ANTI-LECTURE HALL COMPOSITIONS AND ANDREWS’
GENERALIZATION OF THE WATSON-WHIPPLE TRANSFORMATION
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ABSTRACT. For fixed n and k, we find a three-variable generating function for the set of se-
quences (A1, ..., A\,) satisfying

Mo e A

k>2l> 225 >0,
ai az an
where a := (a1,...,a,) = (1,2,...,n) or (n,n —1,...,1). When k — oo we recover the
refined anti-lecture hall and lecture hall theorems. When a = (1,2,...,n) and n — oo, we

obtain a refinement of a recent result of Chen, Sang and Shi. The main tools are elementary
combinatorics and Andrews’ generalization of the Watson-Whipple transformation.

1. INTRODUCTION AND MAIN RESULT

A lecture hall partition of length n is a partition A = (A1,...,\,) such that

Moy >...>ﬁ>0.
n_ n—17" -1 —

Let L, denote the set of such partitions. These were introduced and extensively studied in
a series of three papers by Bousquet-Mélou and Eriksson [3, 4, 5]. In their third paper they
established the three-variable generating function

- P yo(PA) Al — (4@
ﬁn(u,’l),q) L Z U v q - (u2qn+1)n7 (11)
AEL,
where
()‘-l = (’—)‘1/7{'7 SRR ()‘n/l—‘)a
n—1
(@ = (a;¢)n = [[(1 = ag), (1.2)
=0
and o(w) is the number of odd parts in a sequence w = (wi, ..., wy,).

Subsequently the first and last author introduced the set A,, of anti-lecture hall compositions
[7]. These are compositions A = (Ay, ..., A,) satisfying
A A A
>2s >0
1 2 n
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The analogue of (1.1) for anti-lecture hall compositions is [7]

—uvq)y,
Anlusvi) = 3 Wl = Lo, (13)
AEAR 4)n

where
Al = (A /15 [An/n]).

In a recent paper, Chen, Sang and Shi [6] studied anti-lecture hall compositions in A,, sat-
isfying A1 < k. Let A, denote the set of these compositions, and let A, ;(u,v,q) denote the

generating function

/\EAn,k
The main result in [6] is the identity
_ k1 k+2. k+2
Anr(1,1,q) (—0)so(g: 4 (q)a ¢ oo (1.4)
oo
where the notation in (1.2) is extended to
n—1 ' ‘
(@1,...,a5)n = (a1;q)n - (aj;Q)n = H(l —a1q") - (1 —ajq"). (1.5)
i=0

To prove (1.4), Chen, Sang and Shi first used two long and involved combinatorial arguments,
motivated by constructions of Bousquet-Mélou and Eriksson [5] and depending on the parity
of k, to express A (1,1,q) as a g-hypergeometric multisum. Then they applied Andrews’
generalization of the Watson-Whipple transformation (see (2.3)) to convert the multisum to an
infinite product. For example, in the even case their combinatorial argument gives

n1+1 ng+1 np_1+1
()20 )2 g
(Dni—nz - (Drg o= 1 (D

Aoo,2k‘—2(1> 1>Q) = Z d

nizng>..ng_1>0

; (1.6)

and then an appropriate specialization of (2.3) turns (1.6) into (1.4). (For other combinatorial
interpretations of the multisum in (1.6), see [11].)

Here we observe that an elementary recurrence combined with a different application of An-
drews’ transformation leads swiftly and neatly to the following generating function for A, 1(u, v, q),
and as a consequence, equations (1.3) and (1.4). We employ the g-binomial coefficient,

M (L7)

which we note (for later use) is the generating function for partitions into at most n — m parts,
each less than or equal to m.

Theorem 1.1. If k is odd then

—uvq), " (1 — u2g2m 1Y (42 o (—1)™ k(m;l)erzu(k—l-l)m n
Ansta) = et 32 B M

" m=0
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and if k is even then

Ao, g) = C00Dn g~ (=@ (2 g)n(—ug /) ()" 2V iy
R ORI ) () (), m
(1.9)
Note that if v = 1 then equations (1.8) and (1.9) are identical. Namely, for all k,
n m+1 2
(*U(])n (1 2q2m+1)( q)m(fl)mqk( 5 )-i-m u(k+1)m n
n(u,1,q) = a1
A (u,1,q) (2%, mzz:o (1—uZg) (u2q™2),, m (1.10)

Also note that if £ — oo in (1.8) or (1.9), only the m = 0 term survives and we obtain (1.3). If
n — oo and v = v = 1, then the sums on the right—hand sides reduce to

m+1 m-+1 2
3 (=1)7(1 = g2ttt )t Z A AR O aa Y e o ™

m>0 1=q mez 1_q 1=q

by the triple product identity,
3 2mqUs) = (<1/2,~24, ¢ 0)oos (1.11)
nez

and this gives (1.4). In fact, the sum on the right-hand side of (1.8) is independent of v, so we
have the following refinement of (1.4) for odd k:

Corollary 1.2. If k£ > 1 then

2k+1.

7q2k+1)oo

(—vq)so(q,7%*, q
(@)oo

Ao 2k—1(1,v,q9) =

We present the proof of Theorem 1.1 in Section 2, and in Section 3 we show how Theorem
1.1 implies a similar result for lecture hall partitions. In Section 4 we also show how to extend
the results to the truncated anti-lecture hall compositions and truncated lecture hall partitions.
We conclude with some remarks.

2. PROOF OF THEOREM 1.1
We use a decomposition of anti-lecture hall compositions given in [9, Proposition 7], namely:

Lemma 2.1. For k > 0, we have

m,m_ (") |1
Ak (u,v,q) = ZAmk 1(u, 1/v, @)u™v™q\ 2 ml (2.1)
Moreover Ay, o(u,v,q) = 1.

Proof. The proof is straightforward. Given an anti-lecture hall composition A in A, x, let m
be the largest index such that A; > 4. Then (A — 1,A2 — 2,..., A\, —m) is in A, 1 and
(Am415 Am+2s - - -, An) Is a partition into n — m non negative parts which are at most m. O

Iterating Lemma 2.1 gives the following generating function.
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Proposition 2.2. We have
quzl niUZ§:1(—1)kii”i qzéc:l (ni;l) (q)n

A k(u,v,q) = Z

nznkznk_lzznlzg (q)n_nk tet (q)’VLQ—’I’Ll (q)nl
To finish the proof of Theorem 1.1, we need Andrews’ transformation [2],

N _
Z (1 _anm) (a7 b17617"'7bk701€)q N)m < qu+N >m

(1 - a) (Qa CLQ/blv CZQ/Cl, v 7CLQ/ka7 CLQ/Ckv an+1)m blcl T bk,’ck’

m=0
B (aq,aq/bkck)Ar 2{: (bkvck)nk_l"‘(527Cz)nl(aq)”k’2+””+”1q"k’1
(GQ/bka CLC]/Ck)N N>ng_q>->n1>0 (Q)nk_l—nk_g T (Q)ng—nl (Q)nl (bk—lck—l)nk_2 e (b202)n1

,N)

(@ )1 (aq/br—1cr—1)ny_ 1 —ny_s - - (@q/b262)ny—ny (aq/b1c1)n,

(beckg™N /a)n,_, (aq/bp—1,aq/ck—1)n,_, - - (agq/b1,aq/c1)n,

(2.3)
In this transformation we replace k by k+ 1 and N by n, set a = u?q, b; = —uqv(_l)ﬂrk, and let
¢; — oo. Simplifying using standard g-series limits and the identity

ny = Dn i G)-n
(¢"); (q)n_j( 1)7¢\2)7",

we obtain equations (1.8) and (1.9).

3. APPLICATION TO LECTURE HALL PARTITIONS

We can use Theorem 1.1 to compute similar generating functions for lecture hall partitions

with largest part less than or equal to nk, i.e., sequences A = (A1,..., A,) such that
k> M > A2 > > ) > 0.
n n—1 1

Let L, , be the set of such partitions and write
Li(u,v,q) = Z ul Mg oA gl
AELy i
From [8, Corollary 3|, we know that if k£ is odd, then
Lol v,q) =m0 D) A1/, 1 /0, 1/9), (3.1)
and if k is even, then

Loi(u,v.q) = u*"¢ U2) Ay (1 /u,0,1/g). (3.2)
Using Theorem 1.1 together with (3.1) and (3.2), we obtain the following:

Theorem 3.1. If k is odd then

(1 — 2@+ (u2q) (= 1)+ ((3) ("3 Fn=my (et ) (=m) T,
(1 —u?q) (u?q" %), [ }

En,k(u¢v7q) = ((;’l;;qu)): Z

m=0
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and if k is even then

W2 (1) (—uvq)m (— 1)n+mqk(("“) ("31))An—my, (k+1)(n—m) ,n—m [n}

" Zo (1—u?q) (g 2)m(—ug/v)m

(3.4)

When k — oo, only the term m = n in the sum survives and we recover (1.1). When ¢ — 17,
applying the classical binomial theorem gives

14+ uv)(1 —uFtH)\"
Laatuo 1) = (200 (35)
for k£ odd and . -
14 wv — uf o — ot
Ln,k(ua v, 1) = ( 1 — 2 > (36)
for k even. Setting v = 1 in either, we recover the “Mahonian” generating function from [12,
Corollary 1]:
1— uk+1 n

4. TRUNCATED OBJECTS

Let A, j, be the set of sequences (Aq,..., ;) such that

[ S >...>ﬁ20.

Tn—j+1 " n—j+2" n
These are called truncated anti-lecture hall compositions [9]. Let

Anr(wv,q) = 3 ulMIpelAD gl

AEAL Gk
where [A| = ([M/(n—7+1)],...,[A\j/n]).

Arguing in the spirit of Lemma 2.1 (see also Proposition 8 of [9]), one obtains the following
recurrence :

Anjik(u,v,q) = [ﬂ Ajro1(ug™7 v, q) + v°W G FTII A, (v, q) (4.1)

if j >0and k>0, and A, 0x(u,v,q) = Ay jo(u,v,q) = 1. Here odd(k) = 1 if k is odd and 0
otherwise. This gives
J

n _ - s s i j—m

An,j i (1,0, q) = ZO [m] A o1 (ug" ™™, v, q)oeddW G fi=m) kG=m) (= D+ (73") - (4.2)
m=

and an application of Theorem 1.1 then gives a double sum formula for A, ;x(u,v,q). When

k — oo, only the term j = m in (4.2) survives and we recover Theorem 2 of [9],

‘ [n (_uvqn—j—i-l)j
Anjoo = []] m (4.3)
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Next let Ly, ;1 be the set of sequences (A1, ..., A;) such that

T - TP B
n n—1 n—j+1

These are called truncated lecture hall partitions [9]. Let

Lojiluv,g) =Y ulPllyehgh,
AEL, &

where [A] = ([A1/n],...,[Aj/(n—j+1)]).
As usual, we can treat the lecture hall case by setting ¢ = 1/¢ in the anti-lecture hall case.
Namely, as with equations (3.1) and (3.2), we have

Loy 0,q) = uFvI gt UE ) HODI AL (10, 1/0,1 /) (44)
if k£ is odd and -
o Y
L jp(usv,q) = ub gD A, (1 fu,0,1/g) (4.5)
if £ is even. This gives a double sum formula for £, jx(u,v,q), and when k — oo we recover
Theorem 1 of [9]. We leave the details to the reader.

5. CONCLUDING REMARKS

The results in this paper raise a number of interesting combinatorial prospects. For example,
if we set v = 0 in Corollary 1.2, we obtain a relation between anti-lecture hall compositions A
with [A] containing only even parts and certain of the Andrews-Gordon identities (for k = 2
this is the second Rogers Ramanujan identity).

Another promising line of research would be to investigate the relationship between g¢-series
identities like (2.3) and Ehrhart theory, following up on the connections between lecture hall
objects and Ehrhart theory made by the third author [10, 12].
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