A A J=1770 6.2
W(K (1)) = q > 11« b — (6.2)

ntl=kp>kp_1>->k1 >1i=1

Another topic for future study would be to generalize facts about the Kontsevich-Zagier series
(1.1) to the generalized Kontsevich-Zagier series Fy, ,(¢) (and/or for §,, ,(q)) . First, given the
relation to the colored Jones polynomial in (1.17), we conjecture that the Fy, ,(¢) are quantum
modular forms. Second, as the coefficients of F'(1 — ¢) enjoy a wide variety of combinatorial
interpretations (see A022493 in [28]) and interesting congruence properties [1, 2, 5, 11, 12, 29],
it would be of great interest to determine if the same is true for Fy, ,(1 — ¢q).

Finally, can one prove Theorems 1.1 and 1.2 using difference equations? This approach was
used in [16, 17] to compute (1.11).
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