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Abstract. In his lost notebook, Ramanujan defined the function ¢(gq), which is a mock modular form
and is related to some of Ramanujan’s mock theta functions. In recent years, a number of congruences
for the coefficients of ¢(q) have been proved by Baruah and Begum, Chan, Du and Tang, and Xia.
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Newman.
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1 Introduction

On page 3 of his lost notebook, Ramanujan [14] defined the function ¢(q):
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Here and throughout this paper, we use the standard g-series notation,

oo

(a:9)0c = [[(1 —ad"),  (a59)n:= ((a;Q)(><>

o aq™; q)oc’
where ¢ is a complex number with |g| < 1.

The function ¢(q) is related to some of Ramanujan’s mock theta functions. Ramanujan [I4]
discovered the following identity involving ¢(q) and the sixth order mock theta function p(q):
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where p(q) is defined by
qn(n+1)/2

pa) =3 (=4 9)n

(45 ¢*)nt1

Motivated by Ramanujan’s work, Choi [9] proved analogous identities involving ¢(g) and two other
sixth order mock theta functions A(¢) and ¥(q) defined by

Ag) =) Wq", wlg) =3 OGP 1,

o P @)n = (¢ 2)m+

Recently, Mortenson [I1] discovered some identities involving ¢(q) and two second order mock
theta functions A(q) and u(q) defined by

A = Y Nawyg = Y- T (1)
n=0 ’ n+l

n=0
o= (D™ @500 2
#la) '_,;) R

The function ¢(q) also appears as the mock modular form H2(4) of type 24 in [8, (2.67)].

In recent years, a number of congruences for the coefficients a(n) of ¢(q) have been proved. In
2012, Chan [5] proved the following: for n > 0,

a(9n+4)=0 (mod 2), (1.2)
a(3n+2)=a(18n+7)=a(18n+13) =0 (mod 3),
a(25n 4 14) = a(25n+24) =0 (mod 4), (1.3)
a(l0n+9)=0 (mod 5),
a(fmn+3)=a(in+4)=a(Tn+6)=0 (mod 7),
a(bn+5)=0 (mod 27).

Furthermore, Chan [5, Conjecture 7.1] conjectured that for any n > 0,
a(50n + 19) = a(50n + 39) = a(50n +49) =0 (mod 25). (1.5)

Utilizing some g-series techniques, Baruah and Begum [2] not only confirmed (1.5)), but also proved
the following three congruences modulo 125 satisfied by a(n):

a(1250n 4 469) = a(1250n + 969) = a(1250n + 1219) =0 (mod 125). (1.6)

Inspired by Chan’s work, Xia [I6] deduced some new congruences modulo powers of 2 and 3 for a(n).
For example, he proved that for n > 0,

a(49n 4+ 9) = a(49n +23) = a(49n +30) =0 (mod 2). (1.7)

Du and Tang [I0] established several infinite families of congruences modulo arbitrary powers of 5 for

a(n), which contain (1.4))—(1.6]) as special cases.

The aim of this paper is to characterize congruences mod 2 and 4 for a(n) based on a method for
proving congruences on mock theta functions and the Hurwitz class number due to Chen and Garvan
[6, [7]. In addition, we deduce some congruences modulo 8 for a(2n + 1) by using an identity given by
Newman [12].



In order to state the following theorems, we recall the Legendre symbol. Let p > 3 be a prime.

The Legendre symbol (%)L is defined by
1, if a is a quadratic residue modulo p and p 1 a,
(a) = 0, if p|a,
P/L -1, if @ is a nonquadratic residue modulo p.

The main results of this paper can be stated as follows.

Theorem 1.1 Let n > 1 be an integer.
(1) a(n) is odd if and only if 4n — 1 has the form
4n — 1 = protim?,
where p is a prime, and m and « are integers satisfying (m,p) =1 and a > 0.
(2) a(n) =2 (mod 4) if and only if 4n — 1 has the form

_ da+1, 4b+1, 2
dn —1=p;""py M7,

where p1 and py are primes such that (%)L =—1, (m,p1p2) = 1 and a,b > 0 are integers.

Theorem 1.2 Let p = 1 (mod 4) be a prime and suppose 46, = 1 (mod p?) and k,n € Z with

(%)L = 1. Then,

a(p’n+ (pk+1)5,) =0 (mod 4). (1.8)

Taking p = 5 in (1.8) yields (1.3)).
Based on Theorem we can deduce the following corollary:
Corollary 1.3 Let p > 3 be a prime. Suppose that &, is a positive integer such that 4¢, =1 (mod p)

4¢p—1

with 1 < &, <p* — 1. If< L > :-101"%53(m0d4)withp“((élfp—l),thenfornZO,
L

a(P’n+¢&,) =0 (mod 2). (1.9)

Setting p = 3,7 in (|1.9)), we arrive at ((1.2) and (|1.7]), respectively. Furthermore, if we set p = 11,13
in (1.9)), we deduce the following corollary:

Corollary 1.4 Forn >0,

a(121n +4) =0 (mod 2),
a(169n + j) =0 (mod 2),

where © € {36,47,58,80,113} and j € {10, 23, 36, 49,62, 75,88,101, 114, 140, 153, 166}.



We also prove some congruences modulo 8 for a(2n+1). We first present some definitions. Through-
out the rest of this paper, we define

> eo(n)g” s = (q:9)%, (1.10)
n=0
2, if r =0 (mod 8),
v(p): =<4, if r =4 (mod 8), (1.11)
8, if =2 (mod 4),
and
-, if V(p) = 27
g(p) == —1%s + 52, if v(p) = 4, (1.12)
—rbs + 552t — 61253 + 5%, if v(p) =8,

where p > 3 is a prime, and r and s are defined by

rzr(p)cg(?’(pz”)ﬂlﬁ”s”p?’ () s=sp)=p  (1L13)
L
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Remark 1.5 Though it is not clear from the definition, we can prove that r is an even number. It is
easy to check that

Yoeolmg =Y > IR (mod 2), (1.14)
n=0

m=0n=0
where we have used Lemma[2.]] and the following identity due to Gauss:

i /e - ()%
= (¢ 9)oo

We can rewrite (1.14) as

oo

o0 oo R R
cg(n)q8n+3 = Z Zq(2n+1) +2(2m+1) (mod 2)

n=0 m=0n=0

Therefore,

r2(8n+3) (mod 2), (1.15)

>~ =

co(n) =

where r9(n) denotes the number of solutions to x% +2y? = n with x,y € Z. It follows from (1.15)) and
[, Proposition 2.2] that cy (3@2871)) is even when p = 3 and is odd when p > 3. Thus, r is even.

Theorem 1.6 Let p > 3 be a prime.
(1) For n,k >0, if p{n, then

2v(p)(k+1) 1
a <2p2u(p)(k+1)1n 4 3p4+> =0 (mod 8). (1.16)
(2) For k >0,
3 2v(p)k +1



Example. Taking p = 3 in (1.16) and (1.17)), we find r = 4, s = 37, ©(3) = 4 and ¢(3) = 1
(mod 8). Thus, for n,k > 0, if 3t n, then

38k+9 1
a (2 x 38k +Tp 4 4+> =0 (mod 8)

and -
a (2 x 38% 4 34—’—1) =1 (mod 8).

Theorem 1.7 Suppose that b is a positive integer such that cg(b) = 0 (mod 8) and that 8 + 3 =
H;‘zl fi H§=1 g;-x" with each o > 2 is the prime factorization of 8b+ 3. Then forn > 1,

3n2+1

a(26m® + =0 (mod 8), (1.18)
( )

where (7%21_[;:1 g;‘j) =1.

This paper is organized as follows. In Section 2, we recall some results on congruences modulo
2 and 4 for the coefficients of the eighth order mock theta function V;(g). In Section 3, we present
proofs of Theorems and Corollary Sections 4 and 5 are devoted to the proofs of Theorems
and [1.7| by using a method posed by Newman [12], and Xue and Yao [I7]. Finally, we make some
concluding remarks concerning future directions.

2 Preliminaries

In [7], Chen and Garvan proved some congruences modulo 4 for certain mock theta functions. In
particular, they investigated congruences modulo 2 and 4 for the eighth order mock theta function
Vi(q) defined by

> > (_q;q2)n ( +1)2
Vi(g) = Ny, (n)q"™ = ———q\" . 2.1
1@ ;::0 n) ,;)(q;qQ)nﬂ 21)

Chen and Garvan [7] proved the following interesting results on the coefficients of V;(q).

Lemma 2.1 [7, Lemma 3.4] For each positive integer n, we have
Ny, (n) = x(n)H(4n — 1) (mod 4), (2.2)
where H(n) is the Hurwitz class number, and

if n=2,3 (mod 4),

x(n) = {—1, if n=0,1 (mod 4). (23)

Based on Lemma Chen and Garvan [7] proved the following two theorems.

Theorem 2.2 [7, Theorem 3.5] Let n > 1 be an integer.



(1) Ny, (n) is odd if and only if 4n — 1 has the form
An — 1 = pratim?,
where p is a prime, and m and « are integers satisfying (m,p) =1 and o > 0.
(2) Ny, (n) =2 (mod 4) if and only if 4n — 1 has the form
dn — 1 = platipih+ly,?

)

where p1 and py are primes such that (%)L =—1, (m,p1p2) =1 and a,b > 0 are integers.

Theorem 2.3 [7, Theorem 3.6] Let p = 1 (mod 4) be a prime and suppose 46, = 1 (mod p?) and
k,n € Z with (E) =1. Then,
PJL

Ny, (p°n+ (pk+1)6,) =0 (mod 4). (2.4)
Moreover, we require the following lemma which follows from the binomial theorem.

Lemma 2.4 Let m, k be positive integers. Then

2k—1

m, m)2k 2m, 2m)
00

(@™ 4™)% = (@®™5q (mod 2¥). (2.5)

3 Proofs of Theorems [L.1], and Corollary

The main goal of this section is to characterize congruences mod 2 and 4 for a(n) by using some results
due to Chen and Garvan [7].

We first present a proof of Theorems [I.1] and
Proof of Theorems and[1.3 In [I1], Mortenson proved that

S YNV N ('t ) L Ui
> a(n)g" = ¢(q) = A(—¢*) +¢q OO (3.1)

n=0

where A(q) is defined by (1.1). It follows from [3, p. 40, Entry 25| that

4. 4\14 4. 4\2 (8. 8\4
T a7 v v 52
Substituting into (3.1)) yields
o0 4. 4\8 8. 8)8
o = M) G i G &
In view of and ,
a(2n) = (—=1)"Na(n) (mod 4). (3.4)
In [7], Chen and Garvan proved that for n > 1,
Na(n) = (=1)""H(8n —1) (mod 4). (3.5)



Combining (3.4) and (3.5]) yields
a(2n) =3H(8n —1) (mod 4). (3.6)

By (@3 and (3.

- w_ () _ ()
2 alzn+ 1" = @oL — @on MY 37)

Recall from [15 (1.14)] that

3iH(8n+3)q” = % (3.8)
= (G 9)2
Thus, from and (3.8)), we arrive at
a(2n+1) =3H(8n+3) (mod 4). (3.9)
It follows from and that for n > 1,
a(n) =3H(4n —1) (mod 4).1 (3.10)
In light of and ,
a(n) = 3x(n)Ny,(n) (mod 4), (3.11)
where x(n) is defined by . Combining and Theorems and we arrive at Theorems
and This completes the proof. 1

To end this section, we provide a proof of Corollary [T.3]
Proof of Corollary[1.3, Suppose that 4, — 1 = pt, where t is an integer. It is easy to check that

4(p*n+ &) — 1= p(dpn + ).

46p—1
If (;)L =—1lor 45’;% =3 (mod 4) with p? 1 (4§, — 1), then p||(4(p*n + &,) — 1) and 4pn + t is
not a square. Congruence (|1.9) follows from Theorem u (1). This completes the proof. |

4 Proof of Theorem [1.6

In Sections 4 and 5, we apply the method given in [I7] to prove Theorems and Throughout
this section, we always suppose that p > 3 is a prime and r, s are defined by (1.13))

To prove Theorem |1.6] we require some lemmas.

Lemma 4.1 Forn,k >0,

2k _ 2 _
oo (0 25 Z) — o (04 2 ) 4 Bt (11)

ISince N°(1,1/¢;1;q) = N°(1,1/¢; —1;q) (mod 4) which are defined in [T], (3-10) also follows from [T} (1.6)] and the
last line of p. 387 in [I].



where cg(n) is defined by (1.10), and Ax(p) and By(p) are two sequences defined by

Ar(p) = rAr_1(p) — sAr—2(p), (4.2)
By(p) = rBx—1(p) — sBr—2(p)
with
Ai(p) =1, Ao(p)=0, Bi(p)=0, Bo(p) =1 (4.4)

Proof. We prove this lemma by induction on k. Note that this lemma is true when £k =0 and k =1
by (4.4). Now suppose that Lemma holds when k = m and k = m + 1 which gives that

3(p*™ —1 3(p* — 1
oo (s + X )~ plen (04 XY 4 Bt (4.5)
and
3 2m—+2 1 3 2 _ 1

oo (20 ) sl (04 2 ) 4 B, @40

In [I2] 18], Newman proved the following identity on cg(n):

3 2 _ 1 n — 3(p°-1)

Cy <p2n + (p8)) = k(n)co(n) — pey <]328 , (4.7)

where

= 3(p* — 1) =)= 3@ 32-1) _,
)= () e p3<<5 e )

If we replace n by p*n + w in (4.7), we obtain

o (5 DY e (s ) ws)

Replacing n by p?™n + 3(”2;71) in (4.8) and utilizing (4.5) and (4.6) yields

2m+4 _ 1
co <p2m+4n+ 3(p - ))

3 2m+2 _ 1 3 2m _ 1
reo <p2m+2n+ (p )) — seq (p2mn+ (p ))

8 8
=r (Am+1(p)09 (an + ?’(]028_1)> + Bm+1(p)09(n)>

_s (Am(p)Cg (pzn + S(pz_l)) + Bm(p)c9<n)>

3(p* — 1)

— s 9) = sAnpen (04 20

) T (rBunir(p) — 5B (p)) coln)

3(p? —1
= Am2(p)cy <p2n + (ps)) + Bim+2(p)eo(n),
which implies that (4.1) holds when &k = m + 2. Lemma is proved by induction. |



Lemma 4.2 Fork >0,

" Av@)ktv(p)-1(P) + Bu@)kto(p)-1(p) = 0 (mod 8), (4.9)
where v(p) is defined by and Ay (p) and By(p) are defined by (4.2) and (4.3), respectively.

Proof. Lemma [4.2| will be proved by induction on k. In view of (4.2)—(4.4), it is easy to check that

Ay (p)-1(P) + Bu(p)-1(p) = h(p), (4.10)
where
T if v(p) =2,
h(p) := ¢ 73 — 2rs, if v(p) =4, (4.11)
rT — 6r°s + 10s%r3 — 4rs®, if v(p) =8

Based on and , one can check that
h(p) =0 (mod 8). (4.12)
So (4.9) is true when k = 0. Suppose that holds when k& =m (m > 0) which implies that
rAypym+vp)-1(P) + Bupym+v(p)-1(p) = 0 (mod 8). (4.13)
In light of and and the values of v(p),

T AL (pymt2v(p)—1(P) + Bupym+2v(p)—1(P)
= h(p) (TAV(p)eru(p) (p) + BV(p)m+V(P) (p))
+9(0) (rAv@ym+v)-1(P) + Buym+vm)-1(p)) » (4.14)

where g(p) and h(p) are defined by (1.12)) and (4.11)), respectively. Thanks to (4.12)), (4.13) and (4.14),

rAu(p)m+2V(p)71(p) + Bl/(p)m+2u(p)71(p) =0 (HlOd 8)7
which implies that (4.9) is true when k& = m 4 1 and so Lemma [4.2]is proved by induction. |

Lemma 4.3 Fork >0,
Aypye(p) = 0 (mod 8) (4.15)
and
By (pyk(p) = g(p)* (mod 8), (4.16)

where v(p) and g(p) are defined by (1.11) and (1.12)), respectively.

Proof. We prove (4.15) and (4.16]) by induction on k. Note that (4.15) and (4.16) hold when k£ = 0
because Ag(p) = 0 and By(p) = 1. Suppose that (4.15) and (4.16)) hold when k& = m, so that

Aypym(p) =0 (mod 8) (4.17)

and



In light of the values of v(p) and ([4.3),

Au(p)erV(p) (p) = h(p)Au(p)erl(p) + g(p)AV(p)m(p) (419)
and

Buymvp) (P ) = h(p)Bu(pym+1(p) + 9(P) Bu(p)m (p), (4.20)

where g(p) and h(p) are defined by (1.12) and -, respectively. By (.12), (4.17) and -, we
deduce that (4.15) is true when k =m + 1. It follows from (4.12)), (4.18]) and (4.20]) that

Byymv(p)(p) = g(p)™* (mod 8),
which implies that (£.I6) holds when k = m + 1. Therefore, Lemma [£.3]is proved by induction. W

Now, we are ready to prove Theorem

Proof of Theorem . Substituting (4.7) into (4.1) yields
3 2k 1 n — 3(1’-’2_1)
eo (30 + 25 Z0) (o) + Belpen(n) ~ s <28 S @

8 p
Replacing n by pn + w in (4.21) yields

co (pzk“n + 3(ka+2—1)> =(rAi(p) + Bi(p))co (pn + ?)(])28—1)) — sAg(p)ey (Z) ;o (422)

8
where r and s are defined by (1.13). Replacing k by v(p)k + v(p) — 1 in (4.22)) and using (4.9) yields
. B 3(p2 @+ _q n
Co <p2 )11y ( 3 ) =— sAV(p)k+y(p)_1(p)09 ; (mod ),
which implies that if p t n, then
3(p2vP)(k+1) _ 1
Co <p21/(p)(k+1)—1n + (p 8 )) = 0 (mOd 8) (423)
By (23) and (33),
Z (2n+1)¢" = (¢;¢)%  (mod 8), (4.24)
from which, together with (1.10]), we deduce that for n > 0,
a(2n+1) =cg(n) (mod 8). (4.25)
Congruence (|1.16]) follows after replacing n by p2r @B+ =1y, 4 w in and utilizing
[23).
Replacing k by v(p)k in and utilizing (4.15)) and ( -, we get

2v(p)k _
Cco (pr(p)kn + S(pSkl)> = g(p)’%g(ﬂ) (mod 8), (4.26)

where g(p) is defined by (1.12). Setting n =1 in (4.26)) yields

3 2v(p)k _ 1
co (pQVW 43 < )) =g(p)* (mod 8). (4.27)

v(p)k_ . . .
Replacing n by p?*®* 4 w and using (4.27)), we arrive at ((1.17). This completes
the proof. ]

10



5 Proof of Theorem 1.7

In this section, we give a proof of Theorem [I.7]

Proof of Theorem[I.7, We prove Theorem [I.7 by induction on the total number of prime factors of n.
Suppose that b is a nonnegative integer such that cg(b) =0 (mod 8). By (4.25), we have

a(2b+1)=0 (mod 8),
which implies (1.18)) holds when n = 1 (n has no prime factors).

Suppose that the prime factorization of 8 + 3 is 8 + 3 = H;‘zl fi H;?:l g;?j with each a; > 2.
Let p; > 3 be a prime with (pl,]_[gzl g?j) = 1. Replacing (n,p) by (b,p1) in (4.7) and utilizing the
hypothesis that ¢g(b) =0 (mod 8) yields

3 2 1 b _ 3(1’?71)
Co (bp% + (1718)> = —scg (2728 (mod 8). (5.1)
1

It is easy to check that

2_ u v a;
b—w _ 8b+3-3p7 Ilici fillj=19; — 3pt

p? 8p? B 8p?

is not an integer since ged(ps, H;:l g;lj) = 1. Thus,

c (M‘”i“) =0 (5.2)
’ pi ' '
Thanks to and (5.2),
co | bp? + 3(1)%8_1)> =0 (mod 8),
from which with , we see that
a <2bp‘f L 1) =0 (mod 8).

Therefore, ((1.18) holds when n = p; (n has only one prime factor).

Now assume that ([1.18)) holds for all integers with no more than k prime factors. To prove Theorem
it suffices to show that (1.18)) holds when n has k+1 prime factors. Write n as n = p1pa -+ - PkPk+1

where 3 < py <py < -+ < pp < pry1 with (p1 S DE-1DkPk+ 1, 2 ][y g}”) =1

By (4.25)) and the hypothesis that (1.18) holds for all integers with no more than k& prime factors,
we have

3(ip3 - pig — 1)>
8

co <bp§p§ ceph

3 pig +1
1

=a (2bpfp§ epEo 4+ > =0 (mod 8) (5.3)

and

3(pips - Ph_1P} — 1))

co (bp?pi c PPk + 3

11



3pip3 - pi_ipi+1
4

=a (2bp§p§ CpE_ipE+ ) =0 (mod 8). (5.4)

(2.2 2 2
If we replace (n,p) by (bpip3---pi_,pi + w,pkﬂ) in (4.7) and utilize (5.4)), we have

8

3(PiP3-Ph_1PR—Phi1)
bp2p2-~-p2_ p2+ 1P2 k—1Pk " P41
= —scy | 2 ETE 8 (mod 8). (5.5)
Pria

3(pip3 - PR PP — 1)
co (bp?p§ o Dp_ DD + -

If pr+1 = pi, then (5.5) can be rewritten as

3(pIp3 - Ph_1PRPRr — 1))
8

o (Wi arbot+

3(pis---ph_y — 1)

S (bp%p%-~-pi1+ L )zo<mod8>. by BF)  (56)

If prt1 > pr, then pry1 & {p1,p2,...,pr}. Note that

2 2 2 2 2
3(1711’2"'1’k71pk*1’k+1)

bpip3 - pi_ 1Pk + 5  (8b+3)pip3 - - pi_1Pi — 3Pk
piﬂ 8pi+1
_ pips - PR Tlisy fi H§:1 gz‘lj — 3D} 41
a 810%-5—1

is not an integer since (pk_H, H;.):l g?j) =1 and (pr41,pip3---pi) = 1. Thus,

2.2 2 2 2
3(p1P3 " Pr—1Pk 7pk+1)

bp2p2 ... p2 2 4

o e L 5 =0, (5.7)

Pr11
In light of (5.5)(5.7),
3(pIp3 - - i1 PRPR1 — 1)
co (bpfpg R =0 (mod 8),

from which with (4.25]), we deduce that (|1.18)) holds when n = pips - - - pgprr1. Therefore, Theorem
is proved by induction. This completes the proof. |

Remark 5.1 In [I2], Newman proved that if 3 < r < 23 is an odd integer and m and b are integers
such that ¢, (b) =0 (mod m) and 24b 4 r is square-free, then

e (bn* +r(n* —1)/24) =0 (mod m), (5.8)

where (n,2) = 1 if 3|r; (n,6) = 1, otherwise. He also mentioned that it can be strengthened by
discarding the condition that 24b + r is square-free and restricting n to be divisible only by primes p
such that p? 1 24b+r, and p > 2 when 3|r; p > 3 when (r,3) = 1. Due to established in Section
4, we notice that if the integer b with cg(b) = 0 (mod 8) satisfies that (3,80 + 3) = 1 or 9/8b + 3,
Newman’s result and Theorem are consistent. However, when 3||8b + 3, Theorem can imply
Newman’s congruences when r = 9, but the reverse does not hold. For example, setting b = 72
in Theorem [1.7, we get co(72) = 0 (mod 8) and 8 x 72+ 3 = 3 x 193. By (1.18)), we deduce that for
n > 1 with (n,2) =1,

a((579n% +1)/4) = ¢9(3(193n% —1)/8) =0 (mod 8). (5.9)

However, from Newman’s strengthening congruences ([5.8)), we only obtain that (5.9) holds for all n
with (n,6)=1.
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6 Concluding remarks

As seen in the introduction, a number of congruences for the coefficients of Ramanujan’s function
®(q) have been established in recent years. In this paper, we characterize congruences modulo 2 and
4 for the coefficients a(n) of Ramanujan’s function ¢(g) by utilizing some results proved by Chen and
Garvan [7]. Furthermore, we prove infinite families of congruences modulo 8 for a(2n+ 1) based on an
identity proved by Newman [12]. A natural question is to find congruences for a(2n) modulo 8, 16, 32,
etc. However, the proof of congruences for a(2n) modulo 8, 16 will likely require a different approach,
for the method for proving congruences for a(2n) used in this paper runs into serious limitations
beyond the modulus of 4.
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