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Abstract. We use Bailey pairs to prove q-series identities at roots of unity due to Cohen and
Bryson–Ono–Pitman–Rhoades. The proofs use Bailey pairs with quadratic forms developed
in the study of mock theta functions. In addition to the standard Bailey lemma, we require
some changes-of-base established by Bressoud–Ismail-Stanton. We then embed the identities
in infinite families using the Bailey chain.

1. Introduction

Recall the standard q-series notation,

(a)n = (a; q)n =
n−1∏
k=0

(1− aqk),

valid for non-negative integers n. In a study of q-series from Ramanujan’s lost notebook,
Cohen [7] proved that for any root of unity q,∑

n≥0

(−1)n(q−1; q−1)n =
∑
n≥0

(q2; q2)nq
n+1. (1.1)

This is not an identity between complex functions in any classical sense. But at any root of
unity ξ both series truncate, leaving a polynomial identity in ξ. For example at q = i the
left-hand side is

1− (1 + i) + (1 + i)(1− i2)− (1 + i)(1− i2)(1 + i3) = −2 + i,

while the right-hand side is

i+ i2(1− i2) = −2 + i.

Cohen also left two similar identities as exercises for the reader,

∑
n≥0

(q2; q2)nq
n+1 =


−
∑
n≥0

(−q−1; q−1)n, if q is an even root of unity, (1.2)

∑
n≥0

(q; q2)n, if q is an odd root of unity. (1.3)
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Later, in a study of quantum modular forms, Bryson, Ono, Pitman, and Rhoades [6] proved
another elegant identity at roots of unity,∑

n≥0

(q−1; q−1)n =
∑
n≥0

(q)2nq
n+1. (1.4)

These early examples of Cohen and Bryson–Ono–Pitman–Rhoades laid the foundation for
future work on q-series identites at roots of unity, also known as quantum q-series identi-
ties. While the original proofs are based on elementary recursions, the identities can also be
deduced using classical q-series transformations, as can a great many other such identities
[11]. The identity (1.4) can also be deduced using the colored Jones polynomial of the trefoil
knot [8], and this observation led to many further families of identities at roots of unity,
including several generalizations of (1.4) [8, 12, 13]. Quantum q-series identities also arise as
a consequence of so-called “strange identities” for quantum modular forms [10].

In this paper we show how Bailey pairs may be used to prove (1.1) – (1.4). Our proofs use
Bailey pairs with quadratic forms developed in the study of mock theta functions. We use
these pairs to express the relevant q-series as truncated indefinite theta series. See Proposi-
tions 3.1 – 3.4. Surprisingly, for two of the four identities a key role is played by changes-of-base
for Bailey pairs due to Bressoud–Ismail–Stanton [5].

Once we have understood the identities using Bailey pairs, they can be embedded in infinite
families using the machinery of the Bailey chain. For example, we will show the following.

Theorem 1.1. For m ≥ 1 and q any root of unity we have∑
nm≥···≥n1≥0

(q)nm(−1)n1q−(
n1+1

2 )
m−1∏
i=1

qn
2
i+ni

[
ni+1

ni

]

=
∑

nm≥···≥n1≥0

(q)nm(q)n1q
nm+1

m−1∏
i=1

qn
2
i+ni

[
ni+1

ni

]
.

(1.5)

Theorem 1.2. For m ≥ 1 and q any even root of unity we have∑
nm≥···≥n1≥0

(−q)nm(q)n1q
nm+1

m−1∏
i=1

qn
2
i+ni

[
ni+1

ni

]

= −
∑

nm≥···≥n1≥0

(−q)nm(−1)nm+n1q−(
n1+1

2 )
m−1∏
i=1

qn
2
i+ni

[
ni+1

ni

]
.

(1.6)

Here we have used the q-binomial coefficient (or Gaussian polynomial),[
n
k

]
=

[
n
k

]
q

=

{
(q)n

(q)n−k(q)k
, if 0 ≤ k ≤ n,

0, otherwise.

Note that the cases m = 1 of (1.5) and (1.6) are (1.4) and (1.2), respectively. This follows
from the relation

(q−1; q−1)n = (q)n(−1)nq−(
n+1
2 ). (1.7)

Generalizations of (1.1) and (1.3) are contained in the following two results. Here the
q-series don’t always truncate naturally, so the multisums come with an upper bound.
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Theorem 1.3. For m ≥ 1 and q any primitive N th root of unity we have∑
N−1≥n2m−1≥···≥n1≥0

(−qn1+1)n2m−1−n1(−1)n2m−1(q)n1

2m−2∏
i=1

qn
2
i+ni

[
ni+1

ni

]

=
∑

N−1≥nm≥···≥n1≥0

(−q2n1+2)2nm−2n1(−1)nmq−(nm+1)2(q2; q2)n1

m−1∏
i=1

q2n
2
i+2ni

[
ni+1

ni

]
q2
.

Theorem 1.4. For m ≥ 1 and q any primitive odd N th root of unity we have∑
N−1≥nm≥···≥n1≥0

(−q2n1+2)2nm−2n1(−1)nmq−(nm+1)2(q2; q2)n1

m−1∏
i=1

q2n
2
i+2ni

[
ni+1

ni

]
q2

=
∑

N−1≥nm≥···≥n1≥0

(−q2n1+1)2nm−2n1(−1)nmq−n2
m(q; q2)n1

m−1∏
i=1

q2n
2
i+2ni

[
ni+1

ni

]
q2
.

Note that when m = 1 and q = 1/q Theorems 1.3 and 1.4 reduce to (1.1) and (1.3).
The rest of the paper is organized as follows. In the next section we review the classical

Bailey lemma along with some changes-of-base. In Section 3 we prove the classical quantum
q-series identities in (1.1) – (1.4). In Section 4 we prove Theorems 1.1 – 1.4. Future papers
in this series will be devoted to a more thorough invesigation of the role Bailey pairs play in
proving quantum q-series identities as well as the role such identities play in establishing the
quantum modularity of the relevant series.

2. The Bailey lemma

We begin by reviewing some basic facts about Bailey pairs. For more background, see
[1, 3, 14]. A pair of sequences (αn, βn) is a Bailey pair relative to a if

βn =
n∑

k=0

αk

(q)n−k(aq)n+k
(2.1)

=
1

(q)n(aq)n

n∑
k=0

(q−n)k
(aqn+1)k

(−1)kqnk−(
k
2)αk. (2.2)

Equation (2.1) is the original definition, while (2.2) follows using the relation

(x)n−k =
(x)n

(q1−n/x)k
(−q/x)kq(

k
2)−nk. (2.3)

The following, known as the Bailey lemma and due to Andrews [1], produces new Bailey pairs
from a given pair.

Lemma 2.1. If (αn, βn) is a Bailey pair relative to a, then so is (α′
n, β

′
n), where

α′
n =

(b)n(c)n(aq/bc)
n

(aq/b)n(aq/c)n
αn (2.4)

and

β′
n =

1

(aq/b, aq/c)n

n∑
k=0

(b)k(c)k(aq/bc)n−k(aq/bc)
k

(q)n−k
βk (2.5)
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=
(aq/bc)n

(q)n(aq/b)n(aq/c)n

n∑
k=0

(b)k(c)k(q
−n)kq

k

(bcq−n/a)k
βk. (2.6)

Repeated application of the Bailey lemma is called the Bailey chain. We record the cases
b, c → ∞ and b, c → 0 of (2.5) with a = q.

Lemma 2.2. If (αn, βn) is a Bailey pair relative to q, then so is (α′
n, β

′
n), where

α′
n = qn

2+nαn

and

β′
n =

n∑
k=0

qk
2+k

(q)n−k
βk.

Lemma 2.3. If (αn, βn) is a Bailey pair relative to q, then so is (α′
n, β

′
n), where

α′
n = q−n2−nαn

and

β′
n = (−1)nq−(

n+1
2 )−n

n∑
k=0

q(
k+1
2 )−nk(−1)k

(q)n−k
βk.

Using (2.4) and (2.6) in (2.2) with n = n− 1 and a = q gives a key identity, which we state
as a lemma.

Lemma 2.4. If (αn, βn) is a Bailey pair relative to q, then we have

(q2/bc)n−1(q
2)n−1

(q2/b)n−1(q2/c)n−1

n−1∑
k=0

(b)k(c)k(q
1−n)kq

k

(bcq−n)k
βk =

n−1∑
k=0

(q1−n)k(b)k(c)kq
nk−(k+1

2 )(−q2/bc)k

(q1+n)k(q2/b)k(q2/c)k
αk.

Next, we record two changes-of-base for Bailey pairs due to Bressoud, Ismail, and Stanton
[5]. The first is the case a = q of [5, D(1)] while the second is the case a = q of [5, D(4)].

Lemma 2.5. If (αn, βn) is a Bailey pair relative to q, then so is (α′
n, β

′
n), where

α′
n = αn(q

2),

and

β′
n =

n∑
k=0

(−q2)2k
(q2; q2)n−k

qn−kβk(q
2),

Lemma 2.6. If (αn, βn) is a Bailey pair relative to q, then so is (α′
n, β

′
n), where

α′
n =

1 + q

1 + q2n+1
qnαn(q

2),

and

β′
n =

n∑
k=0

(−q)2k
(q2; q2)n−k

qkβk(q
2).

Using these in (2.2) and rewriting using (2.3) gives two more key identities.
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Lemma 2.7. If (αn, βn) is a Bailey pair relative to q, then

n−1∑
k=0

(−q2)2k(q
2−2n; q2)k(−1)kqn(2k+1)−k2−2k−1βk(q

2)

=
(−q)n−1

(q2)n−1

n−1∑
k=0

(q1−n)k
(q1+n)k

(−1)kqnk−(
k+1
2 )αk(q

2).

Lemma 2.8. If (αn, βn) is a Bailey pair relative to q, then

n−1∑
k=0

(−q)2k(q
2−2n; q2)k(−1)kq2nk−k2βk(q

2)

=
(−q)n−1

(q2)n−1

n−1∑
k=0

(q1−n)k(1 + q)

(q1+n)k(1 + q2k+1)
(−1)kqnk−(

k
2)αk(q

2).

Finally, we note five Bailey pairs.

Lemma 2.9. The following are Bailey pairs relative to q.

αk =
(1− q2k+1)q−k

1− q

k∑
j=−k

(−1)jqj(3j+1)/2 and βk =
q−k

(q)k
, (2.7)

αk =
(1− q2k+1)

1− q
q2k

2+k
k∑

j=−k

(−1)jq−j(3j+1)/2 and βk = 1, (2.8)

αk =
(1− q2k+1)

1− q
qk(3k+1)/2

k∑
j=−k

(−1)jq−j2 and βk =
1

(−q)k
, (2.9)

αk =
(1− qk+1/2)

1− q1/2
qk

2+k/2
k∑

j=−k

(−1)jq−j2/2 and βk =
1

(−q; q1/2)2k
, (2.10)

αk =
(1− q2k+1)

(1− q)
qk

2
k∑

j=−k

(−1)jq−j2/2 and βk =
(q1/2; q)k

(q)k(−q1/2; q1/2)2k
. (2.11)

Proof. The Bailey pairs (2.8) and (2.9) are due to Andrews [2], while the pair (2.10) arose in
work of Andrews and Hickerson [4]. The remaining pairs are easily deduced from [9, Theorem

7]. Namely, (2.7) is the case b, c, d → ∞ and (2.11) is the case b = −1, c = −q1/2, and
d = 0. □

3. Proofs of (1.1) – (1.4)

In this section we prove the quantum q-series identities in (1.1) – (1.4). In each case we use
Bailey pairs to express both sides of the identity as truncated indefinite theta series. We begin
with (1.4), which will follow immediately from the next proposition. We use the standard
convention that for any f ,

b∑
j=a

f(j) = −
a−1∑

j=b+1

f(j)

whenever a > b.
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Proposition 3.1. For q a primitive nth root of unity we have

n−1∑
k=0

(q)k =
−1

n

n−1∑
k=−n

k∑
j=−k

(k2 − j(3j + 1)/2)q−k2+j(3j+1)/2(−1)j , (3.1)

n−1∑
k=0

(q)2kq
k+1 =

−1

n

n−1∑
k=−n

k∑
j=−k

(k2 − j(3j + 1)/2)qk
2−j(3j+1)/2)(−1)j . (3.2)

Proof. We begin with (3.1). Letting b → 0 and setting c = q in Lemma 2.4 we have that if
(αk, βk) is a Bailey pair relative to q, then

1− qn

1− q

n−1∑
k=0

(q)k(q
1−n)kq

k+1βk = qn
n−1∑
k=0

(q1−n)k
(q1+n)k

qnk−(k2+k)αk. (3.3)

Using the Bailey pair (2.7) in (3.3) we have the rational function identity

(1− qn)
n−1∑
k=0

(q1−n)k = qn
n−1∑
k=0

(q1−n)k
(q1+n)k

qnk−k2−2k−1(1− q2k+1)
k∑

j=−k

(−1)jqj(3j+1)/2.

In light of the factor (1− qn) on the left-hand side, we see that the right-hand side vanishes
when q is an nth root of unity. Using l’Hôpital’s rule we obtain that if q = ζn is a primitive
nth root of unity, then

n−1∑
k=0

(q)k = lim
q→ζn

1

1− qn

n−1∑
k=0

q−k2−2k−1(1− q2k+1)
k∑

j=−k

(−1)jqj(3j+1)/2

=
−q

n

d

dq

∣∣∣
q=ζn

n−1∑
k=0

q−k2−2k−1(1− q2k+1)
k∑

j=−k

(−1)jqj(3j+1)/2

=
q

n

d

dq

∣∣∣
q=ζn

n−1∑
k=−n

k∑
j=−k

q−k2+j(3j+1)/2(−1)j ,

and (3.1) follows. In the above we have used the fact that for q a primitive nth root of unity
and 0 ≤ k ≤ n− 1,

(q1−n)k
(q1+n)k

= 1.

For (3.2), we use (2.8) in (3.3) and perform a similar calculation. This completes the proof. □

Next we treat (1.2). This follows immediately from the next proposition. We use the sign
function

sgn(k) =

{
1, if k ≥ 0,

−1, if k < 0.
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Proposition 3.2. If q is a primitive nth root of unity we have

n−1∑
k=0

(q2; q2)kq
k+1 =



−1

n2

n−1∑
k=−n

k∑
j=−k

sgn(k)(k2 − j(3j + 1)/2)(−1)k+jqk
2−j(3j+1)/2, n odd,

−1

4

n−1∑
k=−n

k∑
j=−k

sgn(k)(−1)k+jqk
2−j(3j+1)/2, n even,

(3.4)
and if q is a primitive even nth root of unity then

n−1∑
k=0

(−q)k =
1

4

n−1∑
k=−n

k∑
j=−k

sgn(k)(−1)k+jq−k2+j(3j+1)/2. (3.5)

Proof. If we take b → 0 and set c = −q in Lemma 2.4 we have that if (αk, βk) is a Bailey pair
relative to q, then

n−1∑
k=0

(−q)k(q
1−n)kq

k+1βk = −(−q)−n (−q)n−1

(q2)n−1

n−1∑
k=0

(q1−n)k
(q1+n)k

qnk−(k2+k)(−1)kαk. (3.6)

Using the Bailey pair (2.8) gives the rational function identity

n−1∑
k=0

(−q)k(q
1−n)kq

k+1

= −(−q)−n (−q)n−1

(q)n

n−1∑
k=0

(q1−n)k
(q1+n)k

qnk+k2(−1)k(1− q2k+1)
k∑

j=−k

(−1)jq−j(3j+1)/2.

We first consider the case when q is a primitive odd nth root of unity ζn. In this case, we
have (−q)n−1 = 1 and (q)n−1 = n. Hence we have

n−1∑
k=0

(q2; q2)kq
k+1 = lim

q→ζn

1

n(1− qn)

n−1∑
k=0

k∑
j=−k

(−1)j+kqk
2−j(3j+1)/2(1− q2k+1)

=
−q

n2

d

dq

∣∣∣
q=ζn

n−1∑
k=−n

k∑
j=−k

sgn(k)(−1)j+kqk
2−j(3j+1)/2,

Equation (3.4) follows for n odd.
When n is even, we still have (q)n−1 = n but now (−q)n−1 = 0. A short calculation gives

that for q a primitive even nth root of unity, d
dq (−q)n−1 = n2/4q. With this in mind, for q a

primitive even nth root of unity ζn we have

n−1∑
k=0

(q2; q2)kq
k+1 = lim

q→ζn

−(−q)n−1

n(1− qn)

n−1∑
k=0

k∑
j=−k

(−1)j+kqk
2−j(3j+1)/2(1− q2k+1)

=
1

4

n−1∑
k=−n

k∑
j=−k

sgn(k)(−1)j+kqk
2−j(3j+1)/2.
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This completes the proof of (3.4). Equation (3.5) follows in a similar manner using the
Bailey pair (2.7) in (3.6). In obtaining the left-hand side of (3.5) from (3.6) we use the fact
that if q is a primitive nth root of unity, then for 0 ≤ k ≤ n− 1 we have

(q1−n)k
(q)k

= 1.

□

We now move on to (1.1), which is an immedaite consequence of the following proposition.

Proposition 3.3. For q a primitive nth root of unity we have

n−1∑
k=0

(q)k(−1)k =



−1

n2

n−1∑
k=−n

k∑
j=−k

sgn(k)(k(3k + 1)/2− j2)(−1)k+jqk(3k+1)/2−j2 , n odd,

1

4

n−1∑
k=−n

k∑
j=−k

sgn(k)(−1)k+jqk(3k+1)/2−j2 , n even,

(3.7)
and

n−1∑
k=0

(q2; q2)kq
k+1

=



−1

n2

n−1∑
k=−n

k∑
j=−k

sgn(k)(k(3k + 1)/2− j2)(−1)k+jq−k(3k+1)/2+j2 , n odd,

1

4

n−1∑
k=−n

k∑
j=−k

sgn(k)(−1)k+jq−k(3k+1)/2+j2 , n even.

(3.8)

Proof. Applying Lemma 2.4 with b → ∞ and c = −q, we find that if (αn, βn) is a Bailey pair
relative to q, then

n−1∑
k=0

(−q)k(q
1−n)k(−1)kqnkβk =

(−q)n−1

(q2)n−1

n−1∑
k=0

(q1−n)k
(q1+n)k

qnk(−1)kαk. (3.9)

If we use the Bailey pair (2.9) and argue as usual, we obtain (3.7).
Now we take Lemma 2.7 and insert the Bailey pair (2.10). If q is a primitive nth root of

unity, this leads to

n−1∑
k=0

(q2; q2)k(−1)kq−k2−2k−1

=



−1

n2

n−1∑
k=−n

k∑
j=−k

sgn(k)(k(3k + 1)/2− j2)(−1)k+jqk(3k+1)/2−j2 , n odd,

1

4

n−1∑
k=−n

k∑
j=−k

sgn(k)(−1)k+jqk(3k+1)/2−j2 , n even.

Replacing q by q−1 gives (3.8). □
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We conclude with (1.3), which will follow from the proposition below combined with (3.8).

Proposition 3.4. If q is a primitive odd nth root of unity, we have

∑
n≥0

(q; q2)n =
−1

n2

n−1∑
k=−n

k∑
j=−k

sgn(k)(k(3k + 1)/2− j2)(−1)k+jq−k(3k+1)/2+j2 .

Proof. Inserting (2.11) into Lemma 2.8 gives that for q any primitive nth root of unity,

n−1∑
k=0

(q; q2)k(−1)kq−k2 =
(−q)n−1

(q)n

n−1∑
k=0

(−1)kq
k(3k+1)

2 (1− q2k+1)
k∑

j=−k

(−1)jq−j2 .

When q = ζn, a primitive odd nth root of unity, we obtain

n−1∑
k=0

(q; q2)k(−1)kq−k2 = lim
q→ζn

1

n(1− qn)

n−1∑
k=0

(−1)kq
k(3k+1)

2 (1− q2k+1)
k∑

j=−k

(−1)jq−j2

=
−q

n2

d

dq

∣∣∣
q=ζn

n−1∑
k=0

(−1)kq
k(3k+1)

2 (1− q2k+1)
k∑

j=−k

(−1)jq−j2

=
−1

n2

n−1∑
k=−n

k∑
j=−k

sgn(k)(k(3k + 1)/2− j2)(−1)k+jqk(3k+1)/2−j2 .

Replacing q by q−1 gives the desired result. □

4. Proofs of Theorems 1.1 – 1.4

In this section we use the Bailey chain to prove the generalizations of the identities of
Cohen and Bryson–Ono–Pitman–Rhoades contained in Theorems 1.1 – 1.4.

Proof of Theorem 1.1. We begin by applying Lemma 2.2 m − 1 times to the Bailey pair in
(2.8) for m ≥ 1. The result is the Bailey pair relative to q,

αn =
q(m+1)n2+mn(1− q2n+1)

1− q

n∑
j=−n

(−1)jq−j(3j+1)/2 (4.1)

and

βn = βnm =
∑

nm≥···≥n1≥0

qn
2
m−1+nm−1+···+n2

1+n1

(q)nm−nm−1 · · · (q)n2−n1

=
1

(q)nm

∑
nm≥···≥n1≥0

(q)n1

m−1∏
i=1

qn
2
i+ni

[
ni+1

ni

]
. (4.2)
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Inserting this into (3.3) and arguing as in the proof of (1.4), we find that for a primitive nth
root of unity q,

∑
n−1≥nm≥···≥n1≥0

(q)nm(q)n1q
nm+1

m−1∏
i=1

qn
2
i+ni

[
ni+1

ni

]

=
−1

n

n−1∑
k=−n

k∑
j=−k

(
mk2 + (m− 1)k − j(3j + 1)/2

)
qmk2+(m−1)k−j(3j+1)/2(−1)j .

(4.3)

Next we apply Lemma 2.3 m− 1 times to the Bailey pair in (2.7). The result is the Bailey
pair relative to q,

αn =
q−(m−1)n2−mn(1− q2n+1)

1− q

n∑
j=−n

(−1)jqj(3j+1)/2 (4.4)

and

βn = βnm = (−1)nmq−(
nm+1

2 )−nm
∑

nm≥···≥n1≥0

q−nmnm−1−nm−1−···−n2n1−n1(−1)n1q(
n1+1

2 )

(q)nm−nm−1 · · · (q)n2−n1(q)n1

=
(−1)nmq−(

nm+1
2 )−nm

(q)nm

∑
nm≥···≥n1≥0

(−1)n1q(
n1+1

2 )
m−1∏
i=1

q−nini+1−ni

[
ni+1

ni

]
. (4.5)

Inserting this in (3.3) and arguing as usual gives that for a primitive nth root of unity,

∑
n−1≥nm≥···≥n1≥0

(−1)nm+n1q−(
nm+1

2 )+(n1+1
2 )(q)nm

m−1∏
i=1

q−nini+1−ni

[
ni+1

ni

]

=
−1

n

n−1∑
k=−n

k∑
j=−k

(
mk2 + (m− 1)k − j(3j + 1)/2

)
q−mk2−(m−1)k+j(3j+1)/2(−1)j .

Now, in the above we let q = 1/q and invoke (1.7) along with the fact that[
n
k

]
q−1

=

[
n
k

]
qk

2−nk.

The result is ∑
n−1≥nm≥···≥n1≥0

(−1)n1q−(
n1+1

2 )(q)nm

m−1∏
i=1

qn
2
i+ni

[
ni+1

ni

]

=
−1

n

n−1∑
k=−n

k∑
j=−k

(
mk2 + (m− 1)k − j(3j + 1)/2

)
q(m+1)k2+mk−j(3j+1)/2(−1)j .

Comparing with (4.3) now gives the result. □

We now turn to the proof of Theorem 1.2, which follows a similar principle.
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Proof of Theorem 1.2. We start with the same Bailey pair as in the proof of Theorem 1.2,
that is the (αn, βn) given in (4.1) and (4.2), but now we insert it into (3.6). The result is

n−1∑
nm=0

(−q)nm(q
1−n)nmq

nm+1 1

(q)nm

∑
nm≥···≥n1≥0

(q)n1

m−1∏
i=1

qn
2
i+ni

[
ni+1

ni

]

= −(−q)−n (−q)n−1

(q)n

n−1∑
k=0

(q1−n)k
(q1+n)k

(−1)kqnk+mk2+(m−1)k(1− q2k+1)
k∑

j=−k

(−1)jq−j(3j+1)/2.

Arguing as usual, we get that for a primitive even nth root of unity q,∑
n−1≥nm≥···≥n1≥0

(−q)nm(q)n1q
nm+1

m−1∏
i=1

qn
2
i+ni

[
ni+1

ni

]

= lim
q→ζn

−(−q)n−1

n(1− qn)

n−1∑
k=0

k∑
j=−k

(−1)j+kqmk2+(m−1)k−j(3j+1)/2(1− q2k+1)

=
1

4

n−1∑
k=−n

k∑
j=−k

sgn(k)(−1)j+kqmk2+(m−1)k−j(3j+1)/2. (4.6)

Now we take the Bailey pair of (4.4) and (4.5) and insert it into (3.6). This gives∑
n−1≥nm≥···≥n1≥0

(−q)nm(−1)n1+nm(q1−n)nm

q1−(
nm+1

2 )+(n1+1
2 )

(q)nm

m−1∏
i=1

q−nini+1−ni

[
ni+1

ni

]

= −(−q)−n (−q)n−1

(q)n

n−1∑
k=0

(q1−n)k
(q1+n)k

(−1)kqnk−mk2−(m+1)k(1− q2k+1)
k∑

j=−k

(−1)jqj(3j+1)/2.

Dividing both sides by q and rearranging, we obtain that for a primitive even nth root of
unity q, ∑

n−1≥nm≥···≥n1≥0

(−q)nm(−1)n1+nmq−(
nm+1

2 )+(n1+1
2 )

m−1∏
i=1

q−nini+1−ni

[
ni+1

ni

]

= lim
q→ζn

(−q)n−1

n(1− qn)

n−1∑
k=0

k∑
j=−k

(−1)kq−mk2−(m−1)k(1− q−(2k+1))(−1)jqj(3j+1)/2

= −1

4

n−1∑
k=−n

k∑
j=−k

sgn(k)(−1)j+kq−mk2−(m−1)k+j(3j+1)/2.

Letting q = 1/q in the above gives∑
n−1≥nm≥···≥n1≥0

(−q)nm(−1)n1+nmq−(
n1+1

2 )
m−1∏
i=1

qn
2
i+ni

[
ni+1

ni

]

= −1

4

n−1∑
k=−n

k∑
j=−k

sgn(k)(−1)j+kqmk2+(m−1)k−j(3j+1)/2.

Comparing with (4.6) now gives the result. □



12 JEHANNE DOUSSE AND JEREMY LOVEJOY

Proof of Theorem 1.3. We begin by applying Lemma 2.2 m − 1 times to the Bailey pair in
(2.9) for m ≥ 1. The result is the Bailey pair relative to q,

αn =
qn(3n+1)/2+(m−1)(n2+n)(1− q2n+1)

1− q

n∑
j=−n

(−1)jq−j2

and

βn = βnm =
1

(q)nm

∑
nm≥···≥n1≥0

(q)n1

(−q)n1

m−1∏
i=1

qn
2
i+ni

[
ni+1

ni

]
.

Inserting this into (3.9), letting q be a primitive nth root of unity, and calculating as usual,
we obtain ∑

n−1≥nm≥···≥n1≥0

(−qn1+1)nm−n1(−1)nm(q)n1

m−1∏
i=1

qn
2
i+ni

[
ni+1

ni

]

=



−1

n2

n−1∑
k=−n

k∑
j=−k

sgn(k)(k(3k + 1)/2 + (m− 1)(k2 + k)− j2)

×(−1)k+jqk(3k+1)/2+(m−1)(k2+k)−j2 , n odd,

1

4

n−1∑
k=−n

k∑
j=−k

sgn(k)(−1)k+jqk(3k+1)/2+(m−1)(k2+k)−j2 , n even.

(4.7)

Note that for m > 1 the multisum on the left-hand side above does not truncate at odd roots
of unity without the upper bound n− 1.

Next we let q = q2 and apply Lemma 2.2 m − 1 times to the Bailey pair in (2.10). The
result is the Bailey pair relative to q2,

αn =
q2mn2+(2m−1)n(1− q2n+1)

1− q

n∑
j=−n

(−1)jq−j2

and

βn = βnm =
1

(q2; q2)nm

∑
nm≥···≥n1≥0

(q2; q2)n1

(−q2)2n1

m−1∏
i=1

q2n
2
i+2ni

[
ni+1

ni

]
q2
.

Inserting this pair into Lemma 2.7, we obtain∑
n−1≥nm≥···≥n1≥0

(−q2n1+2)2nm−2n1(q
2−2n; q2)nm(−1)nm(q2; q2)n1

(q2; q2)nm

× qn(2nm+1)−(nm+1)2
m−1∏
i=1

q2n
2
i+2ni

[
ni+1

ni

]
q2

=
(−q)n−1

(q)n

n−1∑
k=0

k∑
j=−k

(q1−n)k
(q1+n)k

(−1)k+jqnk+k(3k+1)/2+(2m−2)(k2+k)−j2(1− q2k+1).
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Now we wish to let q be a primitive nth root of unity. On the left-hand side, if n is odd,
then q2 is also a primitive nth root of unity and so

(q2−2n; q2)nm

(q2; q2)nm

= 1.

If n is even, then this term takes the form 0/0 when nm ≥ n/2. But then either n1 ≥ n/2, in
which case (q2; q2)n1 = 0, or n1 < n/2, in which case (−q2n1+2)2nm−2n1 = 0. So this is never
an issue (and in fact, the sum actually truncates at n/2− 1). The right-hand side evaluates
as usual, and we obtain

∑
n−1≥nm≥···≥n1≥0

(−q2n1+2)2nm−2n1(−1)nmq−(nm+1)2(q2; q2)n1

m−1∏
i=1

q2n
2
i+2ni

[
ni+1

ni

]
q2

=



−1

n2

n−1∑
k=−n

k∑
j=−k

sgn(k)(k(3k + 1)/2 + (2m− 2)(k2 + k)− j2)

×(−1)k+jqk(3k+1)/2+(2m−2)(k2+k)−j2 , n odd,

1

4

n−1∑
k=−n

k∑
j=−k

sgn(k)(−1)k+jqk(3k+1)/2+(2m−2)(k2+k)−j2 , n even.

(4.8)

Comparing this with (4.7) at m 7→ 2m− 1 gives the result. □

Proof of Theorem 1.4. Apply Lemma 2.2 m−1 times with q = q2 to the Bailey pair in (2.11).
We obtain the following Bailey pair relative to q2:

αn =
q2n

2
(1− q4n+2)

1− q2

n∑
j=−n

(−1)jq−j2

and

βn = βnm =
1

(q2; q2)nm

∑
nm≥···≥n1≥0

(q; q2)n1

(−q)2n1

m−1∏
i=1

q2n
2
i+2ni

[
ni+1

ni

]
q2
.

Inserting this pair into Lemma 2.8, and taking q to be a primitive nth odd root of unity leads
to

∑
n−1≥nm≥···≥n1≥0

(−q2n1+1)2nm−2n1(−1)nmq−n2
m(q; q2)n1

m−1∏
i=1

q2n
2
i+2ni

[
ni+1

ni

]
q2

=
(−q)n−1

(q)n

n−1∑
k=0

k∑
j=−k

(−1)k+jqk(3k+1)/2+(2m−2)(k2+k)−j2(1− q2k+1).
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Arguing as usual gives∑
n−1≥nm≥···≥n1≥0

(−q2n1+1)2nm−2n1(−1)nmq−n2
m(q; q2)n1

m−1∏
i=1

q2n
2
i+2ni

[
ni+1

ni

]
q2

=
−1

n2

n−1∑
k=−n

k∑
j=−k

sgn(k)(k(3k + 1)/2 + (2m− 2)(k2 + k)− j2)

× (−1)k+jqk(3k+1)/2+(2m−2)(k2+k)−j2 .

Comparing this with (4.8) gives the result. □
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