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ABSTRACT. Using a result of Takata, we prove a formula for the colored Jones polynomial of the
double twist knots K (_, _,y and K(_, ,) where m and p are positive integers. In the (—m, —p)
case, this leads to new families of g-hypergeometric series generalizing the Kontsevich-Zagier
series. Comparing with the cyclotomic expansion of the colored Jones polynomials of K, )
gives a generalization of a duality at roots of unity between the Kontsevich-Zagier function and
the generating function for strongly unimodal sequences.

1. INTRODUCTION

Let K be a knot and Jy(K; q) be the usual Nth colored Jones polynomial, normalized to be
1 for the unknot. It is often useful to determine a g-hypergeometric expression for Jy(K;q),
and such expressions have been computed for a variety of knots (e.g., [13, 14, 15, 21, 24, 30]).
These have applications to the AJ conjecture [14], the generalized Volume conjecture [11, 16],
the computation of WRT invariants [3, 17] and quantum modular and mock modular forms
[6, 9, 18, 19, 32].

Consider the family of double twist knots K, ), where 2m and 2p are nonzero integers
denoting the number of half-twists in each respective region of Figure 1. Positive integers
correspond to right-handed half-twists and negative integers correspond to left-handed half-
twists.

Using ideas of Habiro [13] and Masbaum [24], Lauridsen [20, Section 6] gave the cyclotomic
expansion of Jn (K, p);q) for all nonzero m and p (cf. [7, 30]). For example, when m and p are
positive integers we have
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FIGURE 1. Double twist knots
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Here we have used the usual ¢-binomial coefficient

HR [Z] - i (13)

with the standard ¢-hypergeometric notation

n—1
(@)n = (a;q)n == [ (1 — agh).
k=0
Recall that
IN(K;q ") = In(K*;q), (1.4)

where K™ denotes the mirror image of the knot K. Thus, since Ky, ;) = Kpm) and K, _p)
is the mirror image of K, ), equations (1.1) and (1.2) cover all of the double twist knots, up
to a substitution of ¢ by ¢~ !.

In this paper, we use a result of Takata [28] to prove ¢-hypergeometric formulas for the colored
Jones polynomial of the double twist knots K(_,, _,y and K(_,, ;) which are different from those
corresponding to (1.1) and (1.2). To state the first case, define the functions €; j,, and 7;m by

1, ifj=—-ior—i—1 (mod 2m),
€jm=4—1, ifj=iori—1 (mod 2m), (1.5)

0, otherwise
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where 1 <i < j <2mp— 1 with m {7 and

1 ifi=1,...,m—1 (mod 2m
’Yi,m — ) ' ) ( )7 (16)
—1 otherwise
where 1 < ¢ < 2mp — 2. Our first main result is the following.
Theorem 1.1. For positive integers m and p, we have
JN (K(—m,—p); Q)
_ _ _("2mp—1+1 . s
= ql N Z (ql N)n2mp_1(_1)n2mp71q ( E ) H qQ’]’mnm]
N—1>n2mp—12-->2n1>0 1§1<]T§§mp_1 (17)
2p—1 +1) 2mp—2
—1\Pmi (_1)iNn'mi+(nmi —ninit1+yimni | Vi1
x Hl (=1)"q : Hl q [ o ] :
1= 1=

The case m = 1 of Theorem 1.1 was proved by Takata [28]1. Here K(; ) = Kp>0, the usual
pth twist knot. As K(_; _) is the mirror image of Ky p), one recovers JN(K;>O; q) by taking
m = 11in (1.7) and simplifying. Namely, we have (cf. equation (15) in [28])

In( ;>0§ q)
2p—2 _
—¢ Y @ MgV [T (—1)reg ) e () e [”;ﬂ] |
N—1>ngp_1>->n1>0 i=1 ‘
(1.8)

For an example with m > 1, take m = p = 2. Then we have

IN(K(~2,-2);9)
1-N 1-N N(— —
=gq Z (q )n7(71)”2+"4+n6+”7q (—n2+ns—ng)
N—-1>n7>ne¢>ns>nge>n3>n2>n1 >0

="+ (M) + (") 41 (ns—na—ns+ne+nr)+ns(ns—ng—n7) +nsng

Xq—ngng—n4n5—n6n7+n1—nz—ng—n4+n5—ns nr|Ne| (N5| |N4| T3] |12
ne| [ns| |na| (n3| |n2] M)’

define the functions A; j,, and B;,, by

X q

For the case of K(_, ),

1, ifj=—ior—i+1 (mod 2m),
Ajjm=14 -1, ifj=iori+1 (mod2m), (1.10)
0, otherwise

INote that Takata’s g-hypergeometric notation differs slightly from the standard one we use here
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where 1 <i < j < 2mp with m {i and

1, ifi=1,....,m—1 (mod 2m),
Bim=4 -1 ifi=m+1,...,2m—1 (mod 2m), (1.11)
0, otherwise

where 1 <17 < 2mp — 1. Our second main result is the following.

Theorem 1.2. For positive integers m and p, we have
IN (K (—m,p): 0)
= Z (ql—N)n2mp(_1)n2mpq7("2n12p+1) H inyj’mninj

N—1>n2mp>--->n12>0 1<i<i<2mp

mli (1.12)
2p—1 — 2mp—1
nml ’L+1NTL i+ "mi 5iymni nl-i—l
I (5 4 [n]
i=1

Again, the case m = 1 was established by Takata [28]. As K(; _,) = Kj<o and K(_; ) is the
mirror image of K(; _p), one recovers Jy(K,_o;¢) by taking m = 1 in (1.12) and simplifying.
Namely, we have (cf. equation (14) in [28])

In( ;<0§ q)
ngpt1y Pt ; i+1 ~ (1.13)
=Y (@ M (1 () T (g () [n+] S

P .

N—1>ngp>->n1 >0 i=1 i
For an example with m > 1, take m = 3 and p = 1. Then we have
IN(K(-31);9)
= > (6" g (— 157N ("))

N—-1>ng>ns>n4>nz>n2>n1>0

n1(—n2+ns+ne)+na(—n3+nist+ns)—nins—nsne

an1+n27n4fn5 Nel (N5 | |4 |M3| |N2 )
n5| N4 (N3] [N2] [

Motivated by the expressions in (1.7) and (1.1), we define the g-series Fy, ,(q) and Uy, (25 q)
by

(1.14)
X q

_("2mp—1+1 . .
Fm,p(Q) =gq Z (q)n2mp71(_1)n2mp—lq ("2me-1T) H gEidmming

n2mp—12--2n120 1<i<j<2mp—1

2p—1 2mp—2
X H nmz nm1+1 H q_nznz+l+’ﬁ mT nz+1
n;

i=1

(1.15)
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and

Un.p(3 ) = > (—2Q)n(—2" ' q)nq" T;lj: gt [n”l} lj 7t [Sﬁl}

n>0
N=Nm >Nm—122112>0
n=sp>sp—12-25120

(1.16)
Note that if (v is any Nth root of unity, we have
Frnp(Cn) = IN(K(—m,—p); CN) (1.17)
and

The base case Fy 1(q) is ¢ times the Kontsevich-Zagier series,

F(q) =Y (a)n, (1.19)

n>0

one of the foundational examples of Zagier’s quantum modular forms [31, 32], while
Ui(z;9) = ¢ U (239), (1.20)
where U(x;q) is the generating function for strongly unimodal sequences [4],
o0
U(z;q) =Y _(—2q)n(—2 " @)ng""". (1.21)
n=0
For this reason, we call the series F},, ,(q) the generalized Kontsevich-Zagier functions for double
twist knots and the Up, p(x;q) the generalized U-functions for double twist knots. Note that
while Uy, p(; q) is well-defined for |¢| < 1 and for ¢ a root of unity when x = —1, the generalized
Kontsevich-Zagier functions Fy, ,(¢q) are only defined at roots of unity.
The original Kontsevich-Zagier series F'(¢) and the generating function for strongly unimodal
sequences U(x;q) when © = —1 are dual at roots of unity via

F(¢yY) = U(=1;¢w)- (1.22)
This was first shown by Bryson, Ono, Pitman and Rhoades [4]. It also follows at once from
(1.4) and the case m = p =1 of (1.17) and (1.18), which was first observed in [18]. Using (1.4)

and the general case of (1.17) and (1.18), we immediately have the following generalization of
(1.22).

Corollary 1.3. If (y is any Nth root of unity, then we have
Fp(Cn) = Unp(=15¢3"). (1.23)

Next we turn our attention to (1.12) and (1.2). Motivated by these expressions, we define
}—m,p(Q) and um,p(xQ Q) by

_(n2mpt1 = o
Fm,p(‘]) = Z (q)n2mp(_1)n2mpq ( b ) H qu,g,mn-Ln]

N2mp>---2n120 1<i<j<2mp

2p—1 - 2mp—1
% H (_1)nmiq(nm§+) H gPimmi [niﬁ-l]

e
i=1 i=1 '

(1.24)
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and
Unn,p(75 q)
L m—1 p—1
- X Caaaguary (O Tt M TLaseen [0
n>0 i=1 T j=1 Sj

N=Nm >Nm—1=>->n1>0
n=sp>sp—1>-->51>0

(1.25)
Neither F,, ,(q) nor U, p(z;q) is defined anywhere except at roots of unity. Note that
Fmp(CN) = IN(K(Zmp); CN) (1.26)
and
Unnp(—=15¢N) = IN(K (m,—p); CN)- (1.27)

As a result of (1.4), (1.26) and (1.27), we immediately obtain the following duality at roots of
unity.

Corollary 1.4. If (i is any Nth root of unity, then we have
Finp(Cn) = Unmp(=1;C51). (1.28)

We expect (1.7), (1.12) and Theorems 1.1 and 1.2 in [23] to be of considerable interest to
those working at the overlap of number theory, quantum topology, combinatorics and physics.
Recently, Park [25] used (1.7) and (1.12) to check conjectures of Gukov and Manolescu [12]
concerning the existence of a two-variable invariant (with origins in string theory) for knot
complements. In [22], the first author initiated the study of quantum g¢-series identities with
Corollary 1.3 as a key illustration. Furthermore, we suspect that the generalized Kontsevich-
Zagier series Fy, ,(q) given by (1.15) are quantum modular forms.

The paper is organized as follows. In Section 2, we recall Takata’s main theorem and provide
some preliminaries. In Section 3, we prove Theorems 1.1 and 1.2. We conclude in Section 4 with
a discussion of the generalized Kontsevich-Zagier functions and the generalized U-functions for
the torus knots T3 9,1), along with some related questions.

2. PRELIMINARIES

We begin by recalling the setup from [28]. Let [ and ¢ be coprime odd integers with [ > ¢ > 1

and p’ := Z_Tl For 1 < j < p/, define integers r(j) such that 7(j) = (2§ — 1)t (mod 2l) and
-l < r(j) <l. Weput g; = (—1)L(2J?1)tj, r'(j) = % and i, ;) = j (and thus iy = j if
and only if 7/(j) = k). For an integer 7, sgn(i) denotes the sign of 7. Let n = (n1,...,n,y) and
ng = 0 for s < 0. Finally, define

n_ ) —Nny ifoy=-1,

and

7(j) = q(”j—ngfﬁl) o S—

{ (—1)n - if oy = —1,
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Consider the family of 2-bridge knots b(l, ) [5]. The main result in [28] is an explicit formula
for the colored Jones polynomial of b(l,)*.

Theorem 2.1. We have

In(b(l, 1) q) = Y grNThEhlx () (2.3)
N-12ny,>..2n120

where?
1 p/ p/ 1p/_1
a(n) = —3 > (o, ) |(ng—nj) - 3 2_ (i1 + opi1—j)n;
J=1 \k=r'(j) j=1
p/
— (o + ny — Zaja
j=1
1=t o I
2
1—0 l1+o
bi(n) = —a(n) + 5 g1 — Z Ny —1 + Z 5 g, — (1 + oy )ny
k=1 k=5t 41 k=41
L
T3 Z(Uﬁ-l —0j)ny
j=1
/1 ’
15 1+ sgn(iy — ix
9 Z (2 )(U’k o Uik/)(nik - nik:_l)(nik/ - nik/—l)
k=1 k'=k+1
p/ T,(j)
+ Uj(Z(nik nzk—l))n]—h
j=1 k=1
t—1
2
1 .
3 +2"’k Wy ifl <2t
=5t
bQ(Q) = : I—t

2
1 )
— Z + i M), —1 if 1 > 2t,

i .

X(n) = (=1)"/ ¢=@) (9)n-1(4)n,s 11 ()

(Q)N—np/—l j=1 (Q)nj—nj_1

As the mirror image of the torus knots Tip 9,11y is b(2t + 1,1) (cf. [5, 26, 29]), one can

check that Theorem 2.1 recovers the g-hypergeometric expression for Jy(7(29:11);¢) given in

[14, 15]. Our interest will be to apply Theorem 2.1 to the case of the double twist knots

Kmp) = b(dmp —1,4mp —2p — 1) and K, _,,y = b(dmp +1,4mp — 2p+ 1) (cf. [29]). In order

to facilitate these computations, we need the following results concerning o, i and o;,. We
omit the proofs as they are straightforward generalizations of Lemmas 6-9 in [28].

ZNote that there is a misprint in the definition of X (n) in [28]. Each 7 in the prefactor should be g.
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Lemma 2.2. Forl=4mp—1 and t =4mp — 2p — 1, we have

Q) Uj—{l ifj=1,2,...,m (mod 2m)

-1 if7=0m+1,...,2m—1 (mod 2m).

(ii) To compute ix, apply the following algorithm. Divide the integers from 1 to p' into

(iii)

2m — 1 intervals, each of length p, and a final interval of length p — 1. The value of iy
is 2m(p — k) + m in the first interval and 1 — (2m(p — k) +m) in the second. If j > 1
s odd, then to obtain the value of iy in the jth interval, add 4mp — 1 to the formula for
i in the (j — 2)th interval. If j > 2 is even, then to obtain the value of iy in the jth
interval, subtract 4mp — 1 from the formula for iy in the (j — 2)th interval.

To compute o, , apply the following algorithm. Divide the integers from 1 to p’ into
2m — 1 intervals, each of length p, and a final interval of length p — 1. The value of oy,
alternates between 1 and —1 starting with 1 in the first interval.

Lemma 2.3. Letl=4mp—1 andt =4mp —2p—1. Then for 1 <k <p and1 <j<p —1
we have

(i)
(i)

2 ifk=p,3p,...,2m—1)p
Cipy +0ipy =4 —2 ifk=2p,...,2m —2)p
0 otherwise.

Oj+1+ Opry1-j = 0.

Lemma 2.4. Forl=4mp+1 and t = 4mp — 2p + 1, we have

(i)
(i)

(iif)

1 dfj=1,2,...,m (mod 2m)
T -1 ifj=0,m+1,...,2m —1 (mod 2m).

To compute iy, apply the following algorithm. Divide the integers from 1 to p’ into 2m
intervals of length p. The value of i is 2m(p — k) + m + 1 in the first interval and
1—©2m(p—k)+m-+1) in the second. If 7 > 1 is odd, then to obtain the value of iy, in
the jth interval, add 4mp + 1 to the formula for iy in the (j — 2)th interval. If j > 2 is
even, then to obtain the value of iy in the jth interval, subtract 4mp+1 from the formula
for iy in the (j — 2)th interval.

To compute o;,,, apply the following algorithm. Divide the integers from 1 to p’ into 2m
intervals of length p. The value of oy, alternates between —1 and 1 starting with —1 in
the first interval.

Lemma 2.5. Let l=4mp+1 andt =4dmp —2p+ 1. Then for 1 <k <p and1<j<p —1
we have

(i)

Oy, + iy, =0
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2 ifj =0 (mod 2m)
(ii) oj41+0ps1—j =< —2 if j=m (mod 2m)
0  otherwise.

We now illustrate the computation of a(n) and by(n) + ba(n) for I = 8p — 1 and t = 6p — 1.
The routine evaluation of X (n) is left to the reader. First, we take m = 2 in Lemmas 2.2 and
2.3 to obtain

J 1 ifj=1,2 (mod4)
7j = { 1 if5=0,3 (mod 4), (2.4)

dp—k)+2 if1<k<p,
dk—p)—1 ifp+1<k<2p,

=N 12p—4k+1 i 2+1<k<3p, (2.5)
4k—12p  if3p+1<k<dp—1,
1 ifl<k<p,
1 ifprl<k<2
o5, = PP+l ks 2p, (2.6)

1 if2p+1<k < 3p,
—1 if3p+1<k<4p-—1,
2 if k=p,3p
Oip + iy, = —2 ifk=2p (2.7)
0 otherwise
and
Ojt+1+ O4p—j = 0. (2.8)

Applying (2.4), (2.5), (2.7), (2.8) and reindexing yields

j=1 \k=3p+j

4dp— p—1 4p—1
( (o, + Uz'4pk)> (naj—2 — naj—3) + Z( Z (o, + Ui4pk)> (n4j — naj1)
( (o, + %p_k)) (naj—1 — ”4j—2)] -1

(2.9)

By (2.4) and (2.6), the second and fifth sums in b;(n) are zero. We then use (2.4)—(2.6) and
reindex to obtain
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4p—1 dp—1
e (B fe S )

k=p+1 k=p+1 k=2p+1 k=3p+1

2.10
- (Z(Mj—z tngioa)+ Y n4j—1> :
j=1 j—1
4p—1 p
1 —|— o;
D I SR SR (2.11)
k=p+1 k=2p+1 j=1
1 4p— 2p—1 '
9 Z Ojt1 = 0j)n; = Z (—1)7ng; (2.12)
j=1 j=1
and
3p—1 1 +U 3p—1
bg(n) = Z e nlk 1= Z nlk 1 = Z’I’L4j 4- (213)
k=p+1 k=2p+1
By (2.9)—(2.13), the sum of by(n) and the first six terms in b (n) equals
1+ ngp1+ Z(Mj—s — N4j_2 — Naj—1). (2.14)

j=1

To compute the seventh term in by (n), we use (2.5) and (2.6) to observe that k < k" and 0;, # Tip
if and only if either 1 <k <pand p+1 <k <2porl1 <k <pand3p+1<k <4p-1
orp+1 <k<2pand2p+1<k <3por2p+1<k<3pand3p+1<Ek <4p-—1
Also, sgn(ix — ix) = 1 if and only if i > ip and either iy = 4p — 4k +2 for 1 < k < p and
iy =4k —4dp—1forp+1 <K <2pori, =4p—4k+2for 1 <k < pand i =4k —12p
for 3p+1 <K <4p—1lorip =4k —4p—1forp+1 <k < 2pand iy = 12p — 4K + 1
for 2p+1 < K < 3porip =12p—4k+1for 2p+1 < k < 3p and i = 4k — 12p for
3p+1 <K < 4p— 1. Taking these cases into account and reindexing, we have

4p 2 4p—-1 .
1 + Sgl'l Zk")
) Z Z (O-ik - Uik/)(nik - nik—l)(nik/ - nik/—l)
k 1 k'=k+1
p  2p—k p 4p—k
== >0 (= mi) (g —mi) = D0 Y (= i) (g, — i)
k=1k'=p+1 k=1 k'=3p+1
2p 3p 3p 6p—k
T Z Z (nlk o nik_1)<nik’ Mg — 1 Z Z nlk T — 1)(nzk/ Ty — 1)

k=p+1k'=4p—k+1 k=2p+1 k'=3p+1
P J P J
= - Z Z(Tl4j—2 — naj—3)(Najr—5 — Najr—¢) — Z Z(n4j—2 — naj—3)(Naj -4 — Najr—s5)

j=175'=2 Jj=1j'=2
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p o J P J
+ Z Z(n4j—1 - n4j—2)(n4jf—3 - n4j’—4) - Z Z(Mj—:s - n4j—4)(n4j’—4 - n4j’—5)-
j=lj'=1 j=1j'=2

(2.15)
Finally, using (2.4) and (2.5), then reindexing and simplifying gives the eighth term in b;(n),

4p—1 ' (4)
7j <Z(mk - nikfl))njfl
7j=1 k=1
D 3p—j+1 D p—j+1
= Z 043‘73( Z (i, — nik71)>n4jf4 + Z 04;'72( Z (g, — nikfl))n4j73
j=1 k=1 j=1 k=1
p—1 3p+j D ptJ
=+ U4j( (ng), — nikfl))nZLjfl + Z O45—1 <Z(nzk - nik71)>n4jf2
j=1 k=1 j=1 k=1
4 P 2p
= Z (Z(n4p4k+2 — Ndp_aky1) + Z (N4k—ap—1 — Nag—ap—2)
j=1 \k=1 k=p+1
3p—j+1 p /p—j+1
+ Z (n12p—akt1 — n12p4k)) Naj—a + Z ( Z (Nap—aky2 — n4p4k+l)> N4j—3
k=2p+1 =1\ k=1

p=l/p 2p
-y (Z(n4p—4k+2 — Nap—akr1) T Y, (Mak—tp—1 — Nak—ap—2)

j=1 \k=1 k=p+1

3p 3p+j
+ E (P12p—ak41 — Ni2p—ak) + E (Pak—12p — Nak—12p—1) | Naj—1
k=2p+1 k=3p+1

D D p+j
— E (Nap—akt2 — Nap—ak+1) + E (Nak—dp—1 — Nak—ap—2) | N4j—2

=1 \k=1 k=p+1
p /i1 P P P
= Z (Z(n4j’—1 — nyjr—3) + Z(n4j’—1 - n4j’—4)> N4j—4 + Z (Z(n4j/—2 - n4j’—3)) n4;5-3
j=1 \j'=1 =5 j=1 \j'=j
p—1 P
- Z( Z (najr—1 — najr—a) + n4j> N4j—1
7=1 \j'=j+1
4 J 4
- Z (Z(n4j’—1 — Nyjr_3) + Z (najr—2 — n4j’—3)> n4j—2.
j=1 \j'=1 j'=j+1

(2.16)
Thus, combining (2.9)—(2.16) implies that b1 (n) + ba(n) equals
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1+ nap 1+ Z(n4j_3 — N4j—2 — N4j—1)
j=1

p J p
§ E (naj—2 — n4j—3)(Najr—5 — Najr—¢) E

j'=2 j 1]

p J
)0 (a1 — naj_2)(nay—s — najr_g) —

MQ.

(naj—2 — naj—3)(Naj—a — Najr—5)

U
N

(n4j—3 — naj—a)(Naj—4 — Nujr_5)

‘M“
M-

7j=1 j’:l j=1 j/:2
p /j—1 D
+ E E (Najr—1 — najr—3) + E (najr—1 — Najr—a) | Naj—a + E E (najr—o — najr—3) | naj—3
=1 \y’ Jj=j’ =Jj

( =1
p
- Y~ (naji—1 — nagr—s) + naj |naj
=1 \jr=j+1

J P
D (nay = najg) + Y (majoa — n4j'3)> n4j-2.

3. PROOFS OoF THEOREMS 1.1 AND 1.2

Proof of Theorem 1.1. As (1.7) reduces to (1.8) when m = 1 and this case was proven in [28],
we assume m > 2. Using Lemmas 2.2 and 2.3, one can check that for I = 4mp — 1 and
t=4mp—2p—1

2p—1

a(n) = Y (=1 np; — 1 (3.1)

=1

and b1 (n) + b2(n) equals

p m—1 2m—1
1+n2mp71 + § § No2mj—2m-+i — E N2mj—2m+i

Jj=1
P J -1 k
+ E E anj k= N2mj—k— 1)(n2mj/72m+k’ k41 — N2myj’—2m+-k— k/)

j=14=1 k=1 k'=1

P 7 m m—k+1

E g E n?mjfmkarl - n2mjfm7k)<n2mj’f2mfk’+1 - anj’f2mfk’)
j=1j7=1k=1 k'=1
m—1 7

+
M*@\

i1 p
( (anj’—s - n2mj’—2m+s) + § (n2mj’—s - n2mj’—2m+s—1)> N2mj—2m+s—1

5/

J'=1 J'=j

@
Il

_
<.
Il

-
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P P
+ Z (Z(anj’—m — N2mj'—m—1) | N2mj—m—1
=1 \j'=j
p—1 p
— Z( Z (ngmj/,l — n2mj/—2m) + Noamj | Nomj—1
=1 \g'=j+1
m—1 p J P
- Z Z(anj/_m-i-s - n2mj’—m—8) + Z (anj’—m+s—1 - n2mj’—m—s) n2mj—m+s—1-
s=1 j=1 \j/=1 3'=i+1
(3.2)
Also, by (2.1) and (2.2)
X(n) = (—1yreme-1g-Nramp1 N1 @rany
— (q)N*nQ'mp—l -1
p 3 S (N2 —2mt s =M j—2m s 1) (M2mj—2m s N2~ 2t s—1+1)
(_1)n2m]71 n2m777nq s=1
<]1
11 (3.3)

<

2m—1
H (q)n2mj72m+5 —N2mj—2m+s—1
s=1

)n2mj*n2mj71

p—1
(—1
) ]1;[1 (q)

N2mj —N2mj—1

Upon comparing (2.3) and (3.1)—-(3.3) with (1.7) and then simplifying, it suffices to prove that
for m > 2

p 7 m m—k+1
- Z Z Z (anjfmkarl - n2mjfmfk)(n2mj’—2m—k’+1 - n2mj’—2m—k’)
j=1j=1k=1 k=1
m—1 p j—1 p
+ Z( (n2mj’—s - n2mj’—2m+s) + Z(TLij’—s - n2mj’—2m+s—1) N2mj—2m+s—1
s=1 j=1 \j'=1 §'=j
P p
+ Z (Z(TLQmj’—m - n2mj’—m—1) N2mj—m—1
J=1 \j’=j
p—1 P
— ( Z (Pomj —1 — Noamj'—2m) + Namj | N2mj—1
J=1 \j'=j+1
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m—1 p 7 p
- E E (n2mj’fm+s - anj/fmfs) + E (n2mj/fm+sfl - n2mj’fmfs) N2mj—m+s—1

s=1 j=1 \j'= jl=j+1

a 1

Nomj—2m+1 + Noamj—m—1

+ E 9 — N2mj—2m+1N2mj—2m + 9 — N2mj—mMN2mj—m—1

Jj=1

1 m—1
+ 5 (N2mj—2m+s — N2mj—2m+s—1)(N2mj—2m+s — N2mj—2m+s—1 + 1)

s=2
(3.4)
equals
2mp—2

E ei,j,mnmj — E MniNi4+1 (3.5)
1<i<j<2mp—1 =1

where € j, is given by (1.5). Here, we have used the fact that

p /m—1 2m—2 2mp—2
Z Z Nomj—2m—+i — Z N2mj—2m+i Z Noamj—1 = Z Yi,mMi + Z N2mi, (36)
i=m

7=1

where v; , is given by (1.6), together with the identities

m
5 n2mj—2m+8 - n2mj—2m+s—1)(n2mj—2m+s — N2mj—2m+s—1 + 1)

s=

(anJ 2m> <n2mj—m + 1>
2
1

N =
[~

<.
I
—
-

I
NE

.
Il

p (3.7)
N2mj— 2m+1 +1 N2mj—m—1

+ 5 — N2mj—2m+1M2mj—2m + 9 — M2mj—mMN2mj—m—1

J=1

1 m—1
+3 (n2mj—2m+s — N2mj—2m+s—1)(N2mj—2m+s — N2mj—2m+s—1 + 1)

s=
and

P /n n +1 i w7 Nmi + 1
2mj—2m 2mj—m mi
Z( 2 ) ( 2 ) an i 2 ( 2 ) 39

j=1 i=1

We now sketch how to proceed from (3.4) to (3.5). Let L; denote the ith line of (3.4). First,
note that
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p—1m—1 p—1 m
2
L7+ Lg = E E Nomjti — E E N2mj+i—1M2mj+i- (3.9)
J=0 i=1 =0 i=1

Next, observe that both Ly and Lo simplify as the sum on &’ telescopes in each case. Thus,

m—1 p J

Z n2m] k= Nomj—k— 1)(n2m] —2m+k — T2mj’ —2m) (310)
k=1 j=1j'=1

ZZZ "2omj—m—k+1 — M2mj—m— k)(n2m] '—2m — N2mj’'—3m+k— 1) (3'11)

k=1j=1j4'=

Now, splitting L into two sums according to the second factor and then using the fact that the
resulting second sum telescopes gives

3
L
3

J P J
Ly = E n2m] k— Nomj—k— 1)n2mj '—om+k T E E n2m] —m — N2mj— 1)n2m] '—2m
Jj=1j'=1

i
I
.
i
I
Q\
]
I

m—1

p J
No2mj—kNomj’'—2m+k — § § N2mj—k—1M2mj’ —2m+k
k=1 ]:1 =1

3
L
S

I
'M“-

e
Il
—
.
ol
.
Q\
Il
—

p J
N2mj—mN2mj’—2m — § E N2mj—1M2mj’—2m- (312)
1 J=1j—1

NE
MQ

_l’_

14

[
Il

A similar simplification for (3.11) yields

P J
Ly = — E (N2mj—m — N2mj—2m)N2mj’—2m
=1 =1

m p J
+§ E § (N2mj—m—k+1 — N2mj—m—k)N2mj’ —3m-+k—1

k=1 j=1j'=1
p

= - E 5 N2mj—mN2mj'—2m T § E N2mj—2mMN2amj’—2m
Jj=ly'=1 Jj=lj'=1

m P

+ Z Z Z Nomj—m—k+1M2mj’ —3m+k—1 — Z Z Z N2mj—m—kN2mj'—3m—+k—1- (313)

k=1 j=1j5=1 k=1 j=1j'=1

Observe that the third sum in (3.12) cancels with the first sum in (3.13). Also, if we take s =1
in the second triple sum of Lg,

m—1 p p

E § § (n2mj’—s - n2mj’—2m+s—1)n2mj—2m+s—l7

s=1 j=1j'=j
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then this cancels with the fourth sum of (3.12) and the second sum of (3.13). Putting all of this
together and expanding sums we have that (3.4) equals

m—1 p J m—1 p J
g E N2mj—kN2mj’' —2m+k — E g N2mj—k—1M2mj' —2m+k
k=1 j=1j'=1 k=1 j=1j'=1
m p ] m p J
+E E E n2mj—m—k+1n2mj’—3m+k—1_g E § N2mj—m—kN2mj’ —3m+k—1
k=1 j=1j/=1 k=1 j=1 j/'=1
m—1 p j—1 m—1 p j—1
+ E § N2myj’—sN2mj—2m+s—1 — E § Nomj'—2m+s"2mj—2m+s—1
s=1 j=1j5'=1 s=1 j= 1]’—1
m—1 p P m—1 p
+ E E N2mj'—sN2mj—2m+s—1 — § E N2mj'—2m+4s—1M2mj—2m+s—1
5=2 j=1j'=j s=2 j=1j'=j
p P p P
+ E E Nomj' —mN2mj—m—1 — g g N2mj' —m—1M2mj—m—1 (3.14)
j=1j'=j j:1 J'=j
p—1 p
E Nomj/—1M2mj—1 + E g N2mj —2mMN2mj—1 — E N2mjN2mj—1
J=1j"=j+1 J=1j"=j+1
m—1 p J m—1 p J
- E § N2mj' —m+sN2mj—m+s—1 + E § E n2mj’' —m—sN2mj—m-+s—1
s=1 j=1j4'=1 s=1 j=1j'=1
m—1 p P m—1 p p
- § E N2myj’ —m—+s—1M2mj—m+s—1 + E g E N2mj’ —m—s"N2mj—m+s—1
s=1 j=1j/=j+1 s=1 j=1j'=j+1
p—1m—1 p—1 m
2
+ Nopmjti — E E Noamj+i—1M2mj+i-
j=0 i=1 j=0 i=1

The second sum on the fifth line of (3.14) can now be taken into the second sum of the fourth
line, increasing the upper limit of summation there to m. In this sum, we can then exchange j
and 7’ and reindex, giving

- g § g N2mj—2m—+s—1M2mj’' —2m+s—1-

s=2 j=1j5'=1

Now take out the term j' = j and shift the indices in this term by j — j +1 and s — s+ 1 to
cancel with the first sum on the last line of (3.14). Finally, in the second line of (3.14), perform
the shift j/ — j' + 1 and start the sum at j' =1 (as j' = 0 gives 0) to obtain

J—1 m p j—1

m p
E § Nomj—m—k+1M2mj —m+k—1 — E § E Nomj—m—kN2mj’ —m+k—1- (315)

k=1j=145=1 k=1j=1j=1
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We now remove the & = m term from the second sum in (3.15) and note that what remains
cancels with the second sum in the penultimate line of (3.14). In total, this yields that (3.4)
equals

m—1 p J m—1 p J
Z Z Nomj—kN2mj —2m+k — Z Z Nomj—k—11M2mj’—2m-+k
k=1 j=1j'=1 k=1 j=13'=1
m p j—l1 p j—1
+ Z N2mj—m—k+1M2m; ' —m+k—1 — Z Z N2mj—2mN2mj’ 1
k=1j=1j'=1 j=1j'=1
m—1 j—1 m—=1 p j—1

4
Mws

§ N2myj'—sN2mj—2m+s—1 — § § § N2mj’ —2m+sT2mj—2m+s—1

s=1 j=1j'=1 s=1 j=1j4=1
m—1 p p m p j—1
+ Z Z N2mj’—sN2mj—2m-+s—1 — Z Z Z N2mj—2m+s—1M2mj ' —2m+s—1
s=2 j=14'=j s=2 j=1j'=1
p p
+ Z Z N2mj —mM2mj—m—1 (3.16)

J=1j'=j
p—1 p

- Z Z N2mj'—1M2mj—1 + Z Z N2mj’ —2mM2mj—1 — Z N2m;iN2mj—1
J=1j'=j+1 J=1j'=j+1
m—1 p m—1 p J

- Z Z N2mj'—m+sN2mj—m+s—1 + Z Z Z N2mj’ —m—sN2mj—m+s—1
s=1 j=1j4' s=1 j=1j'=1

3
L

M*B
M"@ &

N2mj’' —m+s—1M2mj—m+s—1

vl

J'=j+1

==
<.

Il
—_

WE

hS]

N2amj+i—1M2mj+i-

=0 =1

<.
.
Il

We now simplify further. The k = 1 term of the first sum in the second line cancels with the
s = 1 term of the sum in the penultimate line. The first sum on the fourth line cancels with
the second sum of the first line once we remove the £k = m — 1 term. This k = m — 1 term then
cancels with the fifth line. The first sum in the sixth line is the s = m term of the sum in the
penultimate line. The second sum in the sixth line cancels with the second sum in the second
line. The last sum in the sixth line is the ¢ = 0 term in the last line. Finally, we remove the
j' = j term from the first sum in the seventh line and write it in the last line. Thus, (3.4) equals

m p j—l1

P J
E Z N2m;’ —2m+kN2mj—k + Z Z Z N2mj’ —m+k—1M2mj—m—k+1

k=1 j=1j'=1 k=2 j=1j'=1
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i
L
.
L

+
-

w
Il
—
<
I
—
<
%
Il
—

m—1

p
Nomj'—sN2mj—2m+s—1 + E E N2mj’ —m—sN2mj—m+s—1
7’'=1

s=1

<.
Il
N

M@

-1

3
L
3
|

No2mj’' —2m~+sN2mj—2m+s—1 —

S

Nomj’ —m+sN2mj—m+s—1
1

-
(]

[
%

Il
—_

’

1

.
Il

w
Il

—_
<
Il

—

t (3.17)

(M-
7

m p—1
N2mj’ —2m4s—1M2mj—2m+s—1 — § § § N2mj—m+s—1M2mj’ —m+s—1
s=2 j=1 j/'=j+1

5/

J

<
|

—

—

m—1 p p—1 m
- E No2mj—m+sN2mj—m+s—1 — E E N2mj+i—1M2mj+i-
s=1 j=1 =0 i=0

Now we see that this is equal to (3.5) as follows. The first four lines of (3.17) correspond to the
first term in (3.5); namely, the first line of (3.17) corresponds to (i,7) = (¢, —¢) mod 2m, the
second line to (i,j) = (i, —% — 1) mod 2m, the third line to (¢,5) = (i, — 1) mod 2m and the
fourth line to (i,7) = (i,7) mod 2m. Finally, the fifth line of (3.17) matches the second sum of
(3.5). Thus, we have proven that (3.4) equals (3.5).

O

Proof of Theorem 1.2. As (1.12) reduces to (1.13) when m = 1 and this case was proven in
[28], we assume m > 2. Using Lemmas 2.4 and 2.5, one can check that for [ = 4mp + 1 and
t=4mp—2p+1

2p—1
a(n) = = Y (1) np, (3.18)
j=1
and b1(n) + bz2(n) equals
p [m—1 2m—1
Z [Z N2mj—2m+i — Z N2mj— 2m+1]
j=1Li=0 i=m+1
m p j
- Z Z Z (N2mj—k+1 — N2mj—k) (N2mj/ —2m+k — N2mj’—2m)
k=1j=1j/'=1
m—=1 p ]
- Z Z(n2mj—m—s+1 N2mj—m s)(anJ’72m N2mj 73m+s)
s=1 j=2 j/'=2
P P
+ Z Z(nzmjf — N2mj'—2m+1) + n2mj—2m+1> N2mj—2m
i=1 \j'=j

J
P J p
+ § § (n2mj’—s - n2mj’—2m+s) + E (n2mj’—s - n2mj’—2m+s+1) No2mj—2m+s

i'=1 i'=i+1
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p p
- Z Z(anj’—m—H - anj’—m) n2mj—m
J=1 \j'=j
m—1 j—1 p
- Z Z Z(n2mj’—m+s - anj’—m—s) + Z(anj’—m-‘rs—i—l - n2mj’—m—s) N2mj—m-+s-
s=1 j=1 \j/=1 i'=i
(3.19)
Also, by (2.1) and (2.2)
X(n) = (~1yamrg-Noann (N1 Dy
o (q)N—’n2mP—1
p (_1)n2mj_n2mj_mq% Sgl(n2mj72m+s7n2mj72m+571)(n2mj72m+s7n2mj72m+571+1) (3.20)
X H 2m
=1
! H(q)n2mj—2m+sfn2mj—2m+s—1

s=1

Upon comparing (2.3) and (3.18)—(3.20) with (1.12) and then simplifying, it suffices to prove
that for m > 2

m p j
E g E n2mjfk+l_n2mjfk)(n2mj’—2m+k_n2mj’—2m)

k=1 j=1j4'=1
m-1p J
Z Z n2mj—m—s+1 - n2mj—m—s)(n2mj’—2m - n2mj’—3m+s)
s=1 j=2 j'=2
p p p
+ Z Z(n2mj’ - anj’72m+1)n2mj—2m + Z N2mj—2m+1M2mj—2m
J=1lj'=j Jj=1
m—1 p J p
+ Z Z n2mj’—s - n2mj’—2m+s) + Z (n2mj’—s - n2mj’—2m+s+1) N2mj—2m-+s
s=1 j=1 \j/=1 J'=j+1

n2m] —m+1 — n2mj’—m) N2mj—m

ﬁim
M’E

J=1 \y'=j
m—1 p - P
E E anj’—m—i-s - n2mj’—m—s) + E (n2mj’—m+s+l - n2mj’—m—s) N2mji—m+s
s=1 j=1 =1 j'=j
p
Nomj—2m+1 + 1 N2mj—m—1
+ E 9 — N2mj—2m+1M2mj—2m + 9 — N2mj—mN2mj—m—1

<.
I
—_
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3
L

(N2mj—2m+s — N2mj—2m+s—1)(N2mj—2m+s — N2mj—2m+s—1 + 1) (3.21)

| =
»
Il
N

equals

Z A,-Jmnmj (322)

1<i<5<2mp

where A; j, is given by (1.10). Here, we have used (3.7), (3.8) and the fact that

p [m—1 2m—1 2mp—1
E E N2mj—2m+i — E N2mj—2m-+i E ﬁ’L mM; + E N2mi (323)
j=1L4=0 i=m+1

where f3; ,,, is given by (1.11).
We now sketch how to go from (3.21) to (3.22). Let L; denote the ith line of (3.21). We first

split Ly into two parts according to the second factor and note that the sum on k in the second
part telescopes. Thus,

p J

m p
Ly=> 3" (nomj—kr1 — Nomj—k)2mg—2mik + Y O (M2mj—m — Nom;)namj—om- (3.24)

k=1j=1j/=1 j=1j'=1

Similarly, we split Lo into two parts according to the second factor and note that the sum on s
in the first part telescopes. Thus,

. P J
Ly =— Z (M2mj—m — N2mj—2m+1)N2m;j'—2m
=1 j=1
m=1 p J
+ Z n2mj m—s+1 = N2mj—m— s)anj 3m+s-
s=1 j=2j5'=2

(3.25)
Here, we have used the fact that ng := 0. Now, the &k = m term of the first sum in (3.24) cancels

with Ls. If we combine the double sum of (3.24) with the double sum in Ls, then the resulting
sum cancels with the first sum in (3.25). Note that L; = L; for i = 7 and 8. Hence, the single
sum in Lz cancels with the ¢ = 1 term of the second sum in (3.9). Putting this together and
expanding sums we now have that (3.21) equals
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m—1 p J m—-1 p J
g E Nomj—k+1M2mj" —2m+k — E § N2mj—kN2mj’ —2m-+k
k=1 j=1 j/'=1 k=1 j=1j/=1
m—1 p J m—1 p ]
+ g E N2mj—m—s+1M2mj’' —3m+s — E § g N2mj—m—sN2mj’—3m+s
s=1 j=2j'=2 s=1 j=2j'=2
m—=1 p J m—1 p J
+ E g N2myj’—sN2mj—2m+s — E E § n2mj’ —2m+s"2mj—2m-+s
s=1 j=1 ji=1 s=1 j=1j/i=1

p m—1 p p
+ E § N2mj'—sN2mj—2m+s — § § § N2mj’—2m4s+1M2mj—2m+s (326)
j j s=1 j=1j'=j+

s=1 j=1j=j+1 J 1
m—1 7j—1 m—1 p j—1
- E Nomj' —m+sN2mj—m+s + E § no2mj’ —m—sN2mj—m-+s
s=1 j=14=1 s=1 j=14'=1
m—1 p P m—1 p p
- g g Nomj' —m+s+112mj—m+s + g § Nomj'—m—s"2mj—m+s
s=1 j=1j4'=j5 s=1 j=1j4'=j5
p—1m—1 p—1 m
+ n2mj+z E § N2mj+i—1M2mj+i-
7=0 =1 7=0 =2

We combine the j* = j term from the first sum of the third line in (3.26) with the first sum
on the fourth line, and then cancel this with the second sum in the first line. Next, the 5/ = j
term in the second sum of the third line cancels with the first sum in the last line. Thus, (3.21)
equals

p o J
g E N2mj—k+1M2mj’ —2m+k

k=1 j=1j'=1
m—1 p 7 m—1 p
+ g E N2mji—m—s+1M2mj’'—3m+s — E § § N2mj—m—sN2mj’—3m+s
s=1 j=2j'=2 s=1 j=2j5'=2
m—1 p j—1 m—1 p j—1
+ E N2mj’—sMN2mj—2m+s — E E E Nomyj’ —2m+s"2mj—2m-+s
s=1 j:l j/:1 s=1 ]:1 j':l
m—1 p p
- E E N2mj’ —2m4-s+1M2mj—2m+s
s=1 j=1j'=j+1
m—1 p j—1 m—1 p j—1
- E N2mj’ —m+sT2mj—m-+s + 5 N2mj' —m—sN2mj—m-+s
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m—1 p m—1 p p
E E E anj —m+s+1M2mj—m+s + g E N2mj’' —m—sN2mj—m+s
s=1 j=1j'= s=1 j=1j'=j

3.27
p—1 m (3:27)
E E n2m]+z anm]-l—z
7=0 =2

Now, the last line of (3.27) is just the j* = j term of the fourth line. In the second line,
perform the shift 7/ — 5/ + 1 and start the sum at j = 1. The second sum on this line then
cancels with the second sum of penultimate line, except for the j/ = j term. But this term now
becomes the j* = j term for the second sum in the fifth line. After simplifying and gathering
terms, we have

m—1 p J m—1 p j—1
E E Nomj’ —2m+kN2mj—k+1 + § E Nomj' —m+sN2mj—m—s+1

k=1 j=1j'=1 s=1 j=14'=1

m—1 7—1 P J
+ 2 : n2mj’—sn2mj—2m+5+ E E N2mj'—m—sM2mj—m+s

s=1 j=1j/'=1 s=1 j=1j/=1

3.28

m—1 7j—1 m—1 p j—1 ( )
- E N2mj’ —2m+s"2mj—2m+s — E N2m;j’ —m~+sM2mj—m+s

s=1 j=1j4'=1 s=1 j=1j5'=1

m—1 p J m—1 p J
- g E N2mj’ —2m+4sM2mj—2m—+s+1 — g E N2mj’ —m+sM2mj—m+s+1-

s=1 j=1j'=1 s=1 j=1j'=1

Now we see that this is equal to (3.22) as follows. Namely, the first line of (3.28) corresponds
to (i,7) = (i,—i + 1) mod 2m, the second line to (i,j) = (i, —i) mod 2m, the third line to
(i,7) = (i,7) mod 2m and the fourth line to (i,7) = (i,7+ 1) mod 2m. This completes the proof
that (3.21) is equal to (3.22). O

4. CONCLUDING REMARKS AND QUESTIONS

The work in this paper may be compared with that of Hikami and the first author in [14, 15,
18], where one finds generalized Kontsevich-Zagier functions F;(q) and generalized U-functions
Ui(w; q) for torus knots T3 9;41). In the context of this family of torus knots, we have

o) t—1

Fi(q):=dq" Y (@k [J { kfl] (4.1)
kt>>k120 i=1 d
and
t—1 i1
- — ; kz +k7 —_ +2 k
U(w;q) ==q" Z (—2qQ)k,—1(—2 1Q)kt—1qkthk3[ 1 1 ‘ k:z . (4.2)
k> >k1>1 i=1 i+1

(Note that F1(q) = Fi1(¢q) and Ui(x;q) = Uii(z;q) since the underlying knot in each case
is the trefoil). While both the torus knot and double twist knot families of functions satisfy
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the duality in Theorem 1.3, much more is known in the case of torus knots. For example, the
functions Fi(q) have explicit quantum modular properties which were given by Hikami [15]. For
the case of torus knots 7{3 91y, see Corollary 4.1 in [9]. As for (4.2), it can be written in terms
of indefinite ternary theta series [18]. It is natural to ask whether the F}, ,(¢) (and/or F, 5(q))
have quantum modularity or other related properties (e.g., asymptotic expansions near roots of
unity), and whether the U, ,(x; q) (and/or the Uy, p(z; q)) have any nice representation in terms
of indefinite theta series.

We close with two further questions. First, for torus knots 7{3 9;41), the g-hypergeometric
series expressions for .J N(T(Q’Qt 1) q) which led to the generalized Kontsevich-Zagier functions
F,(q) were computed in [14, 15] using difference equations. Can one prove Theorems 1.1 and
1.2 using this technique? Second, both Ui i(x;q) and Fji(q) are interesting combinatorial
generating functions and the coefficients of F 1(1—¢q) and U ;1 (1; ¢) satisfy intriguing congruences
[1, 2, 4, 8, 10, 27]. It would be worthwhile to determine if the same is true for U, ,(x;q) and

Fm,p(Q)'

ACKNOWLEDGEMENTS

The authors would like to thank the Mathematisches Forschungsinstitut Oberwolfach for their
support as this work began during their stay from March 13-26, 2016 as part of the Research
in Pairs program. The second author would like to thank Kazihuro Hikami, Thang Lé, Kate
Petersen and Anh Tran for their helpful comments and suggestions.

REFERENCES

[1] S. Ahlgren, B. Kim, Dissections of a “strange” function, Int. J. Number Theory 11 (2015), no. 5, 1557-1562.
[2] G. E. Andrews, J. Sellers, Congruences for the Fishburn numbers, J. Number Theory 161 (2016), 298-310.
[3] K. Bringmann, K. Hikami and J. Lovejoy, The modularity of the unified WRT invariants of certain Seifert
manifolds, Adv. in Appl. Math. 46 (2011), no. 1-4, 86-93.
[4] J. Bryson, K. Ono, S. Pitman and R. Rhoades, Unimodal sequences and quantum and mock modular forms,
Proc. Natl. Acad. Sci. USA 109 (2012), no. 40, 16063—-16067.
[5] G. Burde, H. Zieschang, Knots, De Gruyter Studies in Mathematics, 5. De Gruyter, Berlin, 2014.
[6] A. Folsom, Quantum Jacobi forms in number theory, topology, and mathematical physics, Res. Math. Sci. 6
(2019), no. 3, Paper No. 25, 34pp.
[7] S. Garoufalidis, C. Koutschan, Irreducibility of q-difference operators and the knot 74, Algebr. Geom. Topol.
13 (2013), no. 6, 3261-3286.
[8] F. G. Garvan, Congruences and relations for r-Fishburn numbers, J. Combin. Theory Ser. A 134 (2015),
147-165.
[9] A. Goswami, R. Osburn, Quantum modularity of partial theta series with periodic coefficients, Forum Math.
33 (2021), no. 2, 451-463.
[10] P. Guerzhoy, Z. Kent and L. Rolen, Congruences for Taylor expansions of quantum modular forms, Res.
Math. Sci. 1 (2014), Art. 17, 17pp.
[11] S. Gukov, Three-dimensional quantum gravity, Chern-Simons theory, and the A-polynomial, Comm. Math.
Phys. 255 (2005), no. 3, 577-627.
[12] S. Gukov, C. Manolescu, A two-variable series for knot complements, Quantum Topol., to appear.
[13] K. Habiro, On the colored Jones polynomial of some simple links, in: Recent progress toward the volume
conjecture (Kyoto, 2000), Surikaisekikenkytisho Kokytroku 1172 (2000), 34-43.
[14] K. Hikami, Difference equation of the colored Jones polynomial for torus knot, Internat. J. Math. 15 (2004),
no. 9, 959-965.
[15] K. Hikami, g-series and L-functions related to half-derivates of the Andrews-Gordon identity, Ramanujan
J. 11 (2006), no. 2, 175-197.



24
[16]

[17]

[28]
[29]
[30]
31]

[32]

JEREMY LOVEJOY AND ROBERT OSBURN

K. Hikami, Asymptotics of the colored Jones polynomial and the A-polynomial, Nuclear Phys. B 773 (2007),
no. 3, 184-202.

K. Hikami, Hecke type formula for unified Witten-Reshetikhin-Turaev invariants as higher-order mock theta
functions, Int. Math. Res. Not. IMRN 2007, no. 7, Art. ID rnm 022, 32pp.

K. Hikami, J. Lovejoy, Torus knots and quantum modular forms, Res. Math. Sci. 2 (2015), Art. 2, 15pp.
K. Hikami, J. Lovejoy, Hecke-type formulas for families of unified Witten-Reshetikhin-Turaev invariants,
Commun. Number Theory Phys. 11 (2017), no. 2, 249-272.

M. R. Lauridsen, Aspects of quantum mathematics, Hitchin connections and AJ conjectures, Ph.D. thesis,
Aarhus University, Aarhus, Denmark, 2010.

T. T. Q. Lé, Quantum invariants of 3-manifolds: Integrality, splitting, and perturbative expansion, Topology
Appl. 127 (2003), no. 1-2, 125-152.

J. Lovejoy, Quantum q-series identities, preprint.

J. Lovejoy, R. Osburn, The colored Jones polynomial and Kontsevich-Zagier series for double twist knots,
II, New York J. Math. 25 (2019), 1312-1349.

G. Masbaum, Skein-theoretical derivation of some formulas of Habiro, Algebr. Geom. Topol. 3 (2003),
537-556.

S. Park, Large color R-matriz for knot complements and strange identities, J. Knot Theory Ramifications
29 (2020), no. 14, 2050097, 32 pp.

K. Petersen, A-polynomials of a family of two-bridge knots, New York J. Math. 21 (2015), 847-881.

A. Straub, Congruences for Fishburn numbers modulo prime powers, Int. J. Number Theory 11 (2015), no.
5, 1679-1690.

T. Takata, A formula for the colored Jones polynomial of 2-bridge knots, Kyungpook Math. J. 48 (2008),
no. 2, 255-280.

A. Tran, Nonabelian representations and signatures of double twist knots, J. Knot Theory Ramifications 25
(2016), no. 3, 1640013, 9pp.

K. Walsh, Patterns and stability in the coefficients of the colored Jones polynomial, Ph.D. thesis, University
of California, San Diego, 2014.

D. Zagier, Vassiliev invariants and a strange identity related to the Dedekind eta-function, Topology 40
(2001), no. 5, 945-960.

D. Zagier, Quantum modular forms, Quanta of maths, 659-675, Clay Math. Proc., 11, Amer. Math. Soc.,
Providence, RI, 2010.

CNRS, UNIVERSITE DE PARIS, CASE 7014, 75205 PariS CEDEX 13, FRANCE

SCHOOL OF MATHEMATICS AND STATISTICS, UNIVERSITY COLLEGE DUBLIN, BELFIELD, DUBLIN 4, IRELAND
Email address: lovejoy@math.cnrs.fr
Email address: robert.osburn@ucd.ie



