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Abstract

Using a result of Warnaar, we prove a number of single- and multi-sum identities in the spirit of Ramanujan’s
partial theta identities, but with partial indefinite binary theta functions in the role of partial theta functions.
We also calculate the corresponding residual identities and use a result of Ji and Zhao to recast our identities
in terms of indefinite ternary theta functions.
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Bailey pairs.

1. Introduction

Among the most fascinating identities in Ramanujan’s lost notebook are those featuring
partial theta functions, such as [5, Entry 6.6.1]

j{j(q
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"ng
1 —a Zan n +n aq q/a Za?erl 3n? +2n(1 _ aq2n+1) (1.1)
n>0

or [5, Entry 6.3.11]
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Z(q’ ¢)nd (1-a Zaq (CE;Z/L)Z(—D a2rtlgnim,
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Here and throughout we use the usual ¢-hypergeometric notation,

n—1

(ala az, ... aak‘)n = (a17a27 ceey QS Q)n = H(l - alq])(l - a2qj) e (1 - ak’qj)7
7=0

valid for n € NU {oo}.

This research was supported by the International Research & Development Program of the National
Research Foundation of Korea (NRF) funded by the Ministry of Education, Science and Technology(MEST)
of Korea (NRF-2014K1A3A1A21000358), and the STAR program number 32142ZM.

© XXXX Australian Mathematical Society 0263-6115/XX $A2.00 + 0.00



The hidden structure behind Ramanujan’s partial theta identities was revealed by Warnaar
[26], who showed that if (au,, 8,) is a Bailey pair relative to ¢, then

@y (Dt )
Z (a>n+1(Q/a)nﬁn =(1-q) Z 1 — g2ntl Qn
n>0 1 n>0 (17r)n(1 T‘(2n+1)) (1.2)
Z(—l)r—s—larq(;) Z q - q23+1 o

t
(4% a,q/a)00 & =

Recall that («u,, 8y,) is said to be a Bailey pair relative to a if

n

Bu=3 (1.3)

k=0 (Q)nfk(GJQ)nJrk '

(For a history of Bailey pairs and their classical applications, see [4] or [25].) The right-hand
side of (1.2) tends to simplify nicely when o, contains the special factor (1 — ¢?"*1)/(1 — q)
and an appropriate quadratic power of ¢, which is indeed the case for a large number of known
Bailey pairs. This leads to all of Ramanujan’s partial theta identities and it also naturally
embeds them in infinite families. For example, one has [26, Theorem 1.1]

Z (q)2nq" Z q

n?_ +ng_1+-+ni+ng

_ (1 o a) Z anqkn2+kn

n>0 (ag,q/a)n RS> > >n1 >0 (Q)n—nk_l “(Dna—n1 (Dna 7>0 (1.4)
2k )
)i+l (3) (i 2k+1 (2k+1)n kn((2k+1)n+23)
+(q’aq7q/a)w;( ) atq\j(q" q )%a q ,

which reduces to (1.1) when k = 1. Here we have employed the Jacobi theta function

i@, q) = (2,9/7,q)oc-

For much more on this, see Warnaar’s paper [26]. For further applications of Warnaar’s
ideas and applications to conjugate Bailey pairs, see [20]. For extensive background on the
partial theta identities in Ramanujan’s lost notebook, see [5, Chapter 6]. For applications of
Ramanujan’s identities to rank differences for unimodal sequences, see [14, 15].

For partial theta functions beyond the world of g-hypergeometric identities, we refer to
recent papers of Kostov [16]-[18], including his resolution of the Hardy-Petrovitch-Hutchinson
problem with Shapiro [19], and to recent work of Sokal [24] and Prellberg [23] on positivity
conjectures involving partial theta functions.

In this paper we prove identities in the spirit of Ramanujan and Warnaar, but with
indefinite theta functions and their partial analogues occurring in place of some of the theta
and/or partial theta functions. We refer to these as partial indefinite theta identities. The
basic idea is to use Bailey pairs with indefinite quadratic forms in (1.2), though we shall
see that the simplification of the final term is considerably more involved than with classical
partial theta identities. We begin by presenting three single-sum identities, which we prove
in the following section.



THEOREM 1.1. We have

Z ( (q)ann _ (1—(1) z (_1)7~ar'§sqgrs+%r+s

n>0 q/a)n r,s>0
r=s (mod 2)
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The double sums on the right-hand sides above can also be written in terms of Lambert
series, but we keep the two-variable expression in order to emphasize the connection with the
indefinite theta series, defined for ac < b* by

fa7b,c($,y,Q) = Z — Z (_ r+sxrysqa( )+b7~5+c( )

r,s>0 r,s<0

Partial and complete versions of these series feature in greater generality in our multisum
identities, which we obtain using two different types of Bailey pairs. The first are special
Bailey pairs from [21] and the second arise from classical iteration methods. This results in
identities like the following, each of which can be reduced to (1.5) when k = 1.

THEOREM 1.2. For k a positive integer and 0 < £ < k we have
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where

Hy (i) == frapssn (@ g R ) 4 PPRTE g1 (g PTIREE g) 0 (1.9)



THEOREM 1.3. For k a positive integer we have

Z ( (Q)2nq Z q

n>0 aqg, Q/a)n n>ng_1>>n1>0 (q)n_nk—l e (Q)nz—nl

n?_ +ng_1+-+nitng

_ (1 i a) Z (_1)1”@”55qi(kfl)r2+%(k+2)rs+i(k71)32+%kr+%(k+1)s

r,s>0
r=s (mod 2)
1 2k+2 o (_+1) 00 ) ) .
+ (_1)zazq > ) gl (Z) a(2k+2)rq(2k +3k+1)r*+(2k+1)ir
(4,04,4/a)00 ( ; g TZ_O (1.10)
+ Z (_1)i+nai+(2k+2)an1 (k,i,n,b)j(q3n+i+b, q2k71)
1<i<2k+2
0<n<2k—2
1<b<2
% Z a(2k+2)((2k71)r+m)qR1 (k,i,n,b,r,m)) 7
r>0
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where
Hy (i) == for—12k4520—1(¢ T2 2% )
+ q2+2k+if2k71,2k+5,2k71(qi+4k+3a qi+4k+2, a), (1.11)
4+ 1
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—(214—1)(”;1) —(b+i+3n)(n+1),

Ry(kyi,n,byrym) i= 4(k* — 1) (k + 1)(2k — 1)r? + 2(4k? — 1)(k + 1)rm + (2k + 1) (k 4 1)m?
+2(k + 1)((4k* — H)n + (2k — 2)i — b)r + (2k + 1)((2k + D)n + i)m.

It is worth taking a moment to compare the partial indefinite theta identities in equations
(1.8) and (1.10) above with the partial theta identity in (1.4). Note that the first terms on the
right-hand sides of (1.8) and (1.10) are partial indefinite theta functions, while the first term
on the right-hand side of (1.4) is a partial theta function. Also note that the second terms
on the right-hand sides of (1.8) and (1.10) involve (complete) indefinite theta functions while
the the second term on the right-hand side of (1.4) involves ordinary Jacobi theta functions.
The final term in (1.10) does not appear in either (1.4) or (1.8). Although it is notationally
heavy due to its generality, it is merely a finite sum of products of Jacobi theta functions with
partial indefinite binary theta functions.

We prove Theorem 1.2 in Section 3 along with some similar results, and in Section 4 we
prove Theorem 1.3 and two related results. See Theorems 3.1-3.3 and Theorems 4.1-4.2. We
explicitly state several cases when k = 2.

In Section 5 we use a result of Ji and Zhao [13] to recast all of the partial indefinite theta
identities from Sections 1-4 in terms of indefinite ternary theta functions. In doing so, we
lose the first partial indefinite theta term on the right-hand side but gain considerably in
simplicity. See Propositions 5.1-5.10.

We close in Section 6 by computing the residual identities associated to each of the partial
theta identities in the first part of the paper.



2. Proof of Theorem 1.1

In this section we prove the three identities in Theorem 1.1 along with some similar
identities. Before getting started, we record some relations for indefinite theta series from
[10, Section 6.1].

fa,b,c(JUay’Q) = fa,b,c(y>x7Q)) (213‘)
_ _qa+b+c 2a+b 2¢+b 21b
- Ty fa,b,c(q /x7q /y7Q)7 ( . )
= —Yfape(@r, ¢y, q) + (z,q%), (2.1c)
= —2fapc(q"2,q"y, @) + 7 (v, ¢°). (2.1d)

We also note that for n € Z and any «,

(~1)"qEa"j(x, q). (2.3)

)
~
I

2.1. Proof of (1.5) We begin with the Bailey pair [3, Theorem 4 and Lemma 7]

1—q2n+1 nz n n Ty
S U e 37 (i (2.4

j=—n

B =1. (2.5)

Substituting this into (1.2) we obtain

Z ((q)2nq” =(1—a) Z (_1)n+janq3n(n+1)/2—j(3j+1)/2

=5 (ag, /a)n =
l7]<n
1 r+1 . 2 . .
72(_1)7"(17"(]( o ) Z ((_1)]q(1—r)n+2nr+2n +n—7j(35+1)/2
(4,04, 4/ a)oc =

lil<n

_ (_1)jq(1fr)nfr+2n2+nfj(3j+1)/2) _

In the first sum on n and j we let n = (u+v)/2 and j = (u — v)/2. This gives the first term
on the right-hand side of (1.5). In the second term on the right-hand side we let n = (u+v)/2
and 7 = (u —v)/2 in the first summand and n = (—u — v — 2)/2 and j = (u — v)/2 in the
second summand. The sum on r,n, and j then becomes

o0
Z<—1>T“’"q@1)< > - X )<—1>“z“qéu2+év2+1w+:iu+2v+;m+;w.

r=1 u,v>0 u,v<0
u=v (mod 2) u=v (mod 2)

Letting (u,v) = (2u,2v) or (2u + 1,2v + 1), this can be written

[e.o]

r4+1
S 0a s (frra@ 2 d g F a i@ T, ).

r=1



To finish the proof of (1.5), we will show that

H(r) = fi71(d ¢, 0) + ¢ fi71(¢"0, ¢, q)

= (~1) 72 (") ()2 x(r is 0dd).

We begin with the periodicity
H(r)=q™H(r + 4),

which follows from

H(r)—q¢ ™ H(r +4)
= fura(@® 67, 0) = ¢ fraa(dTL ¢ g)
=~ fira(@® d T 0) — P frra (@, 60 )

— q12+27”f177,1(q10+7‘7qll—&-r’ q) o q12+2rf1’7’1(q11+r7 q10+7" q)
=0.

Next we have
H(r)=—¢""H(A-r),

which follows from

H(T) = f1,7’1(q2+r’ (]3+T, Q) + q4+7‘f1’7’1(q7+r’ (]6+T, Q)

=" 1@ )~ a3 )
=q "H(-r)
=—q""H(4~7)

Now we calculate H(i) for 0 <1i < 4. First, by (2.1b) we have
firala® ¢, q) = —¢" fza(d® " a),
so H(0) = 0. Second, H(2) =0 by (2.8). Third, we have

eH(1) = qf171(¢* ¢*,9) + ®fi71(d", % q)
=qfi71(¢*,¢" q9) — fir1(d* ¢, 9)
= _(q)<2>o7

(2.6)
(2.7)
by (2.1c
by (2.1d)
(2.8)
by (2.1b)
by (2.7).
by (2.1b)

from [22, Eqn. (1.13)]. Finally, (2.8) gives H(3) = ¢~3(¢)% . Induction using (2.7) gives (2.6),
O

completing the proof of (1.5).

Before continuing, we remark that the first sum on the right-hand side of (1.5) with a = 1

is the generating function for 3-core partitions,
(4% 43
(9)oo
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This follows from

Z (_1)rq37’5/2+7’/2+s _ Z q67"s+s+27” o Z q67“s+55+4r+3

r,5>0 r,s>0 r,s>0

r=s (mod 2)
Z B q5n+3 >
- — 6n+1 _ Bt
n>0 1 q 1 q

qn q2n+1 q5n+3
- §>:0 (1 B N T S q6n+4>
_ i B q2n+1
= \1- q3n+1 1 g3n+2
_ (@)%
(G0

where we use [12, Theorem 1] for the last equality.

2.2. Proof of (1.6) For the proof of (1.6), we begin with the Bailey pair from (5.7) of [3],

B (1 _ q2n+1)qn(3n+1)/2 n 9

1—gq Z <_1)jq7j ) (29)

j=—n

B = . (2.10)

Plugging this Bailey pair into Warnaar’s identity and simplifying the right-hand side as in
the previous subsection, we obtain

ZM — (1 _ CL) Z (_1) ar-;eq

= (ag,q/a)n 52
r=s (mod 2)
(Q)oo (’"‘H) +2 +2 r+3 r+5 _r+5
+ -1 fisa(@ a7 )+ 4" fisa(d T d0,q))
(aq,q/a, —q) 2 (~1)a (fi5:1(a ) ( )

r>1
To finish the proof of (1.6), we will show that

H(r) = fis1(d ¢ 0) + ¢ P fis1(d,¢, q)
—q RERAD2ZL i = 3k + 1,

- q)3 2.11
_ (égf Zl;o o T T V) @10
T 0 ifr=0 (mod 3).
We begin with the periodicity
H(r)=q¢ B3H(r +3), (2.12)



which follows from
H) ~ q H( 43
= fi51(0" ¢, 0) =  fi51(¢", 78, q)
=~ fi510 7 0) — P fi51(d R q) by (2.1c)
= fi51(05, 0, 9) — #1500 R q) by (2.1d)
—0.

Now we calculate H (i) for 0 <14 < 2. First,

H(0) = fi51(d*.a*,a) + ¢ fr51(0° ", q)
=’ fi51(¢°, 4", 0) + & fr51(0°, 4", ) by (2.1b)
=0.
Second, using the periodicity (2.12) and equation (5.5) of [3], we have

H2)=q*H(-1)=q*(fis1(¢:9,9) + @ fr51(¢*,¢" 0)) = ¢*(0)%(¢; ¢*) o-

Finally, we have

H(1) = fisa(ea®.a® a) +a fi51(¢% 0% q)
= —afi51(¢",¢",0) — ¢ fr51(0:4,9) by (2.1b)
= —q 'H(-1)
= 07 (0)%(4: "o
Induction using (2.12) gives (2.11), completing the proof of (1.6). O

2.3. Proof of (1.7) After replacing ¢ by ¢? in the definition of a Bailey pair, from the
case (a,b,c) = (¢?,—1,q) of [6, Theorem 2.2] we have a Bailey pair relative to ¢2,

2n? 4An+2 n
g (1—g¢"") g2
S v (213)

j==n

Ay =

.2
= (q4;qi(§;j—)g; @) (2.14)

Inserting this into Warnaar’s identity (remembering to replace ¢ by ¢?) and using the
usual substitutions, we obtain

Z W =(1—-a) Z (—1)"a"s grstartas (2.15)

aq®,¢?/a;q?)n

n>0 r,5>0
r=s (mod 2)
1 > r+1
T & e ) S 170 U2 (a6 q) + ¢ Fagald™ ).
) ) ) o0 7’:1

As usual, define

H(r) = f262(* T, T, q) + ¢* ™ fa62(" T, "7, q).



To simplify the sum over r, we first note the periodicity
H(r) = ¢" " H(r +2) +2(-1)""'¢ " (g, ¢%), (2.16)
which follows routinely from the relations (2.1a)-(2.3) as follows,

H(r) = ¢ H(r +2) = foga(@2, 377, 0) — 02V fo60(¢"H27, g2 g)
— _q3+2rf2,6,2(q9+2ra q5+27’7 q) +j(q3+27” q2)
. q12+47"f276’2(q11+27“’ q11+27"q)
7q) _ q3+2rj(q
_,’_j(q3+27'” q2) o q12+47‘f276’2(q11+21"7 q11+27“’ q)
=i, ) + 5P, )

= 2(=1)" g D% (g, 82).

_1244r 114+2r 11427 5+4+2r 2
=q f2,6,2(q ' q ,q7)

Next we calculate H (1) and H(2). We have

H(2) = ¢ *H(0) +2¢°j(q,¢%) by (2.16)
=q Y fas2(0%, ¢ q) + fa62(d", 4", @) +2¢7%5(q, ¢%)
=q *f262(6% ¢ q) — ¢ fa6.2(d, ¢, @) + 2075 (q, ¢*) by (2.1b)
=2q°j(q,4%),
and
H(1) = q H(-1) — 2¢ %j(q,¢°) by (2.16)
=q ?f262(0,4,9) + fa62(a°,a°, ) — 24 %j(q,¢*)
= —Cfa62(¢°,¢°,9) — fo62(d°, 4%, q) — 247 % (q, 4%) by (2.1b)
2

=—H(1)—2¢ %j(¢.4%),

so that H(1) = —¢%j(q,4°).
We now apply the periodicity (2.16) to deduce that for r > 1,

|
-

T

H(2r) =2¢72" "2 j(q,¢%)Y ¢ %Y, (2.17)
=0
r—1
—or2 . _9:2
H2r—1)=-¢ " jl¢.,¢*) >, 7. (2.18)
j=—(r—1)



Thus the sum on r in (2.15) is

Z(_l)rarqr(rJrl)H(r)

r>1
r-l r—1
2 j2 2 D o
= j(Qa q2) Z azr_lq%‘ —2r Z q—QJ + 2a2rq2r -1 Z q—2] —2j
T‘Zl ]:*(Tfl) ]:0
= —j(q,q%) Y a¥ g
r>0
r T
+24(9,4%) Z a2 tlg2riter Z g2 4 g2l Z g%
r>0 =0 =

Letting » = r + j in the final two sums and then summing over j gives

Z(_l)rar e+ (1) = 2)Za2r+1 a2 (g 4 2 n 2aq* !
q =\ 4 q 1= a2q@+2 " 1= g2ghr+?

r>1 r>0
2r+1
— il 2 2041 272 42r L g
=7(¢:9) Z a q Tq?’”rl’
r>0
and this finishes the proof of (1.7). O

2.4. Further identities There are other simple Bailey pairs in the literature like the ones
considered so far, but it is not necessarily the case that these lead to identities as elegant as
those in Theorem 1.1. We close this section by giving one example which illustrates some of
the complications which may arise, and leave further investigations to the interested reader.

Consider the Bailey pair relative to ¢,

n?1 _ 2n+1 n L,
an = TEZE) S (a7, (219)
j=—n
—1)"
Brn = (;2;(])2)”, (2.20)

which is the case (a,b,c) — (¢, —1,0) of [6, Theorem 2.2]. If we insert this directly into (1.2),
then the first term on the right-hand side diverges. To remedy this, we need to move along
the Bailey chain. Recall (see [6], for example) that if («,, () is a Bailey pair relative to a,
then

al, = a"q" ay, (2.21)
. n ajqu
Br=> B; (2.22)

is also a Bailey pair relative to a. Thus we obtain a new Bailey pair relative to ¢,

2n2+n 1 — g2ntl n N
an = T S i, (223)

j=-n

" (_1)jqj2+j
= —_— 2.24
’ = (¢%6)j(@)n- (2.24)
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Now we may use Warnaar’s identity. Simplifying in the usual way we obtain

(=1)d 7" it (g), rts 12 Ly
Y BB iaga, =0 X aF (g
n>j>0 q797)j\9)n—5\Aa4q; 4/ A)n 50
r=s (mod 2) (225)
oo
'r‘+1

Y o ao /e (¢, aq q/a > (-1 ) (fo2(a ™, a7 2,0) + ¢ fosa(d™ T, a7 q)) -

’ ’ r=1

Define

G(r) = fos2(d ¢, q) + ¢ fa62(d" T a7 q).

Note that G(2r) = H(r), with H(r) defined in the previous subsection.
For the odd case, we will show that

G2r—1) = fas2(™ ¢, 0) + ¢ fas 2(a” 7,670, q)
= (=1"¢ "2 (@)oo (a5 ¢7)ox
We begin by noting that by (2.1c) and (2.1d) we have
G2r —1) = ¢ G2 +3) = fas2(d” 2,672, q) — ¢ fas2(a™ 10, 710, g) = 0.

We also note that

(2.26)

fos2(a* a*, @) = —a* fo6.2(¢% 4%, @) by (2.1b)
and
f62(6%, 6% q) = = fos2(¢*, 4% q) by (2.1b)
=q fa62(¢% q* q) by (2.1d)
= —¢"f262(¢", ¢'%, q). by (2.1c)

To show (2.26) then, it is enough to show that

G(1) = fasa(q".q" @) + @ fa6.2(¢% 6%, @) = =07 (@)oo (0*: %) oo
This is equivalent to showing that
: 2., 2
D=1 = ) = (@)oo(675 oo
n>0

l71<n

which is equation (3.16) in [2].
Returning to the even case, we use (2.17) and (2.18) to evaluate

ZCLquQr +7’G 27, Za2rq2r +rH( )

r>1 r>1
r—1 r—1
2 4r 6r2—1 —24j2-925 . 2 4r—2 6r2—6r+1 —2;52
)> a'q > ¢ —(q,6)) " > ¢
r>1 j=—r r>1 j=—(r-1)
T T
2 Ar4+4 6r2+12r+5—252—-24 . 2 4r4+2 6r2+6r+1—252
)> " > ¢y T (a,0%)) Y at g I
r>0j=—r+1 r>0j=—r

11



Now in the first sum we replace (r,j) by (“ts=1, u=t=1

(r,7) by (%%, %5%). We obtain

) and in the second sum we replace

. 2 2u+20+2 u+4uv+v2+3u+3v+1
ile.d?) a q

u,v>0
uZv (mod 2)

. 2 2u+20+2 _u2+4uv+v2+3ut-3v+1
i) D a q

u,v>0
u=v (mod 2)

: , ,
= —j(9,4%) Z (—1)utvg2ut2vt2gustduvtoi+dutdv bl

u,v>0

Combining this with (2.26), we obtain the following double-sum partial indefinite theta iden-
tity.

THEOREM 2.1. We have

T
Z (=1 g7 (@) oy, —(1-a) Z ar;s( 1)qur2+ rs+ls?43r43s
W50 (06%)(0)n—j(ag; a/a)n o
r=s (mod 2)
Z )a2r+L 3(”1) (2.27)
aq? q/a ’I‘>0
CL q q;9 Z u+v u2+4uv+vz+3u+3v
CLq Q/a u,v>0

3. Proof of Theorem 1.2 and related results

In this section we prove Theorem 1.2 and three related results, which we state below.
The proofs use four families of Bailey pairs with indefinite quadratic forms established by the
second author [21].

THEOREM 3.1. For k a positive integer and 0 < £ < k, we have

1

Z (Q)ann Z ( 1)nquz l(nk+l+nk+z) Z 1 NiNi+1— Zz 1m+(n12+1)(_q)nk
>0 (aq,q/a)n NNk 1 > >11>0 (Dn—nge_y *** (Dno—n1 (6% )m(_q)nk+1
—(1—a) Z (_1)7"@”"7“qkrs—I—%(k—é)r—i-%(k-&-l)r

r,s>0

r=s (mod 2)
k ()
+— G2 H2 ()
(¢, aq, Q/ a ; ket
x Z(_1)ra(2k+1)rq(2k:2+k’)r2+2kir(1 + a2k+1—2iq(2k2+k—2ki)(2r+1))7
r>0
where

HE (1) == frapsra (@"TH L @M ) 4 PR g1 (PP PP ) (3.1)

12



THEOREM 3.2. For k a positive integer and 0 < £ < k, we have

(@)2ng" (- 1)nqu’ S (0] gt + (M) = S mana =00y (M)
"22:0 m ”2”216122:'"2”120 (q>”_”2k—1 (@ng—ny (q2§ q2)n1
=(1—a) Y (F1)aF gDt G Dk s s
r,s>0
r=s (mod 2)

1 2k+-2 o in [e%9) 5 '
( H3 (i Za(2k+2)rq(2k+l)(k+l)r +(2k+1)ir

3 (~1yiatq(B) HE ()
r=0

_l’_ -
(¢,0q,9/0)00 =
+ 1 i ( 1)k+3i+£—1 i (i+1)_(k+i+£+l)2
-_ — 2 aq 2 2
(7(]’ ag, q/a)oo i—1
i;‘ék-l—f (mod 2)
(

X Z (_1)r(k+1) 2k+2)(r+m) (k—i—l)

r>0m>1
i(2k+1)m+(k+1) (i—k—L)r (1 i (_l)fqé((2r+1)(k+1)+i)> ’

24+2(k+1) (2k+1)rm+(k+1)(2k+1)m?2

xXq

where
H (1) = fouppo2 (@A TR0 ) + PP Ly gpap (PRI MR gy (3.2)

THEOREM 3.3. For k a positive integer and 0 < ¢ < k, we have
Z (Q)znq” Z (_1)nkq2f=1(”i+i+”k+i)*2§;11 "i”iﬂ*Zf:l N4 (_Q)nk
(Q)n—nzk (Q)n%—nzk—1 T (Q)nQ—m (Q)m (_Q)nk-u

a a
750 (/W s s 0
IEs Lr2 (k4 3)rstds?+(k— 30— D)r+(k+30+1)s

=(1-a) Z (—=1)"a =z g3

r,5>0
r=s (mod 2)
1 2k+3 ' +1 [e’9) , ,
B — (_1)2 ( H a(2k+3)r (2k +5k+3)r2+2(k+1)ir
(4,09, 9/a) ; kel 7220
1 k43 BBiogol (1) (ktistil)
DT algl 2

S
(_Q7 aqg, q/a)oo i—1

<)
r>0,m>1
r#Zk+i—¢ (mod 2)
q(4k2+10k+6)rm+(2k+3)(£+i—k)r/2+2(k+1)z‘m

(_1)(2k+1)r/2+ma(2k+3)(r+m)q(k2+3k+9/4)r2+(2k2+5k+3)m2

1 243 E+3itl ('+1) (k+‘+£+2)
b S ) (1) (e
(_Q7CLQa q/a)oo ;

<D
r>0,m>1
r=k+i+£ (mod 2)
(4k24+10k+6)rm—(2k+3) (—i+k+1)r/2+2(k+1)im
Y

(_1)(2k+1)r/2+ma(2k+3)(r+m)q(k2+3k+9/4)r2+(2k2+5k+3)m2

13



where

k—0+r+2
)

¢ Q) + T fy apan(PFTTE PMHTE0 ) (3.3)

Hyg (i) := foarta2(q

3.1. Proof of Theorem 1.2 Let 0 < ¢ < k. From [21, Theorem 1.1, K = k| we have that

a%k’z), 7(Zk,12) is Bailey pair relative to ¢, where
2
(ke qFTIERR (L — ) & )i g~ (2R +1)52+(2041)5)/2
oy = 1= (=1)’q
q =,
and

k—1 1 k—1 £
2 ("i+i+"k+i)+(nk2+ )*Zizl MiNip1— m(_l)”k

T S

n>ngp_1>>n1>0 (q)n_an—l e (q)n2_nl (q)nl

Note that when £ = 1 and ¢ = 0, the sum on n; in 67(11’0) is identically 1 by the g-binomial
theorem,

32 gl _ (=20)n
=0 ( (@n
and we have the Bailey pair used in Section 2.1.

We use the Bailey pairs aﬁf"’) and Bﬁf’e) in Warnaar’s identity (1.2). The left-hand side
and the first sum on the right-hand side of (1.8) are easily obtained. For the second sum on

the right-hand side, we have

1 r r (o i (1—7r)n r(2n n2+kn— j2 j
WZ(_D g7 (3) Z (—1)i (= (1 — gr@nt)y gkt e +hn—((2k+1)7°+(264+1)5)/2,
9,09,/ @)oc =
l7]<n

Carrying out the usual substitutions for n and j in terms of u and v (i.e. n = (u+v)/2,
j = (u—v)/2, and so on), the sum becomes

Z(—]_)TQTQ(T;—I)

r>1

% < Z _ Z >(_1)“2”q§u2+;v2+4‘ij3uv+u(;r+i+§k+§e)+v(;r+i+§k;z)’
u,v>0 u,v<0
u=v (mod2) u=v (mod 2)

which can be written in terms of the indefinite theta functions fqp.(x,y,q) (by replacing
(u,v) by (2u,2v) and then (2u+ 1,2v + 1)) as

S (1yrarg2 ) EL (), (3.4)

r>1

where H,il(r) is defined by (1.9).
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While this is a nice, clean expression, the infinite sum of indefinite theta functions is rather
undesirable. To eliminate this, we take advantage of the periodicity in these functions using
(2.1a)—(2.1d). We first note that

Hy(r) — T HL 2k +2+7)

_ 1+k—40+ 2+k+l+r 6k+6+27 5k+6+¢+r Sk+5—{¢+r

= frar+3.1(q "q ,q) —q Jrar+3,1(q .q 1 q)

_ 2+k+6+ 4+5k—0+ 3+k+6+ 6k+6+42 5k—+6+0+ 5k+5—£+

= —q "frak+31(q ".q ",q) —q " fiak+31(q ".q ",q)
_ _5k+6+2 5+5k—0+ 6-+5k-+£0+ 6k+6+2 5k-+6-4+0-+ 5k+5—0+r
=q " fiak+31(q "q "q)—q " fi,ak43,1(q ".q .q)

:0’

which implies that H} ,((2k + 2)r + i) = ¢~ @) 1] (i) for 1 < i < 2k +2. Thus,
upon replacing r by (2k + 2)r + 4 in (3.4), the sum becomes

2k+2 , o
> (—1)alq(2 ) HE (i) Y a@ke it i, (3.5)
i=1 r=0
Moreover, since
Frapss (@30 @M ) = —7 2 1gys 1 (6F TP T g)
= q—k—1—€f174k+371(q5k+5+e’ sl q)

_ 4k+4 5k+64+¢ Bk+5—4
= —q f1,4k+3,1(q » q 7q)7

we find that H},(2k +2) = 0. We also have H} (i) + ¢**"2 2 H] ,(2k + 2 — i) = 0 for
1 <i¢<Ek+1 from the fact that

Ithtlti  Ak—l4i N 2k4+2—2i 3ht3—0—i  Sktdrl—i
f1a643.1(q ‘.q 'q) = —q frak+31(q ‘,q )
and
A3kt0ti  3+3k—f4i N —2k—2-2i bt l—b—i ket 2l—i
fiak+31(q '.q ‘q) = —q ' f1,ak+3,1(q ‘.q ',q)

kte—3i Sktd—0—i  k+340—i
=q " f1ak+3.1(q '.q ,q)
 Ak+d—ai Skt5—0—i  Skt+6-+l—i
=—q *fran+3,1(q ‘,q '.q).

Note also that this implies that Hli,e(k' + 1) = 0. Thus, we can further simplify (3.5) to

k ) 00
Z(—l)iaiq(lgl) HI;E (Z) Z a(2k+2)rq(2k+1)r((kJrl)TJri)
i=1 r=0

k ) oo

4 Z(—l)”la%”*"q@l)H,;g(i) Z a(2k+2)rq(2k+1)(T+1)((k+1)(r+1)*i)
i=1 r=0

k ) 00 .
_ Z(—l)iaiq(lgl)Hé,e(i) Z a(2k+2)rq(2k2+3k+1)r2+(2k+1)ir(1 . a2k+2—2zq(2k+1)(2r+1)(k+1—z))'

=1 r=0

This completes the proof of Theorem 1.2. O
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3.2. Some special cases of Theorem 1.2 It turns out that H,;Z(z') is always modular.
This follows from a result of Hickerson and Mortenson [10, Theorem 1.3]. Using their formulas
together with classical methods for proving modular form identities, we find the following
simple infinite products when k = 2:

,)qq)

) 9

20. ,20
H3o(2) = ¢~ (9)oo (g j?qzoz(zg) ) ’
H21’1(1) =—q ( )oo]((; ) )(q q ),
4
H2171(2) =—q ( )Ooj((ZQE) ))(q q )

This gives the following two identities.

COROLLARY 3.4. We have

> (1) (g)ang™ 3t ("% ) mams
n>ng>ng>ng >0 (aq, Q/a)n(Q)n—n:s (Q)ns—nz (@ng—n1 (@)n,
=(1-a) 3 (DT

r,s>0
=s (mod 2)

(63,405,
AVIRE! r T T T
(aq( T ) ( Za4 +1,15 245 (1- atq'0C +1))

B EZ .C]/)a) (q (;q 5 Za4r+2q15r +1Or+1(1 a2q5(2r+1))
4,q/a)scj (4%, ¢? >0

and

(_1)712 (Q)2nqn+n§+n3+(n22+l)_n1n2—n1

D

n>ns>ng>ng >0 (aq, Q/a)n(Q)n—ns (Q)ng—nz (@ng—n1 (@)n,

=(1-a) 3 (DaFgrre

r,s>0
r=s (mod 2)
j(qu Z 4r+1 1572 +5r(1 . a4q10(2r+1))
(aq, q/a) ~ =

j(q 7q )J(q C] g2 15r24+10r4-2 2 5(2r+1)
— q 1—-aq .
O 2 ( )

3.3. Sketch of proof of Theorem 3.1 From [21, Theorem 1.4, K = k], we have that

av(@k’e), T(Lk’z) is a Bailey pair relative to ¢, where
((2k+1)n2+(2k—1)n)/2(7 _ 2n+1y ™
ko) . 4 (1—¢"") P k2t
o > -yt
j=-—n
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and

POl 11(”k+z+”k+l) PDriny "i”iﬂ_Zle”i+(n12+1)(—1)nk(_Q)

@(LIM) — Z q

n>nok_1>>n1 >0 (q)nfnﬂcfl e (q)nQ*nl (qz’ qZ)nl (_q)nk+l

Nk

Again using the ¢g-binomial theorem, we have that B(l 0 =1 /(

—Q)n, so that the case k =1
and ¢ = 0 corresponds to the Bailey pair in Section 2.2.

Using these Bailey pairs in (1.2), the first two terms give the first two terms in Theorem
3.1 while the final term is equal to

1 2 . 2
Z( 1)+, 7“ Z q (1—r) n (2n+1)) ((2k+1)n +(2k71)n)/2(_1)]q7k] —4j
(4,09, 9/a)0 =
lil<n
This can be written in terms of the f,;.(z,y,q)’s as
1 r+1
N 1)7a"q(s ) 12 3.6
arag aa)m 2T L, 3
r>1
where H? ,(r) is defined by (3.1). Then, as before, we easily see that
HEy(r) — FHTHE 2k + 1+ 7) =0.
Moreover, we find that H? ,(2k + 1) = 0. Thus, we can rewrite the sum in (3.6)
2k 1—0—1 [e’e) ) 5 '
Z(_l)l i sz Z r (2k+1 q(2k +k)r +2kir (37)
i=1 r=0

To simplify further, we now note that H,i[(i) +q2k+1*2iH,%’£(2k +1—-i)=0for1 <i<k
This is because

L bhtl4i  1+k—+i %h+1-2i Skt 2—0—i  3kt2-4l—i
frapsia (g R ) = — PRI e (PR TR PR

. q ;)
and

94 3htlti  248k—l+i N —2k—1-2i htl—l—i  fet140—i
fiak+11(q '\q ',q) = —q ‘frak+11(q ‘.q !

,q)
k3 Sht2—l—i k-t 2+l—i
= q " g1 2 (PP PR )

Akt-2—4i Sk+3—0—i Sk43+0—i
—q J1ak+1,1(q ,q ,q).

Thus, in summary, we find that (3.7) is equal to

k 00
Z(_l)z i (“5h) sz Z q(2k+1)r (2k2+k) 2+2kzr(1 4 g2kt 21q(4k2 —4ki+2k)r42k2+k— 2k1)
i=1 r=0

This completes the proof of Theorem 3.1. O
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3.4. Some special cases of Theorem 3.1 Once again the H,f’é(i) are always modular
and once again we have simple infinite products when k& = 2:

@36 ¢ (6 ¢

H3,(1) = : : : :
20(l) 7(a.4'9)j (g%, ¢%)j (g%, ¢*°)
H220(2) —_ _q—Q (q)go(qlo; qlo)go(QZO; qQO)OO
’ 3@, )i (d* ¢*0)j(¢°, ¢*°)’
H221(1) — _ —1 (q)ooj(qga QQO)
’ (_Q)oo ’
! 20)
2 (9 ::_qflﬁﬁaﬂ(q,q '
2,1( ) (*Q)oo
This gives the following two identities.
COROLLARY 3.5. We have
_ ni+1
2 (1) (@)ong™ 5 et () (),

n>ng>na>n1 >0 (aq, Q/a>n(Q)n—n3 <Q)n3—n2 (Q)nz—ru (q2§ q2)n1 (_Q)ng

_ (1 o a) Z (_1)rargs q2rs+r+s

r,s>0
r=s (mod 2)
(q)w(qlo; q10)c2>0(q20; q20)<>0 Z(_l)ra5r+1q10r2+4r(l + a3q12r+6)
(aq,q/a)00i(2:4")i( ¢ ¢*)i(a°, ¢*°) =
10. ,10\2 20. 20
_ (Q)oo(q ;4 )oo(q 5 q )oo Z(_1>ra5r+2q10r2+8r+1<1 + aq4r+2)

(aq,q/a)0j(a?, ") (q* ¢°)i(¢°, ¢*°) =

and

n2

> (=1)2(q)ang" 87—+ () (—g)
oyt 50 (44 4/@n(Dn-ns (Dns—nz (D)na—n1 (4% 6y (=D
— (1 - CL) Z (_1)7"01”55 q2rs+%r+%s

r,s>0
r=s (mod 2)

8 20
3%, q*") Z(_l)ra5r+lq10r2+4r(1+a3q12r+6)

(_Q7 aqg, q/a)oo >0

420
-7 ‘ZI(ZQ’ (;/C)L) Z(_l)r‘a5r+2q10r2+8r+2(l + agh ).
-4 ) 0 >0

3.5. Sketch of proof of Theorem 3.2 From [21, Theorem 1.2, K = k|, for 0 < ¢ < k,
(k,0)  ,(k,0)

ap ", By, is Bailey pair relative to ¢, where
(k+1)n2+kn 1 — g2n+1 n ) ) ]
k.l q ( q ) —kj2—2
047(1 )= 1y E (=1 g™ =4

j==n
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and

(—1)”kq f 11 (”k+z+”k+z)+(nk2+1)_Zfz_ll ”i”i+1_2fz1 ”i+(n12+1)

Brt= X

n2n2k712._2n120 (Q)n*n2k71 e (q)ngf’nl (q27 q2)n1

Note that the case k = 1 and £ = 0 corresponds to the Bailey pair in Section 2.4.
In Warnaar’s identity the first two terms are the first two terms in Theorem 3.2, as usual.
The final term is

1 r+1 r (1-7) n (2n+1) (k+1)n2+kn - i —kj2—tj
> (- G )q > (~1Yg Y
(9,9, /@)oo r>1 n>0 j=-n

This can be written in terms of the f,;.(z,y,q) as

MZ( v7a g2 B (), (3.8)
’ ’ > r>1

where H,ie(r) is defined by (3.2). Then, using relations (2.1a)—(2.1d), we find that
H ((r) = P HE 2k + 2+ 1) = j( @)+ (@ ),
which implies that
Hi (2k +2)r +1) = ¢ "SRR, ()

r
_ Z q—mr(2k+2) —mi+m(m—1)(k+1)
m=1

% ( i o =m) k)it q2) + gFH 2 r=m) (24 2) i q2)> _

Using this in (3.8), the sum becomes
2k+2 oo

> (-1)a iq(2) HE (i ) S Q2D g3k 1) e Dir
i=1 r=0
2k+2 2+1 o - ' r L (3'9)
_ Z Za(2k+2)rq2(k+l) 24 (k41) (2i+1)r Z q(k+1)m —im—(k+1)(2r+1)m
r=1 m=1

% <j(qk+2+(rfm)(2k+2)+i+£7 ) +j(qk+2+(r7m)(2k+2)+if£7qQ)) .

Note that j(gFt2Tr—m@k+2)+il 12y — 0 unless i + £ # k (mod 2). In the second sum in
(3.9), we make the change of variables 7 = 7 +m and then apply (2.3) with n =1+ r(k +
1)+ % and x = q. This gives j(q,¢?) times a finite sum of partial theta series,

2k+2 _ , . )
Z (_1) k+3127271 aiq(lgl)*( k+z;é+1) Z (_l)r(k+1)a(2k+2)(r+m)

i=1 r>0,m>1
iZk+¢ (mod 2)

% q(k+1)2r2+2(k+1)(2k+1)rm+(kz+1)(2k+1)m2+(k+1)(i—k)r+(2kz+1)im+£(1+kz)r
2k42 _ . ,
" Z (_1)%0@(151),(%)2 Z (_1)r(k+1)a(2k+2)(r+m)

r>0,m>1
z;‘ék+£ (mod 2)

% q(k+1)27‘2+(k+1)(2k+1)m2+2(k+1)(2k+1)Tm+(k+1)(i—k)r—l—(?k—l—l)im—((l-‘rk)r‘
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Combining this with the first part of (3.9) gives the desired result. O

3.6. Sketch of proof of Theorem 3.3 We now consider the Bailey pair relative to ¢ [21,
Theorem 1.3, K =k + 1]

k+3)n? k+1)n n n
o) g((hF3)n+(2k+1)n)/2(1 _ o2n+1) (_1)jq_((2k+1)j2+(2€+1)j)/2

1—gq

j=-n
and

qZ§:1(”i+i+”k+i)*Z§;11 "i”iJrl*Zfﬂ T4 (—1)nk (—q)
(D n—nop (D nop—nop—1 = (Dng—ny (Qny (_q)nk+1

Nk

0= Y

n2>ngg>nog—12>->n12>0

We follow the usual line of reasoning. Using these Bailey pairs in (1.2), we need to examine
the final term, which is equal to

L S ayrare Um0, (3.10)

(4,04, 4/a)o0
where H}iz(ﬂ is defined by (3.3). From the relations (2.1a)—(2.1d), we calculate that
Hygo(r) = 27T H 2k + 3+ 1) = (7275, %) + (¢ ),

which implies that

H;cl,f((Qk + 3)7" + Z) _ q—(2k+3)r(r+1)/2—irH;€17€(,L~)

. Z qur(2k+3) —mi+m(m—1)(2k+3)/2
m=1

% ( i qk+2+i—€+(r—m)(2k+3)’ q2) i j(qk+3+i+€+(r—m)(2k+3)7 q2)) ‘

Using this in (3.10), the sum is equal to

2k+3 ) 00
> (-1)d'g ) (1) D (=1) PR3 g2RE ok 2k 1)ir
=1 r=0
2k+3 oo
=3 (~1)iaiq(B) Y (1) QI g2 (GRS )3 (r+1) /2
r=1
,
~ qkm2+3M(m—1)/2—(k+i+3r+2kr)m
m=

1
% (j(qk+2+if€+(rfm)(2k+3), ) +j(qk+3+i+€+(rfm)(2k+3)7q2)) _

By shifting the summation (r by r +m) and using the periodicity of j function, we obtain
the desired identity. O

20



4. Proof of Theorem 1.3 and related results

In this section we prove Theorem 1.3 and two related results which we state below. The
proofs use Bailey pairs obtained by iterating the Bailey pairs in Sections 2.1 - 2.3 along the
Bailey chain. The two results below generalize identities (1.6) and (1.7).

THEOREM 4.1. For k a positive integer we have

Z (@)2nq" Z q
n>0 (Q(L q/a>n n>ng_1>>n1>0 (q)n—nk71 e (Q)n2—n1 (_q)nl
_ (1 _ a) Z (_1)raT'gSqi(k—l)r2+%(k+1)rs+i(k—1)52+%kr+%ks

r,s>0
r=s (mod 2)

2k+1 e
1 i i (HL . T r r ir
< Z (_1)za1q( 5 )le(l) Z(_l) a(2k+1) q(2k2+k) 242k (41)

+ -
(¢;aq,q/a)s0 \ = o

n?_ +ngp_14-+ni+n

+9 Z (_l)iai+(2k+1)an2(k,i,n)j(q2n+i+17 q2k:—1)

1<i<2k+1
0<n<2k—-2

> Z (_1)ma(2k+1)((2k—1)r+m)qR2(k,i,n,7",m)> 7

r>0
m>1

where

HE(i) == for—12k+326-1(¢"2F, ¢ q)

+ g TR o okrgon_1 (TR gL ), (4.2)

i+ 1
ot >+(2k2+k—1)n2+(2ik—2)n—z’—1,

Q2(k,i,n) = ( 5

Ro(k,i,n,r,m) == (4k? — 1)(2k + 1) (k — 1)r% 4+ (8k> — 2k)mr + (2k* + k)m?
+ ((4K* = 2k — 2)n + (2k — 2)i — 1)1 + 2k(2kn +n + i)m.

THEOREM 4.2. For k a positive integer we have

Z (q2; q2)2nq2n Z q2"%71+2nk71+'"+2”%+2n1 (q; qQ)nl
n>0 (aq2’ qz/a; q2)n n>ng_1>>n1>0 (q2; q2)n—nk_1 e (q2; qz)nz—nl (q4; q4)n1 (—q; q2)n1

_ (1 . a) Z (_1)Targsq%(kfl)T2+kT‘S+%(k71)52+%(2]671)7‘4’%(2]671)8

r,5>0
r=s (mod 2)
1 2k
Lo 2 2 )
+ (_l)zazqz +zH’iC’>(Z~) a2qu(4k —2k)r?+(4k—2)ir
(4% aq®, ¢*/a; ¢*)o (; ;0

) Z (_1)i+na2kn+ti3(k,i,n)j(q2n+2i+1’ q4k—2) Z a2k((2k—1)r+m) ng(k,i,n,r,m)> 7

1<i<2k r>0
0<n<2k—2 m>1
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where

HP (i) = fap—oabr2ar—2(g® T 41 g)

+ q4k+2if4k_274k+2’4k_2(q2i+8k—17q2i+8k—1’q)7 (4.3)
Qs(k,i,n) =% + i+ (4k — 2)in + (4k* — 2k — 1)n® — 2n — 2i — 1,
Rs(k,i,n,r,m) == (16k* — 24k> 4 8k*)r? 4 (16k> — 16k? + 4k)rm + (4k* — 2k)m?
+ (16k3n — 16k>n + 8k?i — 8ki — 2k)r + (8k*n — 4kn + 4ki — 2i)m

4.1. Proof of Theorem 1.3 Iterating (2.21) and (2.22) beginning with (2.4) and (2.5),
we obtain the Bailey pairs

2n+1 ) k+1)n?+kn

g
1—g¢q

k) = (1—¢

(=1)7gIGI+1/2

lil<n
and
n2  4ng_i1+--4+n?+n
k—1TTE—1 1T

= > 7

nznk_lzznlzo (q)nfnkfl U (q)n27n1 ‘

Using Warnaar’s identity, we have

Z ((Q)znqn ﬁr(Lk) =(1—a) Z (_1>n+janq(2k+1)(“;1)—j(3j+1)/2

= (ad,q/a)n =
lil<n
00 2 s
4+ ( p /a Z r+1 a’q Z q (1—r) n (2n+1)>q(k+1)n +kn Z (_l)jq—j(3]+1)/2_
q,aq,q —1 >0 lil<n

Using the usual substitutions, the first sum on the right becomes the first sum on the right
of (1.10) and the three-fold sum on the right can be written as

S (-1rarg)EL (), (4.4)

r>1

where H} (r) is defined by (1.11). Arguing as usual using the relations (2.1a)-(2.1d), we find
that

Hli( ) — q2+2k+TH1(2k‘ +2+7)=j(q" ‘*‘% 2’*? 1) +ilq +2k+1,q2k_1),
which implies that
H (2K + 2)r + i) = ¢ FHDrr+D)=ir frl

r

_ Z q (2k+2)mr+(k+1)m(m—1)—mi
m=1

% (j(q(2k+2)(r7m)+2k+z 2k— Y+ (g (2k+2)(rfm)+2k+i+17q2k71)).
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Using this in (4.4), we find that (after shifting » by r + m on the right-hand side)

2k+2 ) 00
Z(*l)TGTq(T;I)H]i (7") _ Z (*1)iaiq(l-§1)H,1 (’L) Z a(2k+2)rq(2k2+3k+1)r2+(2k+1)ir
r>1 i=1 r=0

2k+2 -
+ > (~1)*afg(2)
i=1
% Z a(2k+2)(r+m)q2(k+1)2r2+(2+6k+4k:2)rm+(1+3k+2k2)m2+(2k+1)im+(1+k)(2i+1)r
r>0,m>1
% (j(q(2k+2)r+2k+i7 q2k—1) +j(q(2k+2)r+2k+i+17q2k—1)> '

To use the periodicity of j function, we set » = (2k — 1)r +n. Then the second summand
on the right-hand side above equals

Z (_1)i+1ai+(2k+2)nq(i;1)+(1+k)(2i+1)n+2(k+1)2n2

1<i<2k+2
0<n<2k—2

% Z a(2k+2)((2k71)r+m)q2(k+1)2(2k71)2r2+4(k+1)2(Zkfl)rn+(2+6k+4k2)((2k71)r+n)m

r>0
m>1
% q(1+3k+2k2)m2+(2k+1)im+(1+k)(2i+1)(2k—1)r
% <j(q(2k+2)((2k—1)r+n)+2k+i’ q2k—1) +j(q(2k+2)((2k—1)r+n)+2k+i+1’ q2k—1)> '
Note that
j(q(21<;+2)((21<:—1)r+n)+2k+i+b—17 q2k—1>
_ _ (2k+2)r+n+1 _ . . . _
_ (_1)n+1q (2k—1)( N )q (b+z+3n)((2k;+2)r+n+1)](qz+3n+b7 q2k 1)’
where b = 1 or 2. Using this, after some simplification, we obtain the desired result. ]

4.2. A special case of Theorem 1.3 When k = 2 the H} (i) are modular and once again
we have simple infinite products:

4. 4\2
H (1) = gt Wl 0o 2( ; S — () > g,
(4%, 6%)oo =

2. .2\5
H}(2) = —q (@) y 4" = —%q‘Q <(q 0o (q)oo> :

= (@)so(q*: 4")%

Using
HI() + ¢ 2HY6 — i) = —¢ (" ¢®) + 25 (* 7, ¢P),

we obtain the following identity after some simplification.
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COROLLARY 4.3. We have

n qn%+n1

(Q)ann
2 (ag,q/a)n 2

— (1 o CL) Z (_1) T+ qZT 242rs+1 52+r+%s

n>0 n1=0 (@)n—n r,s>0
r=s (mod 2)
(q4§ q4)oo Z a6r+1q15r2+5r(1 N a4q20r+10)
(ag,q/a)oo (4% q*) o0
2. ,.2\5
(a%56%)2 . Za6r+2q15r2+10r+1(1 . a2q10r+5)

2(q, a9, 4/ @)oo (0% 4")3% 5

1 6r+2 15r24+10r+1 5r+42 2 10r+5
— a q (1 — 2aq +a
St afam 2

1 2a3¢1T+8 _ 9q4g20r+12 _ 2a4a20r+13)

_ 1 @Br+m)+1 q12r2+30m7’+15m2+5m+27‘—1
(aq’ Q/a)oo r>0,m>1
<1+aq5m+2r 1 —|—(12 10m+6r+a2 10m+8r+2+a3 15m—+12r+4

a4q20m+14r+4+a5 25m+187‘+7+a5 25m+20r+10)

4.3. Sketch of proof of Theorem 4.1 By considering the Bailey pair

_ 2nt1y,(5)+k(n?+n) o
(1—g™"" g2 S (1)

lil<n

(k) _
oy, ¢

and
(k) Z qni71+nk—1+"'+n%+n1
By’ = ’
n2ng_12--2n120 (q)nfnkfl o (q)m*nl(_Q)m
we find
(9)2nq" ) i on k()i
—== B :(1-@) (_1)71 i gnghn®+n)=j
;;0 (agq,q/a)n nz;o
l71<n
N 2 -r)n r(2n n n24n . 9
—i—( . /a Z r+1arq(2)zq(1 ) (1—g¢ (2 +1)>q(2)+k( +n) Z(—l)]q 7
q,aq,q r=1 n>0 in

Using the usual substitutions, the first sum on the right becomes the first sum on the
right of (4.1) and the three-fold sum on the right can be written as

S (=1yrang( ) HR (), (4.5)

r>1
where HZ(r) is defined in (4.2).
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Then, we calculate that
Hi(r) — ¢ M HR (2K + 1+ 7) = 25, %71,
and hence we find that
H%((?k? + 1)’/“ + ’L) _ q—(2k+1)r(r+1)/2—ier(Z~)

_9 Z q—(2k+1)mr+(2k+1)m(m—1)/2—mij(q(2k’+1)(r—m)+2k+i’ q2k—1)'

m=1

Using this in (4.5), we have that

2k+1 )
S (1 g H ) = 3 (<1 alql ) H (i) Y (—1) g2k
r>1 =1 r=0
2k+1 N
_9 Z ( 1)zazq(“§ ) Z( 1)ra(2k+1)rq(2k2+2k)7"2+'r(7“+1)/2
i=1 r=0

> Z qm(m— 1)/2+km2—(2k+1)(m—i)r—im+k(r—m)

m=1

Xj(q(2k+1)(r—m)+2k+i’ 2h-1),

q

By shifting the variable r by r 4+ m, the second summand on the right-hand side equals

2k+1 _
9 Z (_1)iaz’q(l-2-1) Z (_1)r+ma(2k+1)(r+m)
=1 r>0,m>1
% qr(r+1)/2+(2k2+2k)r2+(4k2+2k)mr+(2k2+k)m2+(2i+1)kr+2ikm+irj(q(2k+1)r+2k+i q2k71)

To use the periodicity of j function, we shift r by (2k — 1)r +n. Then, from (2.3), we observe
that

-(q(2k+1)((2k71)r+n)+2k+i q2k71) -(q(2k71)((2k+1)r+n+1)+2n+i+1

j Qkfl)

q

)

—1)”+T+1q—(2k—1)(<2’“+1)2T+n+1)

—(2n+i+1)((2k+1)r+n+1) ;

j (q2n+i+1 ’

2k71)
)

xXq q

which implies the desired identity after some simplification.

4.4. Sketch of proof of Theorem 4.2 By iterating Bailey pair (2.13) and (2.14), we
obtain a Bailey pair relative to ¢?,

2kn24+2(k—1)n(1 _ ,4n+2
K _ 4 (L—¢™") P
aft) = 7 > (g, (4.6)

TR q

o S smso (5 Pnni (650 (€456 )ni (=45 6%)ny

j=—n

2ni71+2nk,1+---+2n%+2n1( .2
G4 )
(4.7)

25



Plugging these to Warnaar’s identity and proceeding as before, the final term becomes

1 T r rr
@ adt, a2V TR (13)
) ) o] r>1

where H 1? is defined in (4.3). Then, by employing relations for f,; . function, we find that
H3(r) — g™ P (2k + 1) = 25 (¢ 12 ¢4+,

which implies that

T

H,?(Qk)?“ + ’L) _ q—QkT(r+1)—2iTHg(Z~) _9 Z q—4km7’+2km(m—1)—2mij(q4k(r—m)+4kz—1+2i’ q4k—2).

m=1

Therefore, after omitting the product, (4.8) is equal to

2k
Z(_l)iaiqﬁ—&-ng(i) Z a?qu(4k2—2k)r2+(4k—2)ir
i=1 r>0
2k
-9 Z(_l)z‘ a qi2+i Z q2k(r+m) q4k2r2+(8k2—4k)mr+(4k2—2k)m2+(4ki+2k)r+(4k—2)im
i=1 r>0,m>1
x j(q(4k—2)(r+1)+2r+2i+1’ q4k—2)
2k
Lo 2 5 )
— Z(_l)zazqz —HH(i) Zanrq(ZLk —2k)r?+(4k—2)ir
i=1 r>0
+2 Z (_1)i+na2kn+ti3(k,i,n)j<q2n+2i+l’ q4k—2) Z a2k((2k—1)r+m) ng(k,i,n,r,m)’
1<i<2k r>0
0<n<2k—2 m>1

where we set r = (2k — 1)r + n for the last equality and Qs(k,i,n) and R3(k,i,n,r,m) are
defined in the statement of the theorem.

5. The Ji-Zhao identity and three-variable indefinite theta functions

In this section we recast the partial indefinite theta identities from Sections 1-4 of the
paper in terms of indefinite ternary theta series. We define

ga,b,c,d,e,f(tra Y, 2, (_I) — Z + Z (71)r+s+txrystha(;)+brs+c(§)+drt+est+f(;) )
r,s,t>0  1,5,t<0

Special cases of this function have recently occurred in the study of torus knots [11] and
the Gromov-Witten theory of elliptic orbifolds [7], and as we shall see shortly, a number of
g-hypergeometric series can be expressed in this way. For a general theory of multivariable
indefinite theta functions, see [27].
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We make use of an identity of Ji and Zhao [13]. Arguing as in Warnaar’s proof of (1.2)
they proved that if (au,, 8,) is a Bailey pair relative to ¢, then

> ey Y (1+Zl<—1>"q<2><<aq"+l>’“+<q"+1/a>’">>-

2
n>0 aqg, Q/a)n (q , aq, Q/a’)OO n>0
(5.1)

Note that the left-hand side is the same as in Warnaar’s result but the right-hand side is
different.

We begin with identity (1.5). If we use the Bailey pair in (2.4) and (2.5) in (5.1), we
obtain

= (ag,q/a)n (4,09, 9/0)o0 15

l7]<n
r>0

1 . 2 o r
+ 1) g 2 +2n—](3]+1)/2+(2)+(n+1)r.
(¢, aq,q/a)c 2 (=Y !

Z ( (@)2nq" o 1 Z (_1)r+jarq2n2+2n—j(3j+1)/2+(§)+(n+1)r

n>0
li|<n
r>1

Letting n = (u 4 v)/2 and j = (u — v)/2 in the first sum and letting n = (—u — v — 2)/2,

j = (u—wv)/2, and r = —r in the second sum, we have
Z (9)2ng" 1
o D I R RN T s T e ey

r,u,0>0 rau,v<0
u=v (mod 2) u=v (mod 2)

Replacing (u,v) by (2u,2v) or (2u+ 1,2v 4+ 1) we arrive at the following.

PROPOSITION 5.1. We have

(@)2ng"™ 1
Z (aq qT;a) = (q,aq, ¢/) (91,7,1,1,1,1(6@27q37QaQ) + q491,7,1,1,1,1(aq67q7,q27(1))-
TLZO b n b b o0

We proceed to find the three-variable indefinite theta functions for the other identities in
the paper. The method is always the same, so we omit the details. Using the Bailey pairs in
(2.9), (2.10), (2.13), and (2.14) we have alternative versions of (1.6) and (1.7).

PROPOSITION 5.2. We have

2 n
497 )n(q)ng 1
E ( (aq)ga))n = (¢, aq,4/a) (91,5,1,1,1,1((1(12,(12,q7Q) +q39175,1,1,1,1(aq57q57q27Q))7
nZO ) n ) ) (0.)

()2 1 ( s s
,;) (0, Pl P (ot s P 202222000047 0)

+ q492,6,2,2,2,2(aq7, q7, q47 Q)) .
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The identities corresponding to those in Theorems 1.2 and 1.3 are contained in the fol-
lowing two results.

PROPOSITION 5.3. For k a positive integer and 0 < ¢ < k, we have

Z (Q)an Z

n>0 (aq, Q/a’)n n>nop_1>->n1>0 (Q)nfnz;c,l e (Q)ngfrq (Q)n1

1 (
= 91,4k+3,1,1,1,1(aq
(¢,0q,9/0)

(—1)m* qu:_f (2 A (%) = nini =305 e

k+1—¢ _k+2+¢
.q .4, q)

+ q2+2k

q 454

3k+3—¢ 3k+44+L 2
91,4k+3,1,1,1,1(aq ) >>

PROPOSITION 5.4. For k a positive integer we have

Z (Q)2nq Z q

n>0 (aqv Q/a’)n n>ng_1>>n1>0 (Q)n*nk,1 o (Q)ngfm
1 ( 2k
= 7~ \92k-1.2k 5,2k—1,1,1,1(aq q
(¢,09,4/9)0 * ’

n? _ +ng_1+-+ni4ng

21 q,q9)

242k 42 Ak+3 2
+q 92k—1,2k+52k—1,1,1,1(aq ,q ,q 7(1))-

Before stating the result corresponding to (2.27), note that inserting the Bailey pair in
(2.19) and (2.20) into (5.1) does not lead to a divergent series, unlike with (1.2). We iterate
(2.19) and (2.20) along the Bailey chain to obtain

kn2+(k—1)n(1 _ 2n+1) n

> (g7,

j==n

q q

ag(n) = 4

Br(n) = > g

n>ng_1>>n1>0 (Dn-np1 (Dng—n1 (%60,

n?_ +ngp_14-+ni+n (_1)n1

The result is

PROPOSITION 5.5. For k a positive integer we have

Z ((q)ann Z

a a
n>0 ¢4/ %lnznkfgz~znlzo

1 — —
:W(92k72,2k+2,2k72,1,1,1(aq% L q,9)
9 9 00

(_1)n1 qn%,1+nk—1+"'+n%+n1

(Q)n—nk,l e (q>n2—n1 (q2; q2)n1

+ ¢ gok—2. 2k 12.2k—21,1,1 (ag™* T ¢ ¢ Q)> :
When k = 2 the left-hand side is the same as in (2.27).

We turn to the three results stated in Theroems 3.1-3.3 at the beginning of Section 3. We
obtain the following indefinite ternary theta series versions.
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PROPOSITION 5.6. For k a positive integer and 0 < ¢ < k, we have

Z (Q)an Z

n>0 (G’Q7 q/a)n n>ngp_1>->n1>0 (Q)n—ngk_l o (q)nz—nl (q27 q2)n1 (_Q)nk_H

1 (
= 91,4k+1,1,1,1,1(aq
(9,a9,q/a)s

(1) A O e =Koyt (5 ()

Nk

k+1—¢ k+1+¢
.q 14, 9q)

142k
+q't 91,4k+31,1,1,1(aq

3k+2—¢ 3k+24+0 2
.q .q ,Q))-

PROPOSITION 5.7. For k a positive integer and 0 < ¢ < k, we have

Z (Q)an Z

n>0 (aq, Q/a)n nSngp_ 1> 3010 (Q)nfngk,l T (Q)nQ*m (q2; q2)n1

1 (
= 92,4k+2,2,1,1,1(aq
(¢,0q,49/a)

(= 1) gZi )+ () ~EiE mania — Sy et (")

k+2—0 _k+2+/4
.q .4, q)

Jrqz+21~c 3k+4—£’ 3k+4+L 2 )>_

92,4k+2,2,1,1,1(aq q »q 54

PROPOSITION 5.8. For k a positive integer and 0 < ¢ < k, we have

2 k—1/_2 k—1_ £ .
(_1)nk qn2k+”2k+2¢:1 (nk+i+nk+¢)—2i=1 NiMi41 =D 1 T (_q)

n20 (ag.4/a)x n>nog >nok—12>->n1>0 (Dn—nop (Dnog—nan— * (Dna—n1 (D, (_Q)nkﬂ
= ! k+2—0  k+3+L
=~ g a/a)w (92,4k+4,2,1,1,1(aq .q .4,q)

+q3+2k 3k+57127 3k+6+L 2 ))'

92,4k+4,2,1,1,1(aq q »q 54

Finally, we have the two results stated at the beginning of Section 4. Corresponding to
Theorem 4.1 and Theorem 4.2, we have the following.

PROPOSITION 5.9. For k a positive integer we have

Z ( (9)2nq Z q

n>0 a(L (_Z/a)n n>ng_1>->n1>0 (Q)nfnk,l e (Q)ngfm (_Q)m

n?_ +ng_1+-+ni+ng

1
) W(92’“‘1’2’“37276—171,1,1(aqzk,qz"“,q,Q)
) 5 00

142k k1 Ak+1l 2
+q 92k—1,2k+32k—1,1,1,1(0q »q q 7Q)>-

PROPOSITION 5.10. For k a positive integer we have

> (4% 4*)2nd" 3 S T I
o (0d® a2 (PP (67567 a0 (08 40 (=45 6
1 4k

4k—1 -1 2
= g4k—2,4k+2,4k—2,2,2,2(aq q q°,q)
(42,092, ¢%/a; ¢?) o ( ’ Y

Ak Sk—1 Sk—1 4
+ ¢ gak—2.4k+24k—2,222(aq>" ", ¢7 g ,Q)>-
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6. Residual identities

In this final section we compute the so-called residual identities corresponding to the
partial theta identities in Sections 1-4. The notion of the residual identity of a partial theta
identity goes back to Andrews [1], the idea being to evaluate the residue around the pole
a = ¢V and then use analytic continuation to replace ¢" by a. This has been further discussed
by Warnaar [26] and the second author [20], who both carried out a number of examples and
gave some applications. Here we give details for the partial theta identity (1.5) and simply
state the other results.

In (1.5), we take the limit as a — ¢’V after multiplying both sides by 1—¢" /a and shifting
the summation variable on the left-hand side by N. We find that

(@)2ntong™™ 1 r (2r+1)N 3r(r+1)/2
= —1 5
2 @ (@~ @ 2
and so
Z (Q)QN(Q2N+1)2nq _ 1 Z(_l)quTNq?)T(T-‘rl)/Z
N N N ’
S @@ n(@n (@¥ oo 55
or
(q2N+1)

nq" 1 r 2rN 3r(r+1)/2
E —-1)'q“""q .
S5 @V n(@n (D)oo TZO( )

Since this identity holds for any N € N, analytic continuation enables us to set a = ¢*V. As
a result, we have proven that

Z(GQ)znqn: 1 Z(_a)nqn(3n+3)/2_

= (609)n (Do 5

This is a special case of a transformation of Fine [8, Eq. (25.96), b=10, t = z = q|.
If we compute the residual identity of (1.6), we get

a2;27’ba’nn 1 n_3n_3n2+2n n
Z( 4 4" )n(aq)ng _ ) Z<_1) @@ (1 4 ag? Y.

= (@49 (4 —ag)oo £

This is equivalent to a known identity (see (2.12) in [20]).
The residual identity of (1.7) is

2 : (aq)%qn . (aq § : 2r r 2492r 1 + aq
- ?
= (@) (6%, @)oo 5 1- aqr“

which is a special case of an identity of Watson [9, Eq. (3.2.11), a = a?¢?, b — o0, ¢ = q,
d=e=aq|.

We now state the residual identities of Theorems 1.2, 3.1, 3.2, and 3.3, using the same
notation Hj (i) as in these Theorems. We extend the definition of (a), to all integers in the
usual way, by




THEOREM 6.1. For k a positive integer and 0 < £ < k, we have

Z (a?q" ) g™ Z (_1)nkq2f;11 (2 A (5T = ning =Y
n>0 (q)TL Nop_1>>n1>0 (GQ)n—ngk,l e (Q)ng—m (Q)m
1 1 1 H'l
(0,000 > (-1 )Hk o(%)

=1
% Z a 2k+2)rq(2k2+3k+1)r2+(2k+1)7,r(1 _ a2k+2—2iq(2k+1)(2r+1)(k+1—z‘))‘

r>0

THEOREM 6.2. For k a positive integer and 0 < £ < k, we have

(a*q" " )ng"” Z (—1)"qulf;l (03 4 Fned) =0 minip =iy na (") (=Dny,
n>0 (q)n M1 > >n1 >0 (GQ)n—n%fl e (Q)nz—m (q2§ q2)n1 (_q)nk+1
1 k . ( !
= (—1)'a"! HE (i)
(9,4, 09) & ;
% Z q(2k+1)r (2k2+k)r2+2kir(1 + a2k+1—2¢q(2k2+k—2ki)(2r+1))_

r>0

THEOREM 6.3. For k a positive integer and 0 < £ < k, we have

Z (a2qn+1)nqn Z ( 1)nquz 11(”k+z+nk+2)+(nkjl)_zi':ll "i"i+1_2leni+(nl2+l)
n>0 (Q)n Rig1 > 11 >0 (aq)n*”&kfl T (Q)HQ*TM (q2§ q2)n1
1 b (5 S (25207 (2h1) (1) (2K 1)
— -1 i 1—1 22 H3 . 2k+2)r (2k+1)(k+1)r“+4+(2k+1)ir
(Q7Qaa(;7)ooz( )CL q k,f(l)za q
i=1 r=0
1 k12 kt3i+0—1 (Y (k+'+g+1)2
_ oy i1 () (e
* (7(]a q, CLQ) Z ( ) ¢ 1
2$k+ﬁ ( od 2)
r(k+1) ;(2k+2) (r+m) (k+1)2r242(k+1)(2k+1)rm+(k+1) (2k+1)m?
x Y (=17 q
r>0,m>1

w gk 1)mt (k1) (i=k—Or (1 I (_1)£qé((2r+1)(k+1)r+i)> _
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THEOREM 6.4. For k a positive integer and 0 < £ < k, we have

(a2qn+1)nqn Z (—1)"qu§:1("i+i+"k+i)_2§;11 ninip1— Yy i (_Q)nk
n>0 (Q)n Tk >Nk 1 >+ >n1>0 (GQ)H—H% (q)n%—nzkﬂ T (Q)nz—m (q)m (_q)”k+1
1 2k+3 +1 [e'e)
o 1 2 2 :
= - Z (=1)'a’ "¢ Z )" q(2k+3)r q(2k +5k+3)r? +2(k-+1)ir
(4,4, 0q)00 = ~
1 k13 k+3i—0—1 (i+1) (k+'7e+1)2
Lo LN gy i () (B
(_(L q, CLQ)OO zz;
x > (1) Rh+1)r/24m (2h43) (-4m) (K2 +3K-40/4)r% +(2h% 5k 4 3)m
r>0,m>1

r#k+i—¢ (mod 2)
x q(4k2+10k+6)rm+(2kz+3)(Z+i—k)r/2+2(k+l)im

1 k13 k+3i+e ('+1) (k+'+£+2)2
o S () () (T
(_qa q, CLQ)OO zz;
x Z (—1)(2’”1)’”/ 24m ,(2k+3)(r+m) q(k2+3k+9/4)r2+(2k2+5k+3)m2
r>0m>1

r=k+i+f (mod 2)
q(4k2+10k+6)rm—(2k:+3)(Z—i+k+1)r/2+2(k+1)im

Finally, we state the three residual identities corresponding to Theorems 1.3, 4.1, and 4.2.
Recall the notation from the statements of these theorems.

THEOREM 6.5. For k a positive integer, we have

Z (a2qn+l)nqn Z qni_1+nk—1+"'+n%+n1
n>0 (Q)n Mgy >>n1>0 (QQ)n—nk_l T (Q)ng—nl
1 2k+2 ) 00
_ < Z (_1)iai—1q(Z;1)H%(i) Z a(2k+2)rq(2k2+3k+1)r2+(2k+1)ir
(Q7 q7 aq) i=1 r=0
+ Z z+n 1+(2k+2)n 1 Ql(k,z,n b)j(q3n+i+b q2k71)
1<i<2k+2
0<n<2k—2
1<b<2

« Z a(2k+2)((2k—1)r+m)qR1(k,i,n,b,r,m)> )

r>0
m>1
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THEOREM 6.6. For k a positive integer, we have

n?_ +ng_1+-+nitng

3 (a?q" D)ng" T q
n20 (Q)n ngk—1>->n1>0 (aq)n_nkfl e (q)nz—nl(_Q)nl
1 2k+1 o (,+1) 00 , . '
00 ad)— Z(—l)za“lq 2 H,%(z')Z(_Ura(?kH)rq(zk h)r2 4 2kir
(¢:4,09)00 \ = 2
+2 Z (=1)iaitE+n=1,Qa(kin) j( 2ntitl  2k-1)
1<i<2k+1
0<n<2k—2

X Z (_1)ma(2k+1)((2k—1)r+m)ng(k,i,n,r,m)

r>0
m>1

THEOREM 6.7. For k a positive integer, we have

Z (a2q2n+2; q2)nq2n Z q2ni71+2nk,1+---+2n%+2n1 (¢; q2)n1
= (@ S (@@ (056 ne - (04 0 (=65 4P
2%
1 i i—1 _i%+igr3; 2kr (4k%—2k)r?+(4k—2)ir
=792 .92 9. 2 Z(_l) a q Hk(’ﬁ)za q
(4%, 6% a0%: ¢%)os \ = >0
+2 Z (_1)i+na2kn+i71q623(lc,i,n)j(qZTLJrQiJrl7 q4k72)
1<i<2k
0<n<2k—2

% Z a2k((2k71)r+m)ng(k,i,n,r,m)

r>0
m>1
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