BAILEY PAIRS AND INDEFINITE QUADRATIC FORMS

JEREMY LOVEJOY

ABSTRACT. We construct classes of Bailey pairs where the exponent of ¢ in «,, is an indefinite
quadratic form. As an application we obtain families of g-hypergeometric mock theta multisums.

1. INTRODUCTION

Recall the g-series notation
n—1
(@)n = (a;q)n := [ (1 = ag"), (1.1)
k=0
valid for n € NU {co}. A Bailey pair relative to a is a pair of sequences (o, Bn)n>0 satisfying
n
ak
Bn = —_— (1.2)
" ]gz:o (Q)nfk(GQ)n+k
Bailey pairs where the exponent of ¢ in «,, is an indefinite quadratic form play a key role in
studies of g-series and their connections to real quadratic fields [7, 11, 14, 19, 20] and mock
theta functions [3, 6, 8, 9, 12, 13, 21, 22]. While there are many such studies, they make use of
a relatively small number of Bailey pairs. These tend to be either taken from lists of Andrews
and Hickerson [3, 8] or produced ad hoc as needed. With this in mind, we construct Bailey pairs
featuring four classes of indefinite quadratic forms,

(K +1)n%+ (m+1)n— ((2k +1)52 + (20 +1)j)/2, (1.3)

(K + 1)n* + (m + 1)n — kj% — 47, .

(2K + 1)n® + (2m + 1)n)/2 — (2k + 1)52 + (20 + 1)5)/2, (1.5)
and

(2K + 1)n® + (2m + 1)n)/2 — kj? — 17, (1.6)

where k, K, m, and { are intgers with k, K > 1,0 <m < K and 0 < ¢ < k. As an application
we obtain families of ¢g-hypergeometric mock theta functions.

We state five sets of Bailey pairs. The first four correspond to the four indefinite quadratic
forms in (1.3)-(1.6), and the fifth to (1.6) with ¢ = 0. These will be proven in Section 3 by
combining the notion of a dual Bailey pair with two Bailey lattices. The necessary Bailey
machinery is reviewed in Section 2.

Theorem 1.1. Suppose that k, K > 1,0</{ <k and 0 <m < K.
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(k,K L) ’Bnsz)

(i) The sequences (an form a Bailey pair relative to q, where

2n+1) n

2
QB0 _ gEHm K g

(¢ _ = (_1)jqf((2k+1)j2+(2€+1)j)/2 (1.7)

j=—n
and

quK:Il i (it D) = nina 1 =30 g (1)

@(Lk,K!) — Z (1.8)
N>npy 1> >0 >0 (q)n—nk+K—1 (q)nk+K—1_nk+K—2 o (q)m—m (q)nl
(ii) The sequences ( kK tm) ,ﬂnk Aem) ) form a Bailey pair relative to 1, where
n
a;k,K,K,m) _ q(K+1)n2+(m+1)n Z (_1)]‘q—((2k+1)j2+(2€+1)j)/2
j=—n
o (1.9)
) . o A
—x(n # 0)q(K+1)n —(m+1)n Z (_I)Jq—((2k+1)J +(2041)5)/2
j=—n+1
and
6(k,K,£,m) _ Z qu 11 nk+z+zz 1 ”k-H"‘( k2+1)_2f;11 ”i"z‘+1—2f:1 T (_1)nk (1'10)
" >Nt 1> >n1>0 (q)n_nk+K—1 (Q>nk+x_1—nk+K_2 e (q)m—m <Q)n1
Theorem 1.2. Suppose that k, K > 1,0</{ <k and 0 <m < K.
(i) The sequences (ank 0 ,B(k A0 ) form a Bailey pair relative to q, where
(K+1)n’+Kn 1 — g2ntl
(kK0 _ 4 (1—g¢ ) 1) kit 1.11
« = q )
¢ e W) (111)

and

Bk Z q

n>2ngpK—1>-->n1>0

S i (e D)+ ) = ming =30 +("1+1)(_1)nk

(Q)n*nk+K71 (q)nk+K71*nk+K72 e (q)n2*n1 (q 5 q )nl

(1.12)
(i) The sequences ( (o Hbm) ,5nk Hem) ) form a Bailey pair relative to 1, where
n
aglk,K,Z,m) — q(K+1)n2+(m+1)n Z (—1)jq_kj2_£j
F_n (1.13)

n—1

( ?é O) (K+1)n?—(m4+1)n Z (71)jq_kj2_fj

j=-n+1
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and
(kK ;m) gzt MRt e (M) = mana = mat (M) (L qyme
LAY I P—r) @ D)
nznk—Q—K—lZ"'anZO q nN—Ngt+K—1 q N+ K—1"MNk+K—2 q ng—mni q 7@[ ni
(1.14)
Theorem 1.3. Suppose that k, K > 1,0</{ <k and 0 <m < K.
(i) The sequences (a%k HGH) ,@Sk’K’e)) form a Bailey pair relative to q, where
2K+1)n?+(2K—1)n)/2 2n+1y M
A0 g GRFDnTHEE=)m/2(] — g2t (= 1) g (@R DI +2e1)5),2 (1.15)
(1-9q) —
j=—n
and
B0 > e e Vo [P
" RSN K> >11 0 (Q)n*nHKﬂ (Q)nkjLK—l*nkJrKfQ T (Q)nzfm(‘I)m(*Q)nkH . '
(ii) The sequences ( kK tm) ,ﬁnk Aem) ) form a Bailey pair relative to 1, where
n
aT(lk,K,K,m) _ q((2K+1)n2+(2m+1)n)/2 Z (_1)jq7((2k+1)j2+(2£+1)j)/2
e (1.17)
, n—1 ] " '
— x(n # O)q((2K+1)n —(2m~+1)n)/2 Z (_1)Jq—((2k+1)3 +(20+1)5)/2
Jj=—n+1
and
K—1 k=1 . S )
ﬁ(k,K,&M) _ Z qZZ 1 nk+z+21 LM i =i MMt 1= nz(—l)nk(_q)nk (1 18)
" N>Npg 1> =11 >0 (q)n_nk+K—1(q)nk+K—1_nk+K—2 e (q)m—m (q)nl(_q)nk+l
eorem 1.4. Suppose that > <Ul<kand0<m<K.
Th 1.4. S hat k, K >1,0<{<k and 0 K
(i) The sequences (oznlc 0 ,ﬂ (k. ,0) ) form a Bailey pair relative to q, where
(QK+1)n*+(2K-1)n)/2(1 _ s2n+ly 2 ) P
alkre) — 4 (=g PN C i (1.19)
(I—q) =,

and

Zfi}l nk+i(nk+¢+1)*2f;ll nz‘n¢+1*2f=1 m+(n12+1) (_1)nk (

_Q)nk

B(kz,K,é) _ Z q

n>ngyrg—1>-2>2n1>0

(Q)n*mﬁKﬂ (q)nk+K717nk+K72 T (Q)m*m (q25 q2)n1 (_Q)nk+1 ‘

(1.20)
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kKL, chZ
(hELm) gk Kbm)y

(ii) The sequences (o, form a Bailey pair relative to 1, where

n

aglk,K,f,m) — q((2K+1)n2+(2m+1)n)/2 Z (_1)]q7kj27€]

J:_n n—1 (1.21)
—x(n # O)q((2K+1)n2,(2m+1)n)/2 Z (—1)jq*’fj2*fj
Jj=-n+l1
and
g n k=1 i1 =S (Mt n
IB(k’K’E’m) _ Z qzz 1 k+1+21 1 Mk+i— 21:1 iMi4+1 lel ri’( 12 )(_1) k(_q)nk

N >Npy g 1> >n1>0 (q)n—nk+K—1 (q)nk+K—1_nk+K—2 e (q)nz—m (qz; qz)m (_q)nk+1 .

(1.22)
Theorem 1.5. Suppose that k, K > 1 and 0 <m < K.
(i) The sequences ( (k, K), B (k, K)) form a Bailey pair relative to q, where
(CK+1)n*+(2K~1)n)/2(1 _ ,2n+1y ) )
q q _Eq2?
) — T (1.23)
q =,
and
ZZ 'n z(n z+1)+ " _Zfz_lnznz _1\n
0~y g e DI )R
NNy —1>>n1>0 (1 +4q k)( )n—nkJﬁKfl(q)nk+K71_nk+K72 T (Q)M—m (q)m
(ii) The sequences ( (k, Km) ,ﬁnk Km) ) form a Bailey pair relative to 1, where
agk,K,m) _ q((2K+1)n2+(2m+1)n)/2 Z (_1)jq—kj2
S (1.25)
n2—(2m n i —kj2
— x(n # 0)q(GEFDR"=@m+1)n) /2 Z (=1)igk
j=—-n+1
and
K=1 2 " np+1 k=1, n
plekm — Y 2 R et O R e e
" N>Npy 1> >n1>0 (1 + an)( )n*nlﬁukfl (Q)nkjLKfl*nkJrKfZ e (q)nzfm (Q)m
Recall that if (v, 8,) is a Bailey pair relative to a, then [4]
a CL (o' n a
Z(pl)n(pz)n(aq/plpz)nﬁn _ ( Q/Pl Q/pQ Z pl Q/P1p2) . (127)

= (aq)oo(aq/prp2)oe 2= GQ/PlnGQ/PZ)n

Using the Bailey pairs from Theorems 1.1 - 1.5 in specializations of (1.27) will give many
identities between g-hypergeometric multisums and indefinite theta series fq.c(x,y,q), where

fapelwya) = | 32 = 3 | (—1yrFsarys gl torste(a), (1.28)

r,s>0 7,s<0
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We limit ourselves to a few examples, where the multisums are mock theta functions. These
identities are proven in Section 4, and the connection between indefinite theta series and mock
theta functions is discusse in Section 5.

Theorem 1.6. We have the following identities.
(1) Fork>1,0<{<k, and 0 <m <k,

Z aq

Nok>nog—12>:->n1>0

k 1 k—1 0
2im1 ni+i+2?i1 77'1164—%""(7”“;r )_21:1 NiMi41 =D 1 M (_1)nk

(q)ngkfnzk—l (Q)ngk,lfngkfg o (Q)ngfnl (Q)nl

1

= = <f3,4k+5,3(q (1.29)

m+2—£ _m+3+L
) ;

q q)
4 qk+m+3f3’4k+573(q2k+m+6767 q2k+m+7+£’q))‘
(2) Fork>1,0</{<k,and0<m <k,

.2
3 (4 )n

Nog>Nog—1>2>n1>0

q”%k"'z Zf:_f ”i+i+2 doimy it (ng41)—2 Zf;ll niniy1—2 Zf:1 n; (_ 1)nk+n2k
2k

(g% q2)n2k*n2k71 (g% q2)n2k71*n2k72 (@56 ) ng—n (%563

_ (Q;QQ)oo 3—20+2m 54+204+2m 4
= P f12k42,1 (=4 ,—q .q")

U542 Ak+9—20+2 Ak+1142042m A
—q " f1ok42,1(—q " —q ".q ))

(4:4°) B )
- W(ﬁ’%ﬂ’l(_qm LG Q) + frakrea (@™ —qm+g+2,Q)).
) o0

(1.30)
(3) Fork>1,0</{<k, and0<m <k,
Z (q; qQ)anq ?:711 n%+i+z£1 "k+i+(nk2+l)_zlz‘:11 ”i”i+1_25:1 i (—1)n2k+nk
Nog >Nk —1=>>n1>0 (q)"%—n%ﬂ (q)n2k71_n2k72 T (Q)nz—m (Q)m
(1.31)

_ @) <f1 sk (g =g )
2(¢% ¢%)oc \TTTT ’ ’

k+2+4m 2U+3—L+m
—q J1,4643,1(—¢ ,

_ Rt q)>

(4) Fork>1and 0 < /!¢ <k,

2.

Nok>nok—1>->n1>0

(—q)nqu(n2’§+1)+2f;1l nk+i(nk+i+1)+(nk2+1)725:711 N1 —d 51 Ni (—1)*

(Q)ngkfnzk—l (Q)ngkflfngkfz o (Q)ngfvu (Q)nl

(—q) _ _
_ I~ (f172k+271(qk+1 e,qk+2+e’ q2) i q2kz+2f1,2k+271(q3k+4 z’ q3k+5+€’ q2)) .

(9)oo
(1.32)
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(5) For k>1 and 0 <m <k,
DDARELINED DIRETSEEY (AR B Driry naliL (1 )nk

2q
n2k>n2k—z1;-u>n1>0 (1+ an)( )n%*nz/ﬁl (Q)nqu*nzkﬂ A Dng—ny (O

(q) <f3,4k+373(qm+27 G2 q) + ¢TI fy gpa g (@RS @RS Q))

1 (4m+5)/8

(q)oofz 4k+3, 3(q 4m+5)/87—q1/4)-

(1.33)
(6) For k>1 and 0 <m <k,

2.

Nog >Nog—1>->n1>0 (1 + q2nk)(q ) )n2k*”2k71 ((]2; q2)n2k—1*n2k72 T (q2; q2)n2*n1 (q2; q2)n1

(Q;Q) ( 2m+3 2m+3 4
= ————(fi2k+11(—=¢""", —q¢"""°, q")
(4% ¢%) o

m k—1
2q; q2)n2 qn2k+2 Sk 022 megitne(net1) -2 38 nz'ni+1(_1)nk+n2k

2k+2m+3 Ah42m+T  Ak+2m4T A
— @I g1 (g =gt E ,Q)>

q;q
= ((q{;q))fl okt11(—q" T ¢ g).

(1.34)
(7) For k>1 and 0 <m <k,

>

Nog>Nog—1>->n1>0

2(q;q ) qzl 1 1t iy it (M) I i (_1)nk+n2k
L+ an)( )n2k_n2k—l (q)an—l_n2k—2 U (q)n2—n1 (Q)nl

(
= QEZ ?q)) (f1 4k+1, 1( qu, —quvLI)

k4+m+1 2k+m+2
—q Jrar+1,1(—¢ ;

(1.35)

_q2k+m+2, q))
(4 4%) oo

= 71?1,41@ 1,1 q(4m+3)/8
2(¢2% ¢ " T (

’ _q(4m+3)/8’ q1/4).

(8) Fork >1,

2.

Nog>Ngk—12>2>n120 (1 + an)(q)"%*nzkﬂ (Q)n2k—17n2k—2 e (q)nzfm (Q)m

—q 1.36
= C0)er <f1,2k+1,1(qk+1,qk+1,q2) + q2k+1f1,2k+1,1(q3k+3,q3k+37q2)> ( )

(@)oo

—-q

_ 0w <f172k+1,1(q(2k+1)/4, —q@FH/A, —ql/Q)) .
(@)so
We make two remarks before continuing. First, if m < kin (1.31) or (1.35) then the covergence

of the multisum is an issue. This is rectified by defining the sum to be the average of the limits
of the even and the odd partial sums (with respect to noy).

2(—q)n2kq(n2’§+1)+2f:_11 Ngogei (i + 1) (") = nini g (—1)™
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Second, there is further simplification of the f, 4 .(x, v, ¢) in some special cases. For example,
if m =k in (1.31) we have that for £ > 1 and 0 < ¢ < k,

2
q; 4 — _

7( 3. loo <f1 4k+3 1(—qk+1 e,—qk“M,CD —q2k+2f1,4k+3,1(—q3k+3 g? _q3k+4+£7Q))
2(¢%¢*)oo (1.37)

(45 4%) oo _
= (qQ’,q 2 Fraeesa (=" —gF g).
?

Similarly, if m = k in (1.35) we have that for k > 1,

q;9q
2(> (fl 4k+1, 1( qu, —qu, Q) - q2k+1f1,4k+171(—q3k+2> _q3k+2a Q)>
(4% 4%) oo (1.38)

(¢:4°) oo k+1 k+1
:Wflzlk—l—l (=", —¢"",q).
Equations (1.37) and (1.38) follow from the fact that [17, Prop. 5.1]

a+b+c

fapel®,y,q) = — Fabe( @)z, [y, q). (1.39)

2. THE BAILEY MACHINERY

In this section we collect results on Bailey pairs needed for the proof of Theorems 1.1 - 1.5.
For more background and further details, see [1, 2, 4, 5, 10, 18, 25]. The first result is the Bailey
lemma.

Lemma 2.1. [2, p. 270] If (o, Bn) is a Bailey pair relative to a, then so is (o, Bl,), where

o (Pl)n(pQ)n(aq/ppo)na
- (Gq/p1)n(aq/p2)n " (2'1)
and
— (p0)r(p2)r(ag/ prp2)n-r(aq/p1p2)*
2) afJ/m) (aq/p2)n(Q)n—k B (2.2)

Iterating Lemma 2.1 produces a sequence of Bailey pairs relative to a called the Bailey chain.
Combining the Bailey chain with the following result, which changes a to a/q, gives a Bailey
lattice.

Lemma 2.2. [1, p. 59] If (an, Brn) is a Bailey pair relative to a, then (o, 8),) is a Bailey pair
relative to a/q, where afy = oy and forn > 1,

o = (1—a) <a>”( (P)n(o)n ( an aq2”‘2ozn_—1> (2.3)

po) (a/p)n(a/o)n \1—ag®™ 1—ag* 2

and

;N 0(@)i(a/po)n-r(a/po)*
= lnelaf o 20

We shall also make use of the so-called Bailey lattice replacement.
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Lemma 2.3. [10, Prop 4.1] If (an, Bn) is a Bailey pair relative to 1, where

= 17 an = O, (2 5)
" (—1)nqAn2(q(A_1)” + q_(A_l)”), otherwise, '

a) = .
! (=1)"g (¢4 + ¢=A™),  otherwise,

and
B = 4" Bn. (2.7)
The following gives a different Bailey lattice.

Lemma 2.4. [18, p. 1510] If (ay, Br) is a Bailey pair relative to a, then (), 5),) is a Bailey
pair relative to aq, where

(L= ag® ) (ag/b)n(=0)"¢" "D G~ (),

ay, = 0= ag) (o). ZO aab). (=b) gD, (2.8)
and ;
B ((bq))’; Bn. (2.9)

Finally we recall the dual Bailey pair.

Lemma 2.5. [2, pp. 278-279] If (ap, Bn) = (an(a,q), Bn(a,q)) is a Bailey pair relative to a,

then so is (al,, B),), where .

oty = a"q" an(a™t g 7Y (2.10)
and ,
BlL=a"g " " Bu(at, g7 h). (2.11)
3. PROOF OF THEOREMS 1.1 - 1.5

We are now prepared to prove the main theorems.

Proof of Theorem 1.1.
Step 1. Begin with the “unit” Bailey pair relative to 1 [2, p. 272],

1, if n=0,
(—1)q(B) (1 + g, ifn >0,

and
Bn = Bno = X(TL = O)~ (3'2)
Step 2. Note that if p1, ps = 0o in Lemma 2.1 we have
o), = a"q" an, (3.3)
and . )
k k
aq
Bl = B 3.4
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Alternately apply this (with @ = 1) and Lemma 2.3 ¢ times. The result is

L if n=0,
Qp = {(_1)71 <q((2€+1)n2+(2£+1)n)/2 + q((2€+1)n2—(2i+1)n)/2) ’ s 07 (3_5)

and
qu;ll ”22"'25:1 Uz

P = Pn, = . 3.6
‘ WZW;Z’MZO (Q)né—W—l (Q)W—l—W—Q e (Q)ng—m (Q)nl ( )
Step 3. Apply (3.3) and (3.4) (with @ = 1) k — ¢ times. This gives
1, if n=20,
=9 Ly <q((2k+1)n2+(2£+1)n)/2 n q((2k+1)n2—(2£+1)n)/2> Cifn>o, (3.7)
and . ,
isn NPt

nE>ng_1->n1>0 (q)nk_nk—l(q)nk—l_nk—Q e (q)m—m (q)m .
Step 4. Compute the dual of the above Bailey pair using Lemma 2.5. Use the fact that
n+1

(q_l;q_l)nq( 2 )(*1)” = (q)n to find

1, ifn=0,
Qn = {(_l)n <q(f(2k71)n27(25+1)n)/2 n q(7(2k71)n2+(25+1)n)/2> Cifn >0, (3.9)
and k—1 2
n =Dy MM 2y T
B = Bo, = (~1g (") 3 gEm (3.10)
nE>ng_1>->n1>0 (q)nk_nk—l e (q)TZQ—TLl (q)’l’bl
Step 5. Note that Lemma 2.4 with a = 1 and b — 0 gives a Bailey pair relative to ¢,
2 n
qn 1— q2n+1 o
= T o, .11
—_— q ‘:0
J
and
B = B (3.12)
Apply this to the result of Step 4 to obtain the Bailey pair relative to g,
n? 2n+1 n
1— . . )
I 1_‘1 ) S (C1yigr(@re )2 (3.13)
q =,
and - ,
n =2y MM 2 T
Bn — 6nk — (_1)nkq7( k2+1) Z q 1 +1 1 . (314)
nE>ng_1>>n1>0 (q)nk_nk—l e (q)’VLQ—’Vll (q)nl
Step 6. Apply (3.3) and (3.4) (with a = ¢) m + 1 times. The result is
(m+2)n?+(m+1)n 1 — g2n+1 n ) ] )
o, = q — q( q ) Z (71)3q—((2k+1)32+(2€+1)])/2 (3.15)

j=—n
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and

/Bn = ﬂnk+m+1 = Z

Ngtm+1>Ngtm=>2>n12>0

1 k—1 £
q 1 ”i+i+”k+i+(nk2+ )*Eiﬂ NiNi41—D iy "i(fl)nk

(q)nk+m+1_nk+m (Q)nk+7n_nk+m—1 T (q)n2_n1 (q)nl '
(3.16)
If m = K — 1 then this gives part (i) of Theorem 1.1.
Step 7. Note that if a = g and p = 0 = /g in Lemma 2.2 then we have af = ap and for n > 1,
: 1—g ¢ '(1-q)

n T gl T T et

a an—1 (3.17)

and
B, = B (3.18)
Apply this to the pair obtained in Step 6 to obtain the Bailey pair relative to 1,

n

y, = gmT2n?+(mtn Z (—1)7 g~ (@R+D)5+(2+1)7)/2

j=—n

(3.19)
n—1
— x(n # 0)q(m+2n*~(m+1)n Z (—1)d g~ (kD +20+1)5)/2
j=—n+1
and
m 2 . np+l\_x~k-1,_ ¢ .
q i:l"k+i+”k+l+( 2 ) Do Mgl 21:1”1(_1)711@
571 = Bnk+m+1 = Z

nk+m+12nk+'m2“'2n1 ZO (Q)nk+m+1f’nk+m (Q)nkerfnker,l e (Q)’T'LQ*TLI (q)nl .

(3.20)
Step 8. Finally apply (3.3) and (3.4) (with a = 1) K — 1 — m times to get
Q= a%k,Kl,m) _ q(K+1)n2+(m+1)n Z (_1)jq—((2k+1)j2+(2é+1)j)/2
S (3.21)
— x(n # 0)gE+Dn*=(m+1)n Z (—1)d g~ (kD +20+1)5)/2
j=—n+1
and
K-ip2 " i (M) =S i - n
ﬁn:5£k7K7ezm) _ Z qzi:1 k+z+zz:1 k+l+( k2 ) >ici F1—2 0 (_1) k’
N> K1 > 211 >0 (Q)n*nmxﬂ (Q)nk+K71*nk+K—2 “(@Dng—n1 (Qny
(3.22)
which is part (i7) of the theorem. This finishes the proof. O

Theorems 1.2 - 1.5 are proven in the same way, with some minor variations as indicated below.

Proof of Theorem 1.2. We proceed as in the proof of Theorem 1.1, except that in Step 1, instead
of beginning with the unit Bailey pair in (3.1) and (3.2), we begin with the pair [24, p.468|

1 if n =
a, =14 itn =0, (3.23)
2(-1)", ifn>0,
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and (1)
-1
Bo= .
" (5P
At the first application of (3.3) and (3.4) in Step 2 we keep in mind the identity

zn: (S (3.25)
= (Dn-n(@® )k (%5070 '
which is the case ¢ = —¢ and a — oo of the ¢-Chu-Vandermonde identity [16, p. 354, Eq. (I1.7)],
S e -5
The rest of the proof is exactly the same. O

(3.24)

Proof of Theorem 1.3. Here we break from the proof of Theorem 1.1 at Step 6. Instead of
applying (3.3) and (3.4) m + 1 times, we apply Lemma 2.1 once with p; = —¢ and py — oo and
then we apply (3.3) and (3.4) m times. The rest of the proof is the same. O

Proof of Theorem 1.4. Here we follow the proof of Theorem 1.2 with the same variation in Step
6 as in the proof of Theorem 1.3. U

Proof of Theorem 1.5. We proceed as in the proof of Theorem 1.1 with £ = 0. At Step 5 we
apply Lemma 2.4 with b = —1 instead of b — co. The rest of the proof is the same. O

4. PROOF OF THEOREM 1.6

Proof of Theorem 1.6. If we take the case K = k of the Bailey pair relative to 1 in Theorem 1.1
(i.e. equations (1.9) and (1.10)) and substitute into (1.27) with p;, p2 — oo, we obtain

Z q

Mg S>Nag_1>->n1>0 (Q)Tbgk*’rlakfl (Q)n%,lfngk,z T (Q)nzfru (Q)m

k 1 k—1 ‘
i1 ”i+i+2;11 ”k+i+(nk2+ )_Zi:1 MiNiL1—) 5 Ni (_1)7"%

_ 1( Z q(k+2)n2+(m+1)n7((2k+1)j2+(2€+1)j)/2(_1)]'

n>0
[il<n

(4.1)

_ Z q(k+2)n2—(m+1)n—((2k+1)j2+(2e+1)j)/2(_1)j> ’

n>1
[Fl<n—1

valid for £ > 1,0 < ¢ < k, and 0 < m < k. On the right-hand side we let n = (r + s)/2 and
j = (r—s)/2 in the first sum and n = —(r+s)/2 and j = (r — s)/2 in the second sum to obtain

Z q

Nog>ngk—1>->n1>0

k 1 k—1 ¢
PRUIREL NS Drit "k+i+(nk2+ )= i = (_1)nk

(q)n2k_n2k—1 (q)n2k—1_n2k—2 e (q)m—m (q)m

(4.2)

_ Z _ Z (_1)T'gsqgr2+gs2+<k+g)m+<%—§+§)r+(%+§+g>s_
(q)OO r,>0 7r,8<0
r=s (mod 2) r=s (mod 2)
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Replacing (r, s) by (2r,2s) and (2r + 1,2s + 1) gives

1 Z o Z (_1)r+sq%r2+%32+(4k+5)7’s+(m—€+%)r+(m+€+%)s

(Q)oo r,s>0 r,s<0
k
+ q s Z _ Z (_1)r+sq%r2+%SQ+(4k+5)rs+(m—€+2k+%)r+(m+€+2k’+%)s (43)
(@)oo
r,s>0 7r,s<0
1 _ _
= W (f3,4k+5,3(qm+2 K? qm+3+£, q) + qk+m+3f3,4k+5,3(q2k+m+6 K, q2k+m+7+€, Q)>7
00

which is identity (1.29) for 0 < m < k. The identity for m = k follows similarly after inserting
the Bailey pair relative to ¢ in Theorem 1.1 into (1.27) with pq, ps — oo.

The remaining identities in Theorem 1.6 follow in the same way, so we merely indicate the
appropriate Bailey pair and specialization of (1.27). For parts (2) - (4) we use Theorem 1.1.
For (2), use ¢ = ¢%, p1 = ¢, and ps — oo in (1.27). For part (3) use ¢ = ¢, p1 = —p2 = /g and
for part (4) use only (1.7) and (1.8) with p = —¢ and ps — 0.

For parts (5) - (8) we use Theorem 1.5. For (5), use p1, p2 — oo in (1.27), for (6) use ¢ = ¢2,
p1 = ¢, and py — oo, for (7) use ¢ = ¢%, p1 = —p2 = /g, and for (8) use only (1.15) and (1.16)
with p = —q and p2 — 0.

The second equality in each of equations (1.33) - (1.36) as well as in (1.30) follows from an
application of [17, Prop 5.2]

Fabe(@,0) =fape(=22¢", =10%, ¢") = @ fape(—2**, =424, ¢")

2 _a+2b 2 3a+2b 2 3c+2b 4
y »q )

(4.4)
— Yfabe(—22¢ T, —424%, ¢*) + 2yg’ fup (—2q y2q

0

5. APPELL-LERCH SERIES, INDEFINITE THETA SERIES AND MOCK THETA FUNCTIONS

We begin this section by stating a result of Hickerson and Mortenson which expresses the
indefinite theta series (1.28) in terms of Appell-Lerch series. The Appell-Lerch series is defined
by

-1 (;)zr
m(z,q,2) = — )Z( ' (5.1)

_gr—1 ’
i(z:0) S 1 — ¢ ez

where x, z € C* := C \ {0} with neither z nor zz an integral power of ¢, and

j(x; Q) = (-r)oo(Q/x)OO(q)oo

Define
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e(t) . a a(®th)—c(eF? 2—ac y)* a(b’>—ac
Jase@.y, 021, 20) = Y ()" a2 j (g™, ¢*)m <—q ("27)=e(*37) -1 )Em))b?q (®* ),ZO>

+ Z(_Jf)tqa(;)j(qbty, QC)m (_qc(bgl)—a(cgl)—t(lﬂ—ac) (—l‘)

and

p=1 pl ’V‘ n 1)/2 o s+(n+1)/2
Zq )+(n+p)(r—(n—1)/2)(s+(n+1)/2)+n(*T"F1/?)

JO nP(2n+p) pr=0 s*=0
(_x)r—(n—l)/Q(_y)s+(n+1)/2j3

Hn,p(xa Y, Q) :

2(2 n—l—:l))j(_qn:l?(s—r)xn/yn7 qnp2 )j(q117(2n-|-10)(T-I—s)—&-p(n-f—p)xpyp7 qp2(2n+p))

§(qP@nAP)rtp(ntp)/2(—y\ntp [ (—g)n, qp® 2ntp)) j(gPntp)stp(ntp)/2(—g)ntp /(—y)n gr*(2ntp)) 7

X

where r :=r* 4+ {(n—1)/2} and s := s* + {(n —1)/2} with 0 < {a} < 1 denoting the fractional
part of a. Also, Jy, := Jpmam with Jom = 5(¢% ¢™), and Jom = j(—q% ¢™). Following [17],
we use the term “generic” to mean that the parameters do not cause poles in the Appell-Lerch
sums or in the quotients of theta functions.

Theorem 5.1. [17, Theorem 0.3] Let n and p be positive integers with (n, p) = 1. For generic
z,yeC*

fn,n+p,n(x7 Y, Q) = gn,n-‘:—p,n(xy Y,4q, _17 _1) + en,p(xa Y, Q) (53)

The fact that specializations of Appell-Lerch series are mock theta functions (or, in rare
instances, modular forms) is now well-known and follows from work of Zwegers [26], [27, Ch. 1].
By Theorem 5.1 the indefinite theta series fy, n+pn(Z,y,q) can be expressed as Zfﬁl figi + F,
where the f; and F are modular forms and the g; are Appell-Lerch series. When it happens
that all nonzero f; are identical to one f, then dividing the indefinite theta series by f yields
a sum of Appell-Lerch series and a modular form. The result is a mock theta function. This
is precisely what happens with our choice of k¥ = K for the examples in Theorem 1.6. We only
display the simplest case, which is (1.34). Here Theorem 5.1 turns the right-hand side into

m—+41
2~ ("3 D (P HO2mE QIR 1) 4y gy~ g7 ). (5.4)
The other cases are similar, giving us the following:

Theorem 5.2. For generic parameters, the series in Theorem 1.6 are mock theta functions.

We close with some remarks. First, there are instances of (1.29)-(1.36) where the mock theta
functions are in fact modular forms. For example, when Theorem 5.1 is applied to the second
line of (1.36), the terms j(¢"x,¢%) and j(¢%y, ¢°) in (5.2) are identically 0 when k is odd.

Second, for small p there are alternatives to Theorem 5.1 which yield simpler formulas [17,
Section 0]. For example, an application of [17, Theorem 0.11] with n = 1 to the case k = 2 of
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(1.34) gives

(g:4%)
i(qz.qg)oo fraa(=¢",q" " q)
) o0

10-4m (24 1) _ g1-2m Joyam 24 710m12J12J4,16
J141am,24 481 4

This may be compared with the case k = 2 of (5.4), where 64 is a priori the sum of nine
modular forms.

Third, the mock theta functions in Theorem 1.6 may be compared with those in [21]. For
example, there it was shown that

q

”kznk;;;~2n120 (Q)nkfnk71(q2;q2)nk,17nk,2"'(q
—q k—2 k—2 k—1 2(9k—2 k—2

:( )Oo(f1,2k—1+171(q2 +1,q2 +1,q2)+q2 +1f1,2k—1+1,1((15(2 +1),q3(2 +1),q2))

(@)oo
(5.5)

nyp+1 np_1+1 1'6—2 k—2—1i,, . — k—2—i k—2—1i
() (T 2y (g T2 (= 6

ng—ny (q2k715 q2k71)

2k72;q2k72)

ni

is a mock theta function when k > 3 [21, Equation (1.14)].

Finally, we expect numerous relations between the multisums in equations (1.29)-(1.36) and
classical mock theta functions, as well as among the multisums. Any such relation can be
reduced to a finite computation as in [21]-[23] or [15].
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