QUANTUM ¢-SERIES IDENTITIES

JEREMY LOVEJOY

In memory of Srinivasa Ramanujan

ABSTRACT. As analytic statements, classical g-series identities are equalities between power series
for || < 1. This paper concerns a different kind of identity, which we call a quantum g-series
identity. By a quantum g¢-series identity we mean an identity which does not hold as an equality
between power series inside the unit disk in the classical sense, but does hold on a dense subset of
the boundary — namely, at roots of unity. Prototypical examples were given over thirty years ago
by Cohen and more recently by Bryson-Ono-Pitman-Rhoades and Folsom-Ki-Vu-Yang. We show
how these and numerous other quantum g-series identities can all be easily deduced from one simple
classical g-series transformation. We then use other results from the theory of ¢-hypergeometric
series to find many more such identities. Some of these involve Ramanujan’s false theta functions
and/or mock theta functions.

1. INTRODUCTION

Recall the usual g-series notation

(a)n = Hl—aq -,

k=1
valid for integers n > 0, and the limiting case
o0
(@)oo = (:0)00 = [J(1 —ag*™).
k=1
Let
:Z —1+q—q2+2q3—2q4+q5+q7—2q8+~-
n>0 n
and
(-
=23 S =-20-2¢" —2¢° + 20" +2¢° + 20" + - .
= (@)
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The function o(q) is one of the most well-known g-series in Ramanujan’s lost notebook. It appears
there in the “sum-of-tails” identities [3, Entries 7.3.2, 7.3.3]

Lolo) = 5 (ah = () + () - 55 - (15)
- 1 1 q2n
= Z ((—Q)oo - (q’qg)nﬂ> + () 5~ T—g | (1.6)

n>0 n>1

which have inspired a number of works — see [6, 7, 10, 11], for example. However, Ramanujan’s
o-function owes most of its fame to the unexpected fact, discovered by Andrews, Dyson, and
Hickerson [5], that its coefficients can be described using the arithmetic of the real quadratic field
Q(v/6). Specifically, let T'(n) denote the number of inequivalent integer solutions to the equation

u? — 60 =n (1.7)

having v + 3v = £1 (mod 12) minus the number of such solutions having u 4+ 3v = £5 (mod 12).
Then Andrews, Dyson, and Hickerson showed that
o(q) =Y T(24n+1)q". (1.8)
n>0
They also showed that the function o*(g) is a companion to o(g) in the sense that
o*(g) = T(1—24n)q". (1.9)
n>1

Subsequently Cohen [12] observed that o(g) and 0*(gq) are also companions in a different sense.
To state his result, note that using standard g-series identities or simple combinatorial arguments,
we have [1, 12]

o(@) =1+ (-1)"¢"" (@ =2 (=1)"(q)n (1.10)
n>0 n>0
and
o*(q) = =2 ¢ (¢ ¢n- (1.11)
n>0

Therefore both o(q) and 0*(q) are well-defined at roots of unity, since for a given root of unity ¢
the terms (q), and (¢?; ¢*), vanish for n sufficiently large. For example, we have

3
o(i) =2 (=1)"(i;i)n
n=0

=2(1—(1—i)+ (1 —i)(1 =) — (1 —i)(1 —i%)(1 —4%))
= —4-2i

while
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= —2((—i) + (—)%(1 — (~1)))

=4+ 21,
and so o(i) = —o*(—i). Cohen proved that this is true in general — namely, if ¢ is a root of unity
then
o(q) =—o*(q7"). (1.12)

He also left two similar identities as exercises for the reader,

1, _

S0 @) =) () (1.13)

n>0

for ¢ a primitive even root of unity and

—%0*((1) = (@¢")n (1.14)
n>0
for ¢ a primitive odd root of unity.

Note that identities (1.12) — (1.14) are certainly not valid inside the unit disk since none of the
right-hand sides is a convergent power series there. This is the essence of what we call a quantum
q-series identity — an identity between g-hypergeometric series that holds at roots of unity but not
as an equality of power series for |¢| < 1. Cohen’s identities appear to have been the only ones of
this nature until recent work of Bryson, Ono, Pitman, and Rhoades [9], who proved that if ¢ is a
root of unity then

F(g)=U(qg™), (1.15)
where

F(g)=> (q)n (1.16)

is the Kontsevich-Zagier function [21] and
Ulg) = (@)nd™*" (1.17)
n>0

Folsom, Ki, Vu and Yang [14] generalized (1.15) by proving that if ¢ is a primitive kth root of unity
and x € C then

Fk($7q_1) :kak(_wv(I)v (118)
where
k—1
Fi(w,q) =Y 2" (wq)n (1.19)
n=0
and
k—1
Ur(,q) = Y _(—2q)n(—2" ' q)ng" . (1.20)
n=0

The existing proofs of (1.12), (1.15), and (1.18) use what has been called a “delicate recursion”
[8, p. 340]. In this paper we show that all three be can deduced from a single classical g-series
transformation [15, p.28, Ex. 1.15 (ii)]
N

@ Dbl _ @ )uBhala/ 2Dl
Z <Q)n(c)n nZ:O 1 N/C) 1)nq(g) (1.21)
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In fact, many other quantum identities can be deduced from (1.21). We record these in two batches,
using the notation

f(a) =q 9(q) (1.22)
if f(q) = g(q) whenever q is a suitable root of unity and
fla) =4 9(q) (1.23)

if f(q) = g(1/q) whenever ¢ is a suitable root of unity.

Proposition 1.1. We have the following quantum g-series identities.

Y (@ @)ng" =1 Y (g )na™" (1.24)
n>0 n>0
D@ d)ng" T =g D (@ang™ T, (1.25)
n>0 n>0
> (Dn =1 Y (% ¢*)nd™, (1.26)
n>0 n>0
S @GP =1 > _(@)2md™ T, (1.27)
n>0 n>0
- (~a¢q 1 D (g g™t (1.28)
n>0 n>0
Z(_q 74 )n(_Q)nJrl —q1 Z(_Q)an2n+17 (1‘29)
n>0 n>0
> (G =4 1, (1.30)
n>0
D (@ng™ =4 1. (1.31)
n>0

Proposition 1.2. We have the following quantum g-series identities.

(@)n (9)nd"
> o = 20 - , (1.32)

>0 C])n+1

n>0
(@)n(-D)" (¢% ¢*)ng"
nzz:o(_q)n =41 zqnzzjo(_q)nﬂ , (1.33)
(¢ ®)ag* 2 (4% ¢*)n
7% @G 1 Z « (a; q2)n+1’ (1.34)
(Q)an2n - n+2
\d)ona™ (1.35)
ﬂgg (% ¢%)n nz:{) (—q
(@ong™ ™ 1 (q2 )
7;] (%P1 ¢ 2 = (=a2¢%)n ) ’ (1.36)
3 (Dng" 2 7 (1.37)

—q
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Z ((Q)nqn - }q—l (1.38)

"0 —@)nt1 2
2. 2y 2n+tl

(Unl'ill i ’q3)"qz =, 1. (1.39)
(_q yq )n

n>0

Before continuing, we make a few remarks. First, in Propositions 1.1 and 1.2 and throughout
the paper it should be understood that in some cases the set of roots of unity is suitably restricted
so that the series naturally truncate and so that there are no poles in the corresponding rational
functions. For example, (1.24) and (1.32) are valid for odd roots of unity, in the first case so that
the sums truncate and in the second case to avoid poles in the denominators of the summands.
Second, (1.26) is equivalent to (1.13), Cohen’s first exercise left to the reader, while his second
exercise (1.14) follows from (1.25) and (1.27). Next, the left-hand side of (1.24) and the right-hand
side of (1.28) are false theta functions, since [2, Entry 9.5.2]

S (@) =D (1)@ 4 2. (1.40)

n>0 n>0
Finally, (1.28) and (1.29) contain the third order mock theta functions [4, p. 5]

n?+n

v(-q)=>_ (qi = (~¢:¢*)nq" (1.41)

.2
>0 q; 9 )n+1 >0

and
2

n n
v(-a) = Y S g (-a) (1.42)
= GG &

The rest of this paper is organized as follows. In the next section we derive all of the quantum
identities recorded thus far using the transformation (1.21). It turns out that this transformation
is only one of many classical g-series identities that can be used to give quantum identities. We
take a brief tour of these in Sections 3 and 4. The proofs are straightforward, and the motivated
reader will easily find many more identities than what we present here. We close in Section 5 with
some remarks on quantum g-series identities in knot theory.

2. QUANTUM IDENTITIES FROM THE TRANSFORMATION (1.21)

We begin with short proofs of the identities of Cohen, Bryson-Ono-Pitman-Rhoades, and
Folsom-Ki-Vu-Yang.

Proofs of identities (1.12), (1.15), and (1.18). Setting N = N — 1 and letting ¢ — 0 in (1.21), we
have

N—-1 N—-1 2
(ql_N)n(b)nZn _ 3N-1 (ql_N)n(b)n(q/z)n(z/b)nq_n "
D VLA S @n ' 21

If q is a primitive Nth root of unity, then for n < N — 1 we have

(" )n

v 1, (2.2)
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in which case (2.1) becomes the polynomial identity

N-1
> (b)nz" =V Z w(@/2)n(z/0)"q " (2.3)
n=0
If we let b =q and z = —1 we have
N-1 N-1
D (@a(=D)" =D (@%¢")n(=1)"g " ! (2.4)
n=0 n=0
Using
_ _ n — n+1
(ag™" 1470 = (a/a; q)n(~a)"q("2) (2:5)
on the right-hand side of (2.4) we obtain that for ¢ a primitive Nth root of unity,
N-1 N-1
Z (@n(-1)" = Z (q72; q72)nqin71' (2.6)
n=0 n=0
Using our notation (1.23), this may be written
Z(Q)n(_l)n =q! Z(QQ; q2)nqn+17 (27)
n>0 n>0
which is (1.12). Similarly, if we let b = ¢ and z = 1 in (2.3) and use (2.5) on the right-hand side
we have
D (@ =g > _(@ag" (2.8)
n>0 n>0
This is (1.15). Finally, if we let b = xq and z = x in (2.3) we find
N-1 N-1 ,
> e 2g)n =2V (@g)n(a/z)ng ™ (2.9)
n=0 n=0
Letting ¢ = 1/q on the right-hand side of (2.9) and applying (2.5) gives (1.18). O

Now that we have seen how quantum g¢-series identities follow from classical identities, the rest
of the proofs in this paper will be straightforward. We turn to Proposition 1.1.

Proof of Proposition 1.1. Identities (1.24) — (1.31) follow from making appropriate substitutions in
(2.3). For example, if ¢ is a primitive Nth root of unity with N odd, then so is ¢?, and in this case
(2.3) gives

N-1 N-1
Z (b; })p2" = b1 Z (b; ¢*)n(q? ) 2; q2)n(z/b)”q72"272n. (2.10)
n=0 n=0
Setting b = g we have
N-1 N-1 ,
D (@ dn2" =Y (6:6)nld* /262 g2 (2.11)
n=0 n=0
or more precisely
N-1 N-1
2 2
ST (@ = (4:6)n(d?/ 2 Pnz"g 7 7, (2.12)
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since 1 — ¢ = 0. In any case, the specializations z = ¢, 1, and ¢? are (1.24), (1.27), and (1.30),
respectively. The other identities are proved similarly. O

We conclude this section with a proof of Proposition 1.2.

Proof of Proposition 1.2. We consider a different specialization of (1.21). Specifically, let b = ¢ and
N = N — 1 to obtain

N (@0 (/vaV R (@ V)ala/2)nlz/0"

= ) (2.13)
= (O @v-1 5 (@ /u(-1))
Taking q to be an Nth root of unity and simplifying gives the rational function identity
N-1 n _1 N— n
S @0z _ (=gt § @/l o
= O A=) = (3 /e)n(-1)ng)
The substitutions required to obtain (1.32) — (1.39) should be clear. O

3. FURTHER QUANTUM IDENTITIES, I

In the rest of the paper we apply the method of the previous section to several classical g-series
identities in order to deduce quantum identities. In this section we use g-series summations and in
Section 4 we use transformations.

3.1. Quantum identities from the ¢-Pfaff-Saalschutz summation. We begin with a propo-
sition.

Proposition 3.1. If g is an Nth root of unity, we have the rational function identity

N-1
3 (@n(®)ng" (1 —c/q)(1 - c/bg?) (3.1)
= (n(bg?/c)n (1= c/q®)(1—c/bg) '
Proof. We recall the ¢-Pfaff-Saalschutz sum [15, p.355, Eq. (I1.12)],
N - n
S~ @O’ _ (cfa)xlc/oy 652
= (Qn(c)nlabg" N /c)n  (c)n(c/ab)n
Setting N = N — 1 and a = ¢ we obtain
N—1 , 1_ n
= (@b N /) (c)n-1(c/bg) N1
Taking q to be an Nth root of unity and simplifying gives the result. O
The following quantum identities now follow easily.
Corollary 3.2. We have
(@ag™ 1
Z (_Q)2 —q 1) (3 4)
n>0 n+1
Z (Q)an2n+1 _ 1 (3 5)
= (—¢%)2n+1 2’
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3 : (Q)?zqn“ _ 1 (3.6)

—¢%¢%) 1 12

n>0

3.2. Quantum identities from Jackson’s summation. We begin with a proposition.

Proposition 3.3. If q is an Nth root of unity, we have the rational function identity
N—

(1 = ag®)()n(@)n(a/ca) _ (1 —a/q)(1 - ajc)
Z = 30
Proof. We recall a summation of Jackson [15, p.356, Eq. (II.21)],
N n
(@)n(1 = ag®)(®)n()nlgM)n  (agd"T"\" _ (ag)n(ag/bc)n
2 T01al1 — ) aa o) ad I ad™ T (“5) = teaioardn 35

Setting N = N — 1 and b = g we obtain

N— _ _ n _
3 (L= @) (Enla ), (an ) _ (1 —ag" N)(a/e)y-1 59)
= (ag/c)n(agV)n c (ag/c)N—1
Taking ¢ to be an Nth root of unity and simplifying gives the result. ([l
A few easy corollaries are listed below.
Corollary 3.4. We have
A(1 + g2t (%)
(@n(1+¢™" )2 o (3.10)
n>0 (_Q)n
2 1 2n+1\(_ ,\—"n 4
(Q)Qn(l 4 q4n+2)(_q)—n—1
> = =, —2. (3.12)
n>0 q°)2n

4. FURTHER QUANTUM IDENTITIES, 11

In this section we deduce quantum ¢-series identities from transformations of Sears, Jain, Singh,
and Watson.

4.1. Quantum identities from Sears’ transformation. We begin with a proposition.

Proposition 4.1. If q is a primitive Nth root of um'ty, we have the rational function identity
N-1

b)n(c)n ndb bC
5 Ontc_ le SCL "

n=0 n

Jn(=1
Proof. We recall a transformation of Sears [15, p.360, Eq. (III. 12)]

(4 )n®)n(@)ng" _ N (e/In s~ (@ M)al0)nld/b)n (bg\"
nzzo @n(a(eln— ()y §<q>n<d>n<cql—we>n<e>- (42)
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Setting N = N — 1 and letting e — 0 we obtain

N-1 §
(@ M)u(®)n(c)ng N- 12 n(d/b)n(b/c) | w3
n=0 ( ) (d>n (d)n(*l)nq( . )—Nn
Taking ¢ to be a primitive Nth root of unity and snnphfylng gives the result. m
Corollary 4.2.
(@* 4" )nd®" _ (; ¢2)2 g2+ »
P T N D My 7 (44
n>0 ’ n n>0 ) n
(C@)ond™ _ (=L ¢*)n(=¢% ¢*)ng*"*? 45
S = s w
n>0 ’ " n>0 ) n
(4 4*)n™" (4 ¢*)n(=1;¢*)ng®" ! L6
2 Cadn T2 Cedh (46)
n>0 ’ n>0 ) n

4.2. Quantum identities from a transformation of Jain. We begin with a two-part proposi-
tion.

Proposition 4.3. If q is a primitive Nth root of unity, then we have the rational function identities

= (@)an q, ¢ g (1 —d/q) = (@b ¢*)n(a/D)"
Z@ (bg: Pnld)on (1~ d/g?) Z% (B)n(g?/d)ng(?) 0
and
—1 .42 a 2n N-1 a .42 —a)™ " —n?
(qu(b);(qz))znq — Y (@)n(b; q )(nb() )" (4.8)
n=0 ’ n n=0 n

Proof. We recall a transformation of Jain [17] (cf. [15, p. 101]),

N

(@ 0D)n(a" 5 )n(@2ng™ _ a¥(d/a)y ¢~ (M )n(@)n(bi6)n(a/d)"
R T X O Z:% DOt

Setting N = N — 1 and a = ¢ we have

N-1

_ _ N-1, q_ n
3 (@ Mon(@; g™ _ "1 —d/q) ~ (@ V)n(b:6%)n(a/d)
(b4; ¢*)n(d)on (1=dg™) 7= (B)a(g* N /d)ng®)
Letting ¢ be an Nth root of unity and simplifying gives (4.7). Alternatively, if we set N = N —1
and let d — 0 in (4.9), and then take ¢ to be an Nth root of unity, we have (4.8).

(4.10)

0

We collect some corollaries of Proposition 4.3 in two batches, corresponding to (4.7) and (4.8),
respectively. Note that (4.16) contains Ramanujan’s fifth order mock theta function [4, p. 18]

01(9) = > (~@)na"2 ). (4.11)

n>0
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Corollary 4.4.

3 @@ )nd™ =41 0> (@na"2 ), (4.12)
n>0 n>0
(D2nlq; PIng™™ (@ng"?)
nzzo (—q)2n T 2q7§ (=@nt1 (4.13)
.2 2n 2 n+1
;) (Q)(Qi(qqé’(‘;g);;q = Z%) (Q)n( (%j)jnq ) (4‘14)
Corollary 4.5.
> (@ ()26 =41 —a > (~a)na 2, (4.15)
n>0 n=>0
Y (@ )n(~ D)2 =41 = > (g3, (4.16)
n>0 n>0
S (6~ 06D 2nd™ =1 =0 D> _(~ g™ (4.17)
n>0 n>0

4.3. Quantum identities from a transformation of Singh. We begin again with a two-part
proposition.

Proposition 4.6. If q is a primitive Nth root of unity, then

N-1 N-1
(Dn(a)n(ag/b)ng” = (0% 6°)n(a; ¢*)n(aq/b; ¢ )ng™
7;) (@2 /b; P )n(—*)n ; (a2q?/b; ¢*)n(—q%)2n (4.18)
and
S @n(a9/D)ng” _ 3= (0:0%)n(ag/bi )™ (4.19)

(a2 /b;¢*)n (a2¢/b;¢*)n
Proof. We recall a transformation of Singh [20] (cf. [15, Eq. (3.10.12)])
N

3 (a~M)n(@)n(ag/b)n(—ag/w)ng" _ i (a5 %)n(a;:¢*)n(aq/b; ¢*)n(a?q® /w?; ¢ g™

(@)n(a?q?/b; ¢*)n(ag* =N /w)y, (4% ¢*)n(a?¢%/b; ¢*)n(ag* =N Jw; ¢?)n(ag® =N Jw; ¢%)n

n=0 n=0
(4.20)
Setting N = N — 1 and w = —a we obtain
N-1 _ n N-1 — n
(ql N)n(“)n(“‘]/b)nq o (q2 ZN; q2)n(a§ QQ)H(CLQ/b; q2)nq2 (4.21)

= (a%q?/b:¢*)n(—a*N)n (a262/b;¢*)n(=4>~N)2n
Letting ¢ be an Nth root of unity and simplifying gives (4.18). Alternatively, if we set N = N — 1
and let w — oo in (4.20), and then take ¢ to be an Nth root of unity, we have (4.19). O

n=0

We have the following corollaries.

Corollary 4.7.

2. .2 2n 1
3 (475 4%)ng _ L (4.22)
"0 (—@)2n+1 2
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(q)glqn (q)2nq2n
- e 4.23
7;) (_q)n+1 1 ;) (_Q)2n+l ( )
(Q) (q q an
B . 4.24
n%% (_q7 q )n+1 n+1 —a T;] 2n+1 1 4 q2n+1) ( )
Corollary 4.8.
(_Q)an (—q, q )2q2”
TR D DRy W 4.25
T;] (¢ q2)n+1 I ; (q; q )n+1 (4.25)
(4; (a9
Z (—q =q Z (4.26)
n>0 ’ n n>0
( )220
) =q Z (4.27)
n>0 79 ” n>0

We note that (4.22) uses the case a = 0 of (4.18) together with (1.38). Also, the left-hand side
of (4.26) is a false theta function [3, Entry (9.3.1), (a,q) = (1, —q)],

) (@ 0)nd" _ 3 (1) G, (4.28)

= (—¢%¢*)n =

4.4. Quantum identities from a transformation of Watson. Our final proposition is the
following.

Proposition 4.9. If g is an Nth root of unity, then

N-1 (1 o aq2n)(b>n(c)n(e)n(Q)n LQ n
nz_:o (aq/b)n(aq/c)n(ag/e)n(a)n, (bce)

_ (1—a/q)(1 - afe) NZ (aq/bc)n(e)n(@)ng"
(1- a/ge)  (ag/b)n(ag/c)n(ed®/a)n’

Proof. We recall Watson’s transformation [15, p. 360, Eq. (II1.18)],

(4.29)

N

Z (a)n(1 — an”)(b)n(c)n(d)n(e)n( _N)n <a2qN+2>
= (@)n(1 = a)(aq/b)n(aq/c)n(aq/d)n(ag/e)n(agN T )n \  bede

_ (ag)n(ag/de)n ZN: (aq/b¢)n(d)n(e)n(a")ng
(ag/d)n(aq/e)n “= (@)n(ag/b)n(aq/c)n(deqN /a)
Setting N = N — 1 and d = g we obtain
N

—1 n
(1= ag®)B)n(n()n(a" " )n (a®g™
> (%)

n=0 (aq/b)n(aq/c)n(agq/e)n(agN ) bece

(- an*1><1 —a/e) f; (aq/be)n(€)n(g* ) g™
(1—ag""1/e) == (aq/b)n(ag/c)n(eq® N /a),”

Letting ¢ be an Nth root of unity gives the result. O

(4.30)

(4.31)
17N)
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Corollary 4.10.
1_|_q2n+1)( 1)nqn(3n+1)/2

23 (@l =y 312 E: , (4.32)
n>0 n>0 ( q)”
22 —qz 1(+q§n+1)q : (4.33)
n>0 " n>0 n
<q>n<—1>nq<"¥l> B (¢ ¢)n(—1)"
LT T o (439

Note that the left-hand side of (4.32) is Ramanujan’s o(q), while the left-hand side of (4.34) is
a g-series with similar properties to o(g) studied by Corson, Favero, Liesinger, and Zubairy [13].

5. CONCLUDING REMARKS

Though it has not been our focus here, we wish to point out that quantum g-series identities
have important connections to quantum modular forms [9, 22] and quantum topology [16, 18, 19].
In the latter case, colored Jones polynomials can be used to prove quantum identitites more involved
than the ones in this paper. For example, corresponding to the family of torus knots 7'(2,2t 4 1)
we have the following generalization of (1.15) [16],

1 ie
> (@9 1(1’“11(1’“12 Fivr ki =i 20, 1k]
' i=1

ko> >k >1 Fivr = ki
[e) t—1 ki
=1 > GOk [ [ Zl] - (5.1)
ke >k1 >0 i=1 ’
Here we have used the usual ¢-binomial coefficient,
(@:9)n .

[n] _ ) @Onwigmer H0Sk<m, (5.2)

k 0, otherwise.

A similar generalization of (1.15) arises from the family of twist knots K, [18, Corollary 1.3, m = 1],

2p—2
S @y [ (1)) {nﬂ

n2p—12>-->n12>0 =1
p—1
— 2 np+l1 n24+n; |Tj+1
=y, (@n T et [ s (5.3)
np>->n1>0 j=1 J

It would be interesting to see g-series proofs of (5.1) and (5.3).
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