ODD UNIMODAL SEQUENCES

KATHRIN BRINGMANN AND JEREMY LOVEJOY

ABSTRACT. In this paper we study odd unimodal and odd strongly unimodal sequences. We use
g-series methods to find several fundamental generating functions. Employing the Euler—Maclaurin
summation formula we obtain the asymptotic main term for both types of sequences. We also find
families of congruences modulo 4 for the number of odd strongly unimodal sequences.

1. INTRODUCTION AND STATEMENT OF RESULTS

A sequence is unimodal if it is weakly increasing up to a point and then weakly decreasing
thereafter. Let u(n) denote the number of unimodal sequences of natural numbers having the form

alg‘--gaTSEZIMZWst, (1'1)
with

T S
n:c+2aj+2bj.
j=1 j=1

The distinguished point ¢ is called the peak of the sequence and the sum of the entries n is called
the weight. For example, we have u(4) = 12, the twelve unimodal sequences of weight 4 being

(4),(1,3),(3,1),(2,2),(1,1,2),(1,2,1),(2,2), (2,1,1) ,

_ _ _ _ 1.2
(1,1,1,1),(1,1,1,1),(1,1,1,1), (1,1,1,1) . (1.2)

A unimodal sequence is strongly unimodal if the inequalities in (1.1) are strict. Let u*(n) denote
the number of strongly unimodal sequences of natural numbers with weight n. For example, we
have u*(4) = 4, the four strongly unimdodal sequences of weight 4 being!

(4), (1,3),(3,1), (1,2, 1). (1.3)

Unimodal sequences and strongly unimodal sequences have been the subject of a considerable
amount of research, especially over the last two decades. The generating functions for these se-
quences are related to number-theoretic objects like mock theta functions, false theta functions,
and quantum modular forms, whose theories can then be applied to deduce many interesting results
(see Subsections 14.4, 15.7, and 21.4 of [11]; for some more recent work, see [15, 18]).

In this paper we study odd unimodal sequences and odd strongly unimodal sequences, which
are unimodal sequences and strongly unimodal sequences wherein all numbers must be odd. For
non-negative integers n let ou(n) and ou*(n) denote the number of odd unimodal and odd strongly
unimodal sequences of weight n. Note that ou(0) = ou*(0) = 0. Continuing the example in (1.2)
and (1.3), we have ou(4) = 6 and ou*(4) = 2.

We begin by computing several fundamental generating functions. We use two-variable generating
functions, where the second variable tracks the rank of the unimodal sequence. In the notation of
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(1.1), the rank is defined to be r — s, or the number of parts of the sequence to the left of the peak
minus the number to the right. From the perspective of modular forms, this second variable is the
“Jacobi variable”. We use the standard g-hypergeometric notation,

f[ L=ag), (1,060 = (@10 (060)n (1.9

valid for £ € N, a,ay,...,a0 € Cand n € NgU {oc}. For m € Z and n € Ny let ou(m,n) denote the
number of odd unimodal sequences of weight n with rank m.

Theorem 1.1. We have

q2n+1

ou(m,n)("q" = = (1.5)

,;) ;(Cq,C ' 0%) i

meZ n
1 2
— -1 n+1<3n+1q3n2+2n 1+ Cq2n+1 + -1 nCQn—l-lqn +n 1.6
T;)( ) ( ) (€a,¢a30%) 7;)( ) (1.6)
2 2
q (_1)n+rqn +3n+4rn+r<+3r

= > - > (1.7)

_ 2r+1
(q 4 )OO nr>0 n,r<0 1 gq

Next, for m € Z and n € Ny let ou*(m,n) denote the number of odd strongly unimodal sequences
of weight n with rank m.

Theorem 1.2. We have, with Q(r,s) := % + sy s . Iy,

> out(m,n)¢Mg" = (—Cq. ¢ ?), ¢ (1.8)
n>0 n>0
mEZ
1 (_1)nq3n2+3n+1 C n n 242041
I R Z 1 2nt1 Z 1 2n+1 (1.9)
(%) i 1+Ca )oo 22, +Cq
— 2.(]2 Z o Z (_1)ngrq3n2+3n+4nr+r2+2r (11())
(q 4 )oo n,r>0 n,r<0
—1,.,2 r—s
SLeseaDsl y - x|SR aw
(q27 q2)io r,5>0 r,s<0 1+ CqT+5+1

r=s (mod2) r=s (mod2)

Remark. The analogue of Theorem 1.1 for ordinary unimodal sequences is [25, Proposition 2.1]. For
strongly unimodal sequences, the corresponding generating functions are dispersed in the literature.
The analogues of (1.8) and (1.9) are [11, equation (14.18)] and [12, Lemma 3.1]|, while the analogues
of (1.10) and (1.11) are Theorems 4.1 and 1.3 of [22].

Our first use of the generating functions in Theorems 1.1 and 1.2 is to find asymptotic main
terms? for ou(n) and ou*(n).

20ne could obtain further terms in the asymptotic expansion of ou(n) and ou*(n). However, as the weights of the
underlying generating functions are too large, an exact formula seems out of reach.
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Theorem 1.3. We have, as n — oo,

e
ou(n) ~ 513 (1.12)
24 34n4
Theorem 1.4. We have, as n — o0,
* eﬂ' %
2234n4

Remark. By |7, 30|, the analogue of (1.12) for the number of ordinary unimodal sequences u(n) is

233in1

The analogue of (1.13) for the number of strongly unimodal sequences u*(n) is

2n
eV 3

~ T13 1 3
2% 3in1

*

u*(n) , (1.14)

due to |29]. Note that the asymptotics in (1.12) and (1.14) agree.

As a second application, we prove congruences modulo 4 for the number of odd strongly unimodal
sequences of weight n. Here we are motivated by a corresponding result for strongly unimodal
sequences, which says that if £ =7,11,13,17 (mod 24) is prime and (%) = —1, then

u* (€2n+€j - <é22—il)> =0 (mod4).

This was conjectured by Bryson, Ono, Pitman, and Rhoades [16] and proved by Chen and Garvan
[18]. Our analogue for ou*(n) is as follows; see Theorem 6.2 for a more general theorem.

Theorem 1.5. Let £ > 5 be prime. If { = 7,13 (mod 24) and (37]) = —1 or ¢f £ # 7,13 (mod 24)
and (1 j, then we have:

(1) If j is odd, then

ou* <4€2n + 250+ (8627“'1)) =0 (mod4).
(2) If j is even, then

ou” (46271 + 250 + (%)) =0 (mod4).

Before continuing, we note that this is not the first time that odd unimodal sequences have been
considered. They were briefly treated by Andrews [4], who called them convex and strictly convex
compositions with odd parts and established the case ( = 1 of (1.5) and (1.8). They also arose as a
special case of the mixed congruence stacks of Frnka [20], who proved the case ¢ = 1 of both (1.5)
and (1.6) and also deduced Theorem 1.3 using a different technique — Wright’s Circle Method.

The rest of this paper is organized as follows: In Section 2, we gather necessary background on
asymptotic methods and indefinite theta functions. In Section 3 we prove Theorems 1.1 and 1.2.
Sections 4 and 5 contain proofs of Theorems 1.3 and 1.4. In Section 6, we show Theorem 6.2,
which contains the congruences in Theorem 1.5 as a special case. We close in Section 7 with open
problems.
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2. PRELIMINARIES

2.1. A Tauberian Theorem. Recall the following® special case a = 0 of Theorem 1.1 of [14],
which follows from Ingham’s Theorem [23].

Proposition 2.1. Suppose that B(q) = )_,,~,b(n)q" is a power series with non-negative real coef-
ficients and radius of convergence at least one and that the b(n) are weakly increasing. Assume that
A, B, v € R with v > 0 exist such that

B(e™") ~ APt ast — 0t B(e7?) <« |z|ﬂe% as z — 0, (2.1)
with z =z +1iy (x,y € R,x > 0) in each region of the form |y| < Az for A > 0. Then
A3+
b(n) ~ Lﬁé}geQ\/ﬁ as n — oo.
2\/mn2"1

2.2. The Euler—Maclaurin summation formula. For simplicity we only state the versions of
the Euler-Maclaurin summation formula that we use in this paper; see [14] for a more general
version for all dimensions. Let Dy := {re!® : r > 0 and |a| < 0}. A multivariable function f in ¢
variables is of sufficient decay in D if there exist €1,...,&¢ > 0 such that (we write vectors in bold
letters) f(z) < (w1 + 1)1 (xp + 1)1 7% uniformly as |x1| + ... + || — oo in D. We first
require a one-dimensional version of the Euler-Maclaurin summation formula (see [31]).

Proposition 2.2. Suppose that 0 < 0 < 5. Let f : C — C be holomorphic in a domain containing
Dy, so that in particular f is holomorphic at the origin, and assume that f and all of its derivatives
are of sufficient decay. Then for a € R and N € No, we have, uniformly as z — 0 in Dy,

Bn ™) (0
Zf ((m+ a)z / flw H(a)fll()zn—FON(zN),
= (n+1)!
where By (x) denotes the n-th Bernoulli polynomml.

We also require the two-dimensional case of the Euler-Maclaurin summation formula (see [14]).

Proposition 2.3. Suppose that 0 < 0; < § for 1 < j < 2, and that f : C? — C is holomorphic in
a domain containing Dg := Dy, X Dy,. If f and all of its derivatives are of sufficient decay in Dg,
then for a € R? and N € Ny we have uniformly, as w — 0 in D,

me+a //f dwldwg—fz(:bljij_ /f"h (0, wa)dws

o n2+1 Ong d
Z:: (n2 +1 / d (wr, 0)duy

Bn1+1(al)Bn2+1(a2)f(m’n2)(0) + N
nitns 40 .
+ > (n1+ D)(ng + 1! T+ Oy ()

ni+na<N

3The second condition is often dropped in (2.1) which makes the proposition unfortunately incorrect (see [14]).
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2.3. Indefinite theta functions. In this subsection, we recall results from Zwegers’ thesis [32].
Fix a quadratic form @ of signature (n,1) with associated matrix A, so that Q(x) = jx’ Az. Let
B(z,y) := Q(x + y) — Q(x) — Q(y) denote the corresponding bilinear form. The set of vectors
c € R? with Q(c) < 0 splits into two connected components. Two vectors ¢; and cg lie in the same
component if and only if B(cy, c2) < 0. We fix one of the components and denote it by Cg. Picking
any vector cg € Cg, we have

Cq={ceR":Q(c) <0, Ble,co) < 0} .
The cusps are elements from
Sq = {c e Z' : ged(er,ca,...,c0) =1, Q(e) =0, B(e,cg) < 0}.

Let Cg := Cg U Sg and define for, ¢ € Cg

Rlc) = R¢ if ¢ € Cy,
" {a€R:B(c,a) ¢ Z} ifceSo.

Let c1,c2 € Cp. We define the theta function with characteristic a € R(c1) N R(ez) and b € R by

Jap(T) = D o(n;7)etmPOM LM,
neZl+a

where

CI»CZ(

omiT) = o **(ni7) = ¢ (mi7) — 0% (mi7)

with (7 = u + )

E(Blenvv) rec
0°(n;7) = (\/—Q(C) testo

sgn(B(e,n)) ifce Sg.
Here the odd function E is defined as
E(w) := 2/ e ™ dt
0
with the usual convention that sgn(w) := = for w € R\ {0} and sgn(0) := 0. Note that

|w]

o0

E(z) =sgn(z) (1 -8 (mQ)) , where B(x) := / w e ™ dw. (2.2)

T

This in particular yields that E(x) ~ sgn(z) as |z| — oo.
The theta function satisfies the following transformation law.

Theorem 2.4. If a,b € R(c1) N R(c2), then

Vab (—1> = ;(_”)gezmma,b) Z Vbte,—a(T).

T - det(A) LeA—1T7L)TE

3. GENERATING FUNCTIONS AND THE PROOFS OF THEOREMS 1.1 AND 1.2

In this section we establish the generating functions in Theorems 1.1 and 1.2. We begin with
Theorem 1.1.
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Proof of Theorem 1.1. Equation (1.5) is a straightforward consequence of the fact that ((g; qz);il
is the generating function for partitions into odd parts of size at most 2n + 1, with the exponent
of ¢ counting the number of parts. Namely, in the notation of (1.1), the term ¢?"*! generates the
peak ¢, the term ((g; qQ);}rl generates the odd parts (a1,...,a,) to the left of the peak, and the
term (¢~ lq; q2);i1 generates the odd parts (by,...,bs) to the right of the peak. The exponent of ¢
is r — s. Equation (1.6) is a result in Ramanujan’s lost notebook [6, Entry 6.3.4].

Equation (1.7) requires more work. For its proof, we use the method of Bailey pairs (for back-
ground see [28]). A pair of sequences (a,, By )n>0 is called a Bailey pair relative to (a,q) if

n

anz( O
k=

(@ On—k(0G; Dnsr’

If (e, Bn) is a Bailey pair relative to (a, q) then by [27, equation (1.5)]
> "B = S (—ayrg" T O, (3.1)

n>0 aq & q) n,r>0

The following sequences form a Bailey pair relative to (g2, ¢?) [26, pp. 727-728]:
(=D"g" " (1 g™ *?) 1

(1—¢2) (1 —¢g?+1) (1 — ¢ty (€a. ¢ Yq:4%)004 (3:2)
Inserting (3.2) into (3.1) and using the fact that
1— 4r+2 1 1 27"+1
q ¢ (3.3)

(1—CqZ ) (1 — (lgZth) — 1— (gl Tz (—lg2rl’

we compute

q2n+1 q (_1)n+rqn2+3n+4n7‘+7’2+3r (1 _ q4r+2)
nzz:o (Cq, C g q2)n+1 = (g )OO n;o (1= (g2 th) (1 = ¢~ 1g2rtT)
q (_1)n+rqn2+3n+4nr+r2+3r . ( 1)n+rqn2+3n+4nr+r2+5r+1
- m =, 1— Cg2r+ +¢ n,rZ>O 1 ¢1g2r+l

( -1 ) n+rqn2 +3n+4rn+r2+3r

1— Cq2r+1

R PR

(q 4 )OO n,r>0  n,r<0

In the last step we let (n,r) — (—n — 1,—r — 1) in the second sum and simplify. This completes
the proof. O

We now turn to the proof of Theorem 1.2.

Proof of Theorem 1.2. To prove (1.8), we use the fact that (—(q; ¢?), is the generating function for
partitions into distinct odd parts of size at most 2n — 1, with the exponent of { counting the number
of parts.

For (1.9) we require two identities,

n>0 (—Cq, —( g q2>n+1 (q2; q2)oo = 14 Cg2ntl 7 .
d c b d\n
Z (a7 b; q)nwn _ (CLU), a’b’ abw’q> Z ( a, a w7q) ( ) | (35)
nez (Ca d7 Q)TL (w d, b abw ) Q)OO nez (a/w, C; q)n
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Equation (3.4) may be found in [1, p. 397|, while equation (3.5) is a bilateral transformation of
Bailey [21, example 5.20 (i)]. The notation in (1.4) is extended to all integers via

(a;9) o
a;q)n ‘=
(@:9) (aq"™; @)oo
Note that we have the identity |21, (1.2)]
n(n+1)

(=1)"q =
) = ' 3.6
(s (3:6)

We begin by choosing (a,b,w,q) = (—Cq, —¢"'q,4?,¢?) in (3.5) and then letting ¢,d — 0. Sim-
plifying and exchanging the left- and right-hand sides gives

chn+2n+l Z( 1 2) on+t1
= —Cq,—C q;q7), "
2n+1 n
OO EZ 1 + Cq RGZ
=Z 0, =g ), T+ D (—Ca, g d?),
n>0 n<—1
= ou*(m,n)¢"q" + > (—Cq,—C g q?) g
n>0 n>1
MEZ
Z g2 —2n+l Z Z g2 +2ntl
= ut(m,n)("q" + ou*(m,n)("q" + —
n>0 n>1 Cq’ C 4 q n>0 n>0 Cq’ C q; 94 )»,H_l
meZ meZ
1 (_1)nq3n2+3n+1
— ou*(m,n)("q" +
,;) (4% %) 7% 14 (g*ntt
mezZ

Here the final equality uses (3.4) and the antepenultimate equality uses (3.6). Comparing the
extremes in this string of equations gives (1.9).

We now turn to (1.10). For this we require the fact that if (o, 3,) is a Bailey pair relative to
(a,q), then |27, Corollary 1.3]

1 3n(ntl) o0 1 1),
Z(G%Q)?nqnﬁn = T Z (—a)"q 2 +@nt) A,y (3.7)

n>0 (@ @) n,r>0

along with the following Bailey pair relative to (1,¢) [3, Lemma 3|:

n(n—1) n(n+1)
o — {(-1)71 (wnq 2 4+w g = ) ifn>1, (w, %;q)n
n .

n —

ifn= 07 (Q; Q)2n
Using this Bailey pair with (w, ¢) = (—(q,¢?) in (3.7) we compute

> (o —¢a ), !

n>0

q 2 4 2419 _ 5 A 2
N W Z (_1)nCT‘q3n HanAnr T2 + Z(_1>nC Tq3n +3n+4Anr+re+2r

975497 ) 0o n,r>0 =

r>1
= Z (_1)n<Tq3n2+3n+4nT+T2+2r B Z (_1)ngrq3n2+3n+4mﬂ+r2+2r

T (0242 |
(@ 6%)x n,r>0 n,r<0



where the last line follows upon replacing (n,r) by (—n — 1, —r) in the second sum. This gives
(1.10).

Finally, we treat (1.11). Again we use Bailey pairs. This time we require the fact that if (cu,, 5,)
is a Bailey pair relative to (a,q), then [28, Theorem 10.1]

N _(ﬂf%q (b, q)n (58)"
Z(b’ € q)n (FC) P = (b Z aq aq., q)n Qn, (3.8)

TLZO aq?bc7q OO’n>0 b’C’

along with the Bailey pair? relative to (g, q) from [2, equation (5.11)],

2n2+4n 2n+1 n o
q 1—g¢q (34D

j=—n

Using this Bailey pair from (3.8) with (b, ¢, q) = (—(q, —( !¢, ¢*) and employing (3.3), we compute
> (~¢a. ¢ e d?), !

n>0
= (=Ca. ¢ q’ Z g (1-q"?) - (—1)7 g3 Gi+1)
(¢*;9%) +<qQ’”’1 ) (L+¢Tlgntt) ==
q(—¢q,—¢7! q q%) J gAn® +4n—j(3j+1) . DL (—1)igint+ont1=i(35+1)
— ) 1;]];71 1 ¥ —¢ T;)];n T
q (—an —¢! q, 4n +4n—j(3j+1) 4n —4n—j(3j+1)
- (4% ¢*) ;J_Zn 1 + (g?ntl T;()Jzn 1 T (g1

Now letting (n,j) = (T‘QLS, =5) in the first sum on the right-hand side, letting (n, j) = (“t52, 155)
in the second sum, and then simplifying gives (1.11). This completes the proof of Theorem 1.2. O
4. PROOF OF THEOREM 1.3

In this section, we prove Theorem 1.3.

Proof of Theorem 1.3. From Theorem 1.1 we have that
q2n+1 1
Z Z _ Z(il)n+1qn(3n+2) (1 + q2n+1) +
n>0 n>0 n+1 n>0 (45 4°)5 n>0

We apply Proposition 2.1. To begin, it is not hard to see that the ou(n) are monotonic, since

1-) Y oun)g" =Y ——2

n>0 n>0 (q37 q )n(Q§ q2)n+1 ’

2n+1

and the right-hand side has non-negative coefficients. Alternatively, note that, for any n € N,
(al,...,ar,é,bl,...,bs) — (1,(11,...,ar,é,bh...,bs)
is an injective mapping from the set of odd unimodal sequences of weight n to the set of odd

unimodal sequences of weight n + 1.

dwe point out to the reader that the A, in Andrews’ paper are related to the o, via o, = a"q"2 Ap.
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Next, let F»(q) denote the right-hand side of (4.1). We analyze each of the terms separately with

the goal of showing that, as® z — 0,

w2

_ €6z
F2 (6 Z) ~ 4 .
The modularity of the Dedekind n-function implies that

1 [z =2
m ~ %e 6z as z — 0. (42)
) 0

1 (a% %)% et

(@)% (9% 2

We apply Proposition 2.2 to the two sums in (4.1) . We start by splitting the first sum according
to the parity of the summation variable in order to rewrite it as

S (1)) (1 4 g2ty = -} 3 (qlz(n+§)2 n (]12(n+g)2 _ q12(n+%)2 _ q12(n+%)2> '

n>0 n>0

Thus, with ¢ = e™%, we have

(4.3)

2511

/ 3767673

Proposition 2.2 cancel and using that ¢~ 3 = O(1) we obtain that the first sum is O(1).
For the second sum we write, using Proposition 2.2,

Z(_l)ne—(n2+n)z _ Z o—(4n>+2n)z _ Z o (@n+1)?+(2n+1))2

Now we can apply Proposition 2.2 with f(z) := e 122 and a € { }. The main terms from

n>0 n>0 n>0
z 2 2 G
= ed Z <6_4(”+i> 2 e4(n+d) Z) ~ —B; (%) + B (%) = %
n>0
Combining with (4.3), Proposition 2.1 with \ = i, a = 8 =0 gives the claim. O

5. PROOF OF THEOREM 1.4

In this section, we prove Theorem 1.4. As in the previous section, we wish to apply Proposi-
tion 2.1, though in this case the details are much more involved. To begin, we record the mono-
tonicity of the sequence ou*(n).

Lemma 5.1. For n > 3 we have that ou*(n) > ou*(n — 1).

Proof. We give two proofs, one employing ¢-series and one using a combinatorial argument. For the
g-series proof, first observe that

(1= Y ow(me" =1 -9)Y (~a:). " =a1 -+ (1 -0 (~6:¢°), ¢

n>0 n>0 n>1
=q1-)+P(1-) 1+ (~a% ). (5.1)
n>0

We now require the g-binomial theorem [21, Exercise 1.2]

m(m—1)

- q, an "

5Note that z — 0 as described in Proposition 2.1.



and a transformation of Jackson |21, Appendix (III.4)],

n(n—1)

Z (a,b; q)pw™ _ (aw; q) oo Z a,3:q (—bw)"q™ =2 (53
= Csan  (wide & (¢, aw, g; q)n
Using these, we rewrite the final sum in (5.1) as follows:
n m24+2m
3. 2\2 2 2 q q) q
> = X ()i 3
n>0 n>0 m= 0 q q
qm 242m ( q q q . q 2+4m 5 o (_q2m+37 q2m+2; q2)n q2n
_Z (@), 2 (4% ¢%) =2 T (), 2 (6% ¢?)
m>0 n>m m>0 n>0 ’ n
qm 244m ( q q . Z n2+4n+2nm
=> (5.4)

_ 2n+2m—+2
= (4% 4?) = ( (1-¢q )

Here the first equality follows from (5.2) and the final equality implied by (5.3) with (a,b,c,w,q) =
(¢?™+2, —¢?>m+3.0,¢%, ¢%). Combining (5.1) and (5.4) gives

_ 3.2
1-¢)> ou'(n)g"=q1-q)+¢*(1-¢*) (1+q) > a > q7),

= oo (@250%), (6% %), (1 — gPri2ms2)

It is straightforward to see that the coefficient of ¢" on the right-hand side is non-negative for n > 3.
Alternatively, one may deduce the montonicity using a combinatorial argument. For n > 3 we
define a mapping on odd strongly unimodal sequences of weight n as follows:
(1,a1,...,aT,E,b1,...,bs) if a1 # 1,
(ag,...,ar,c—|—2,b1,...,bs) ifa; = 1.

n2+4An+m2+4m+2nm (

(al,...,ar,c,bl,...,bs)r—>{

It is not hard to see that in either case the image is an odd strongly unimodal sequence of weight
n + 1 and that the mapping is injective. This gives the desired inequality ou*(n) > ou*(n — 1) for
n >4, and the case n = 3 follows from the fact that ou*(3) = 1 and ou*(2) = 0. O

We now turn to the proof of Theorem 1.4.

Proof of Theorem 1.4. Lemma 5.1 implies that the ou*(n) are monotonic. The rest of the proof is
devoted to showing that the remaining conditions of Proposition 2.1 are satisfied. By (1.10)

Z ou* (n)qn _ 2'(]2 Z - Z (_1>nq3n2+4nr+r2+3n+2r.

n>0 (q 4 )oo rn>0 rmn<0

Denoting by Fi(q) the right-hand side, we aim to prove that

w2

2 2

Fi(e7") ~ % ast— 0, F(e™?) < el as 2z — 0, (5.5)
with z =2z 4+ iy (x,y € R, z > 0, |y| < Az, A > 0). We first consider the outside factor. By (4.2)
with ¢ = e™* we have, as z — 0,

q z =2
—_— —el2z
(4% 4% o ™
Next define
1 2 2
G(q) = 5 Z (Sgn (TL + %) + sgn (7, + %)) (_1>nq3n +Anr+r +3n+2r’
n,rez

10



so Fi(q) = %. We realize G as “holomorphic part” of an indefinite theta function. For this set
(a%;0%) oo

9(r) i=201G(q) =i Y (sen(B(e1,n)) — sgu(B(ez, m)))emBOmgRm),
neZ?+a
where Q(n) := 3n} + dniny +n3, c1 := (1,-2)7, c2 := (2,-3)7, b:= (-1, 3)7, and a := (3,0)7.
Using (2.2), we may decompose
g9(1) = O(7) + 07 (1),
where

o =i 3 <E<\/Q7"f) <5%\[>> (2riBlom) Q).

nezZ2+

o7 (= 2, (Sgn<n1>ﬂ(4n1v)+sgn<n2>ﬂ(4’é§”))< g

neZ2+a

In fact the identity holds termwise and we use that
307 + dning +n3 = Q(n), (—=1)"2 = =B n — _1B(cy,n), ny = 1B(ca,m),
Q(er) = -1, Q(c2) = -3

We determine the asymptotic behavior of © and @~ separately: For © we use modularity and for
O~ the Euler-Maclaurin summation formula.
We start with ©. We have that (in the notation of Subsection 2.3)

O(1) = 10q,p(T).
We apply Theorem 2.4 to obtain
1 1
79a,b(7') T Tor 1 Zl . Vbte,—a <—T> .
€{0,(3.0).(0.3).(3:3)}

Now write

Vst a(r) == > (E(2mve) + B (2240) ) e2ribl-am Q). (5.6)

nezZ?+b+L

Using that E(x) ~ sgn(z) as |z| — oo the terms in (5.6) exponentially decay.
We next investigate ©~ and write it as

O (1)= Z (sgn(nl)ﬁ (4n%v) + sgn(ng)f (4’;)%”)) (_1)"1—%q3n§+4n1n2+n§

neZ2+a

=3 (sem (m+3) 8 (4(u +5)"0) +sm0m)8 (7)) (-1

nez?

y q3(n1+%)2+4(n1+%)n2+n§

= 31y (8 (4 (a4 §P) + 8 (dnde)) (7 7D) eCarR )

n1>0
na>1

3 (1 (=8 (4 (m — 1 120) 4 8 () ) ) et
n1>0
no>1

11



n1>0
na>1
#2 3 (3 (4l +3)%) -9 () ) B
na>1
= QZ Z (-1)° Z (B (16 (n1 + % + %)211) + B (5(no + 1)211))
+ sef{o,1} ni,n2>0

5§ 1\? 5,1 5
% qu(n1+§+Z> i8<n1+§+z>(n2+l)+(n2+l) .

We now first show the first asymptotic in (5.5). For this, let 7 = % Then
~(35) :22 Z (-1)° Z f+ ((m—l—%—i—%,m#—l) \/i),
+ 5e{0,1} n1,n2>0
where

fa(xy, 29) := (5 (le) e <2x2)) o 1203 F8z172—23

We now use Proposition 2.3. The term with the double integral term vanishes (the two J-terms
cancel). The second term contributes

5 5 E e [ g,

+ §e€{0,1} n1=0

By combining the term for § = 0 and 6 = 1, using properties of Bernoulli polynomials it is not hard
to see that only n; even survive. The terms from n; > 1 yield a contribution overall that is O(t).
Using that £(0) = 1, the term ny = 0 gives

4 2 ) 2 g
—— B (+ / (1:t ( 2))6 “2dx :/ e “2dw :\/E.
Xm0 . o= 2 [ ertan = /3
For the third term, we have
N—

S ODINC Z e [T 0 wn,0)dun =0,

+ sef{o,1} 2=0

because the J-terms cancel. The final term in Proposition 2.3 is in O(t). This gives that the first
asymptotic in (5.5) holds.
We next need to show that the second asymptotic in (5.5) holds. For this, we need to prove that

S Y (BE i) ) £8(Eme+ 1))
+ se{0,1} n1,m2>0

—(12(na+5+3)*#8(ni+ S+ ) (n2+ 1)+ (na+1)?) 2

X e < ]z|% (5.7)

12



(n)
S st = [ g0
0 . .

The proof follows by a lengthy calculation from the following refinement of Proposition 2.3 in the
one-dimensional case, namely (see (5.8) of [14])
(n+1). "+ E(a;2)
where (Cg(0) is the circle around 0 with radius R, By (z) := By(z — |z]))

(5.8)
[ —
Z f k:+1 SN N-1
k>N

Bn+1 (O)CLN_n

f (w)
ori 1)! N-n dw
T = (n+1)! cr(0) WY (w — az)
(_I)NZNfl (V) - w
— [, [WBy (S -d)dw
For the reader’s convenience we defer the full proof of (5.7) to Appendix A
Combining and using Proposition 2.1 with v = 75, 8 =0, and A = 5 gives the claim

we determine the parity of ou*(n)

B m
6. CONGRUENCES FOR ou®(n) MODULO 4 AND THE PROOF OF THEOREM 1.5
In this section we prove Theorem 6.2. Note that this reduces to Theorem 1.5 for £k = 0. First
3 *

Proposition 6.1. For n € N, we have that ou*(n) is odd if and only if 6n — 2 is a square

Proof. We require a classical g-series identity from Ramanujan’s lost notebook [5, Entry 9.5.2]
> (¢d?),d

. — Z(_l)nq3n2+2n (1 4 q2’n+l) )
n>0 n>0
Using this along with (1.8), we have
Zou*(n)q" = Z (—q;:q )
n>0

2 q2n+1 Z (q2;q4>nq2n+1 _ Z(_l)nq6n2+4n+l (1 + q4n—|—2)
n>0 n>0
= Z gt Hantl (mod 2).

ne”Z

n>0

Now in the extremes of this string of equations we replace ¢ by ¢% and multiply by ¢~2 to obtain
Zou* (n)q6n72 = Z q(6n+2

n>0
and the result follows.

mod 2),
nez
We now state the main result of this section

Theorem 6.2. Let k € N and for r with 1

; <r < k+1, let pp > 5 be prime
0 (mod pgi1), if pr+1 Z 7,13 (mod 24) or ppr1 = 7,13
(1) If j is odd, then we have

' . For any j #
3 (mod 24) and (%) = —1, then we have

+1
<4p1 PRaan+ 2% plpgg + T ) =0 (mod4)
(2) If j is even, then we have

<4p1 : 'Pz+1” +2p1 - DppRsd +

. 292 ...p2 1
oL B 425 Wi p?f*ﬁ_ > =0 (mod4)
To make the proof smoother, we first prove a simple lemma

13



Lemma 6.3. For n € N we have that modulo 4,
. 2)2 2, 4
(—a:¢%), — (=d*;4"),,
s an odd polynomial.

Proof. We prove the claim by induction. The case n = 1 is clear.
Now assume that the claim holds for n € N. Then

(~a:a®)n — (~a5d), 0 = (14 d") () - (~a%d),) + 207 (~a:0)]

By the induction assumption the first term is an odd polynomial (mod4). Thus we are left to show
that (—q; ¢?)2 is an even polynomial (mod 2). But this follows from the congruence

(~4:¢%)% = (~¢%4"),, (mod?2). 0

Next we use a result of Chen and Chen [17], who employed the theory of class numbers to prove
congruences modulo 4 for £O(n), defined via the infinite product

4. 43
S E0(m)g" = (qg’q2)§°.
n>0 (q 14 )oo
Theorem 6.4 ([17]). Let k € No. For j with 1 < j < k+1, let p; > 5 be prime. For j #
0 (mod pry1), if Prs1 Z 7,13 (mod 24) or pry1 = 7,13 (mod 24) and (=2-) = —1, then for n € Ny

Pk+1

(6.1)

. 2.p2  —1
O <p% - ‘piﬂn —HU% . 'pipkﬂj + plpg“) =0 (mod4). (6.2)
We are now ready to prove Theorem 6.2.

Proof of Theorem 6.2. First recall the third order mock theta function,
vig) = (6:¢%),(—9)" = > c(n)q".
n>0 n>0
Using Lemma 6.3 we have that
% 2

> out(n)g" = > (=D e(n) M =D (—¢: ), " =D (—d%idh),

n>0 n>0 n>0 n>0
is supported on even exponents of ¢ modulo 4. Therefore

ou*(2n+1) = (—1)"¢(n) (mod4). (6.3)
Next we note that by [19, equation (26.88)] we have

4. 4\3
Z c(2n)g* = 7(q 4 )‘230
n>0 (q2§ qg)oo
This is the same product as in (6.1), and so ¢(n) = £O0(n) if n is even. Therefore the congruences
for £O(n) in Theorem 6.4 imply congruences for ¢(n). The argument on the left-hand side of (6.2)
is even if and only if n = j (mod 2). So for j even, we let n — 2n and for j odd, we let n — 2n+1
to obtain:

(1) If j is odd, then we have

. 4p2..p2 -1
c <2pf D DL Dipke1d + 1;“) =0 (mod4).
14



(2) If j is even, then we have

By

. PPepRg,
¢ <2p% e Phan + PT e PPk 1'5)*1) =0 (mod4).

(6.3) the theorem follows. O

7. FUTURE RESEARCH

This paper contains a preliminary investigation of odd unimodal sequences, establishing generat-
ing functions, basic asymptotics, and some congruence properties modulo 4. While other variants
of unimodal sequences have arisen in the literature (e.g. [8, 13, 24]), odd unimodal sequences are
perhaps the most natural. Below we leave several ideas for further study. The motivated reader
will surely find many more.

(1)

First, improve upon the asymptotics in Theorems 1.3 and 1.4 to find Rademacher-type formulas
for ou(n) and ou*(n). Up to simple terms the generating function for ou(n) is a mixed false
theta function while the generating function for ou®(n) is a mixed mock theta function. In both
cases the weight is % One could now use the Circle Method to deduce asymptotic formulas
for ou(n) and ou*(n). However, an exact formula is out of reach with this method because
the weight is too large. To obtain an exact formula one would need to find new methods (like
Poincaré type series).

Second, it appears that the arithmetic progressions in some of the congruences in Theorem 6.2
can be enlarged. For example, with £ = 0 (i.e., in the case of Theorem 1.5) the congruences
corresponding to the primes 5,7, and 11 are

ou*(100n 4+ r) =0 (mod4)for r € {37,57,77,97}, (7.1)
ou*(196n 4+ r) =0 (mod4) for r € {61,89,145}, )
ou* (484n + 1) = 0 (mod 4) for r € {125,169, 213, 257, 301, 345, 389, 433, 477, 521 1. (7.3)

Computations suggest that the cases r € {37,97} of (7.1) are special cases of the congruences
ou*(50n +r) =0 (mod4)for r € {37,47},

the cases r € {61,145} of (7.2) are special cases of the congruences
ou*(98n + 1) =0 (mod4)for r € {47,61},

and all of the congruences in (7.3) are special cases of congruences in the corresponding arith-
metic progressions modulo 242. We leave it as an open problem to establish exactly which of
the congruences in Theorem 6.2 (or Theorem 1.5) can be strengthened in this way.
The generating function for strongly unimodal sequences is a quantum modular form at roots
of unity with connections to the colored Jones polynomial of the trefoil knot [16, 22]. Are there
analogous quantum modularity properties for the generating function for odd strongly unimodal
sequences? Is there some connection to quantum knot invariants?
Limiting shapes for unimodal and strongly unimodal sequences have been investigated by
Bridges [9]. It would be interesting to determine the limiting shapes in the odd case and
compare these to the unrestricted case.
A probabilistic analysis of a number of statistics for unimodal sequences was carried out by
Bridges and the first author [10]. It may be worthwhile to undertake a similar analysis of these
statistics in the odd case.
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APPENDIX A

Here we prove the second bound from (5.7). We require the relation (z) = erfc(y/mx) and use
the bound erfc(z) < 1. To use (5.8), we write

() =-2), > (-

+ sef{o,1}
SC et 7 G (8 (g 4§ 4 1)) e 2t ) s Ttz
n2>0 n1>0

3 5 (Rt e e 0r e 5 mta(os D s onns | (4
ng>0 n1>0
We write the first term as
=230 >0 (1D e E S Ha (i § 1) V)
+ §e{0,1} n9>0 n1>0
where

2 _19Z,,2 _Z_
an,ﬂ:(wl) = 6 (Swl) € 12xw1:|:8(n2+1) Vi

Now (5.8) with N = 0, gives that

Zan,i ny+ 5 0+ ) \/>/ H,, + wl)dwl—l—é’( ),

n1>0

where
(k1)
H,,+(0)
E(a;z) == — g ﬁak 1lg \f/ Hi, +(w1) By (T - a) dwy. (A.2)

k1>0

Note that Bo(z) = 1. The contribution from the main term vanishes (because of the (—1)?).
The first term in the error contributes

(n2+1)2z k1 (% + %) e Ly
23 3 0 et S (o) sto] | Gy o
5€{0,1} na>0 k1>0 1
B (é + l) k‘l+1 ﬁ k'l fl 8w2 B £w2
- 2256{201}(_1)6 kz>0 (ljl + i)' . 0<€Z€<k <£1> |:<831> <B <T1) ‘ 12m 1):|w10
’ = Gtlohy

X (a0 Z) e o
\/E

n2>0

Now only ¢5 even survive (otherwise the + cancels). We now determine the asymptotic behaviors
of (¢5 even)

0o —(n2+1)2z: - L Q 2 —n?z
S (4 1) 0% (5) T

ng2 >0
For this recall the modular theta function
_ Z 67rin2'r.
nez
It satisfies



Thus )
St e A Y e = o (2) - h= 3 (2) Fo () - b (A.4)
n>1 nez

The second term contributes to (A.3) (it only survives if fo = 0)

§ 4 Lkt ) W2\ 1oz
ST 2 o0 S Gt )" ) )]
k1
<SR[ b e

The first term from (A.4) contributes to (A.3) (noting that £, k1 need to be even)

e e 5 () [ 6] (8 S s

Now assume that ﬁ > 1 (which is true as z — 0). Then

o2t v (%)

1

20 9 (72
2

20
82 P
wo=1

Moreover, as above,

(@) )] e (o [(8) ()]

This yields that (A.5) can be bound against O(1). Thus the first term in (A.2) is overall O(1).
The second term of (A.2) contributes

E>. 0. () e (et /(00 Hi, = (w1)dwy

T 6e{0,1} n2>0 EREINE
“ET T ([ ) mstonin
ng >0
=2 // B (Buf)em12imd 37 RN E G (a6)
+ 4 ng>0

The sum on ne may be written as

Z by ((n2 + 1)Vz) ,

no -~ >0

where hpjj(wz) = e —rwiF8Zwiw2 ging (5.8), with N = 0, we have

Z h[l n2+1 \/>/ 1] (w2) dw2+5m( ),

n9>0
where o)
ko
hiy'(0) w1
M) — %2
e kz>o (ko + 1)!$ ’ \F h[l (wa)dw,.
2
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The main term contributes to (A.6) as

3/
0 = 0
2 8w1 7125102 _ 2 4 810% 422 — Z (wa 4w )?
Z/f ™ v 1/0 by (w2)dwadwy = % 5 /ﬁ B—+)e =" ; e @ dws.
+ 4

Using that f4w1 + f74w1 =2 [,°, the above is in O(ﬁ)

We next consider the first term in E[N(z) which contributes

8“’1 712511;% |: or> 2w3$82w1w2] x2
E — @ E ze @ @ dwi ——.
/f 30 8w§ Wa=0 (/{:2 =+ 1)'
We have
k2 k k ) ko—1 2~
67§w§$8§w1w2 _ Z 2 SEw \/E —w3
ko - E + 1 Ta—0 e .
Ows 0 = x VT dwy B
wo=0 = wo=0

Now the £ enforces ¢, ko — £ to be even because of the £ and bound overall against 0(7)

We next consider the second term in E[U(z). This contributes

3vE ~
4 2 z z z
1/ I3 (—&Ul) e_lzww%/ e‘Ew%ngEwlw?dwgdwl. (A7)
X \/5 iy
T el
We write
—12Zq? > w :FS wiws w > —5(w2i4w1)2 4w? —w?
e a1 e %2 dw2<<er1 e = dwy < 1 | e “2dws.
VT VT R

Thus (A.7) may be bound against O(%) Combining gives that the first term is O(%)

We next turn to the second term in (A.1) and proceed as before, again first considering the sum
on nq. We have

3 A 5 G (o444
ni1>0 n1>0

where G, +(w1) := e~ 120iF82A1)VEwL Now (5.8) gives (with N = 0) that

ZGm,i ni+ 5 g 4 ) \f/ Gy + wl)dw1+E( )

n1>0
where (k1)
G’ngli(o) k; +1 \[OO
E(a;z) := —klz>0 ma \[/ Gny + +(w1)By (\f a) dws.

The main term contributes overall

—% Z:l: Z Z ﬁ 722 + 1 ) _(n2+1)2z/ an,i(wl)dwl = 0.
0

+  5e{0,1} ng>0
The first term in the error E( 1;2) contributes
k1
24 Y 0 Y At 1) e S [()" sl
+  se{0,1} n2>0 k1>0 w1=0
(5+1 )lirl el 27
272 LIN ) 5 1\ k1
24 F + ~1) g1
x (k1_|_1 ? Z Z Z (2+4) (kl—i-]_)'

5e{0,1} k1>0
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y (L)kl €_12w% Z ﬁ(l(’lw + 1)2$) e—(n2+1)222|:8(n2+1)ﬁw1

ow1 3
’I’LQZO w1=0
We write the sum on ns as
Z g[l TLQ + )f) )
ng2 >0
2w? ,,w :FS‘fwlwg . .
where g 4+ (we) = B(F2)e = 2V . Now (5.8), with N = 0, gives that
Zgl]i (ng + 1)V f/ 91+ 1 (wo)dws + EW(2),
ng>0
where
(k2)
g 1) i(O) kg 1 0 ~
E[l](.r) = — [7733 2 — / g i(wg)Bo w2 _ 1 d'wg.
POy N NI P (%)
The main term contributes
k1
2 5 5 1\kitl 2?2 o\ [ —1ow2 [T
XD VY (D) (e |:(8w1) (6 1/ 9[1],i(w2)dw2>] (A.8)
£ se{01} k1>0 1 : 0 w1=0
We rewrite

)" (7 [ amata)]
=S () [() e e (e (s )
w1=

The + forces j to be even. Also k; is even. Thus (A.8) is O(

The first term from E[ contributes

23+ Y (1P Y (B4 hynH

L)

+  s§e{o0,1} k1>0
a \"* | —12w? o \™2 z72 T2
X \awr) € 7 [ 5wz (9[11,1(102))} )] <1
[ ( 1) ( ];O ( 2) wo=0 w10 (kl —+ 1)' (k’g + 1)'
The second term from E! contributes
k1
k1 by L oo
EY X 0 X G i | ) (s an )|
T 2 4 | ow [1],£\W2 2
v £ se{0,1} k120 (ky +1)! ( 1> Ve w1=0

We compute

[ R S (1] (g I

w1=0

Arguing as above we need ¢, k; to be even and obtain overall O(%)
1.

The second term in the error E(g I

z) contributes
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2 Zi Z (_1)6 Z B (%(n2 + 1)21,) 6(n2+1)2z/ o0 6712w§$8(n2+1)ﬁw1dw1
e s (§+1)v

6e{0,1} n22>0
3vVz
1
_ %2 ::l: E : B (3%(”2 + 1)21‘) e—(ng-&-l)%;/\ﬁ 6_12w%:‘:8(n2+1)ﬁw1dw1.
+ n2>0 4

Now the sum on ng is

where

gpy(we) == B <2w2> 77w§$8%w1w2.

Thus (5.8), with N =0, gives

29[2 (n2 + 1)V \f/ gpz)(t2) )dty + B (2),

ng >0

where

9 1 [ -
[4 [2 B wy
E Z k2 + 1 \/E [f 92] (w2)Bo (7\/5 1> dws.

T

The main term contributes

2 :I:/ ! o120t /Oog wo ) dwodws .
v DI P | gie)

We write
o o0 2 VT
e_m%/ 9pg)(wa)dwz = 641”%/ 8 (23%) ¢ (wFiZ 9) dwy < M7,
0 0

Thus we have overall O(ﬁ)

The first term in the error E4 contributes

Z 712w1
-
We bound, since |z| < (14 A)z,
k 2 VE k
[(&) ) <5 (%) eww%ﬂﬁ““”)] < (1 + A%) [(832) B (%) €w§¥8w1w2:| :
wo=0 w2=0

Then overall we have

3vZ ko
1 K o \*2 203\ w2 [ * 1202F8 Tz
< 7 E <1+A 2) [(3%) (5 (3—7r2> e~ Wa /\/; e 12wiF w1w2dw1>] W < 1.
wo=0

k2>0 4

k2

2 Wa=0 (k2+1)'

2>0

The second term in the error E¥ can be estimated as before as O(%)
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