BAILEY PAIRS, RADIAL LIMITS OF ¢-HYPERGEOMETRIC FALSE

THETA FUNCTIONS, AND A CONJECTURE OF HIKAMI

JEREMY LOVEJOY AND RISHABH SARMA

ABSTRACT. In the first part of this paper we prove a conjecture of Hikami on the values of
the radial limits of a family of g-hypergeometric false theta functions. Hikami conjectured
that the radial limits are obtained by evaluating a truncated version of the series. He proved
a special case of his conjecture by computing the Kashaev invariant of certain torus links in
two different ways. We prove the full conjecture using Bailey pairs. In the second part of

the paper we show how the framework of Bailey pairs leads to further results of this type.

1. INTRODUCTION

The first main goal of this paper is to prove a conjecture of Hikami [3] on the values of the
radial limits of certain g-hypergeometric series. To state Hikami’s conjecture, first recall the

g-Pochhammer symbol, defined for n > 0 by
(@)n = (230)n = (1 - 2)(1 —2q) -+ (1 —2¢"™"),
and the g-binomial coefficient (or Gaussian polynomial)

_ (@Dn .
H — [”] _ ) Gnerlaan H0Sk=mn,
k K q 0, otherwise.

Next, for m > 2 and 0 < a < m — 2, define the g-hypergeometric series &/)7(73) (q) byt

~ m—1l—a 2 n —
B (q) = mq I > (—1)rm-1g ("3 )l et

N1, Nm—1>0

X
- g

1=

—2
I |:ni+1 + 5i,a:|
1 .

(1.1)

(1.2)

(1.3)

Hikami [3, Corollary 7] showed that the series zﬁgﬁf)(q) is the weight 1/2 false theta function

& (q) =m D x5 (n)g/im,

n>0
where Xg;r)L(n) is the odd periodic function defined by
1, ifn=m—-—a—1 (mod2m),
nglv)z(”) =< -1, ifn=m+a+1 (mod2m),
0, otherwise.
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Hikami included the prefactor m for convenience. For consistency, we preserve it here.
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It is known that such false theta functions have well-defined limiting values as ¢ approaches
a root of unity radially from inside the unit disk and that the resulting function is a quantum

modular form [2]. Hikami’s conjecture states that in the case of &353)((]) these radial limits are

given by evaluating a truncated version of the series. Namely, define the polynomial Yn(la;\f (q)
by

N-1 m—2
(a) e m— nm71+1 JF 2++ 371— JF a ++ m— n+1 + 6.7
Ym,N(q> = Z 0<_1)n 1(]( 2 )+n3 Ny, _otNa+1 Nm—2 l_Il l: i o ia| (1.6)
niyeesNm—1= 1=

Then we have the following.

Conjecture 1.1 (Hikami [3]). Let ¢ = e2mi/N | For anym >2 and 0 < a<m— 2 we have

~ ('rnflfa)2

W) =q YN (a). (17)

Hikami proved his conjecture in the case a = 0 by showing that both sides are essentially

the Kashaev invariant of the torus link 7'(2,2m). He writes that it is unclear whether these
expressions for @ # 0 correspond to any quantum invariant, perhaps hinting that another
method is needed to prove the full conjecture. Here we show that the full conjecture follows
from the theory of Bailey pairs. In fact, it does so quite easily once the Bailey pair framework
is set up. Moreover, it holds for any root of unity.

Theorem 1.2. Let g = 2™M/N pe g primitive Nth root of unity with N > 0. Then for any
m>2and 0 <a<m-—2 we have

O PP e = i )

() =q Y, \(9). (1.8)

In the second part of the paper we show that a similar phenomenon occurs for other families
of g-hypergeometric false theta functions constructed using Bailey pairs. That is, the radial
limits at roots of unity are obtained by evaluating the truncated series. See Theorems 3.3,
3.7, and 3.11.

The paper is organized as follows. In the next section we prove Hikami’s conjecture. In
Section 3 we review the computation of radial limits of false theta functions and present three
more results along the lines of Theorem 1.2. We conclude with some remarks on quantum
g-series identities in the spirit of [4] that arise from our work.

2. PROOF OF THEOREM 1.2

In this section we prove Theorem 1.2. Before proceeding to the proof we note two facts.
First, for any primitive Nth root of unity ¢, Hikami [3, Proposition 10] computed the limiting

values ZI;S;) (q). Here and throughout the paper we let (y = e>™/N,

Lemma 2.1 (Hikami). For coprime integers M and N with N > 0 we have
_ mN ) n Mn/4
BN =m > X (1= )y (2.1)
n=0

Second, we need a result from the classical theory of Bailey pairs. Recall that a pair of
sequences (ap, B,) is called a Bailey pair relative to (a, q) if
n

Br=Y (2.2)

E—0 (Q)n—k (GQ)n—I—k '
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The Bailey lemma (see [1, Lemma 5.1]) says that if (v, 55,) is a Bailey pair relative to (a, q)
then so is (o, 3),), where

/o M a )"«
o, = (aq/b)n(aq/c)n( q/bc)" o, (2.3)
and
g = (aq/bc)n Z O)r(e)rlg™™rg"” By.. (2.4)

 (@nlaa/b)nlag/c)n = (beg™"[a)y
Putting this into (2.2) with b, ¢ — oo and using

we have the following.

Lemma 2.2. If (ay,, 5y) is a Bailey pair relative to (q,q), then

(qmiw)k<—1>’fq<’“¥1>+<”“>'fﬂk = Z @Dk (pyeg(3 )+ Dkg, (25

2+n
=0 =0 (@*T™)g

With these two lemmas in hand, we are ready to prove Hikami’s conjecture.

Proof of Theorem 1.2. We begin by recalling the Bailey pair relative to (¢, q) in [5, Prop. 4.1],

(1 _ q(a+1)(2n+1))(_1)nq(n;1)+(a+l)n2+(m—a—1)(n2+n)

a =
n 1— q
and
qn%J’,...Jrngn_1+na+1+"'+nm71 m—1 Nit1 + Oai
B _ 1 a,t .
Bn Bnm Z (q>nm H |: ng :|

N1 yeeey N —12>0 =1

Using this with m = m — 1 and substituting into Lemma 2.2 with n = N — 1 we obtain

N-1 (@), (_1)nm,1q("mgl+1)+Nnm71+n%+~~-+nfn,2+na+1+~-~+nm72

(CI)N Z
N1,y —1=0 (q)nm—l

m—2

y I:niJrl + 5a,z’] (2.6)
i=1 i

N—1, 1_

_ Eq;]]z;k (1- q(a+1)(2kz+1))qu‘2+(m—a—1)kz+Nk.
q k
k=0

Note that for ¢ a primitive Nth root of unity the left hand side vanishes, giving
n—1
2
0= Z(l o q(a+1)(2k+1))qu +(m—a—1)k
k=0
—m—am1? T (a k2 /4
=q Y xom(k)g"
k=0
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where the second equality follows from a short computation involving completing the square.

Dividing both sides of (2.6) by (¢)n and taking lim,_, 2 we then have

k (1- q(a+1)(2k+1))qu2+(m—a—1)k+Nk

2mN
1 . 1 —(m-a—1)? 2
o X (kg /4m

1 71\/1(7n a— 1)2 2mN 2 Mk /4

In the above we have used the fact that for qa prumtlve Nth root of unity,
N-1 N

i 1-2z

=1

which gives
(¢;¢9)n-1 = N.
Now, to finish the proof we compute

M(m—a—1)2 2mN

— a 1 Mk2/4m
v ™ YW(’L}V(C%) T ImN? Zk2 2m k)Cn /

1 a m
=—4mN2(zk2xgm SR WIEE T

k=0 k=mN

1 = ME2/4m
= T 4mN2 Z ( )CN

k=0

mN
+ 3" @mN — k)20 @mN — k)¢ Y —k)*/ 4m)
k=0

mN mN
1 a 2 m 2 m
:—4mN2<2k2x§n1<k> Ny emN — ) <><?f’”4)
k=0

k=0
X MEk? /4
=S (m - ) N
k=0

= P (),
the last equality following from (2.1). This establishes Theorem 1.2.

3. FURTHER EXAMPLES

3.1. Preliminaries. In this section we find further examples of families of ¢-hypergeometric
false theta functions of weight 1/2 whose radial limits are given by evaluating a truncated
version of the ¢-series. There are certainly more, but we limit ourselves to applications of
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some Bailey pairs which have already played a role in the study of g-series and weight 3/2
false theta functions at roots of unity [5]. Here we will need a specialization of the Bailey
lemma different from Lemma 2.2. Namely, if we take a = b = ¢ and ¢ — oo in (2.3) and (2.4)
and then use the definition (2.2) with n — oo we have the following, which is well-known.

Lemma 3.1. If (ay, 5y) is a Bailey pair relative to (q,q), then
n+1

Y @a(-1)""2 )8, = (1-9) S (1) . (3.1)

n>0 n>0

We also require a formula which allows us to compute the radial limits of false theta
functions as we approach a root of unity. We cite this more or less verbatim from Hikami [3,
Proposition 9.

Lemma 3.2. Let C¢(n) be a periodic function with mean value 0 and modulus f. Then as
t (0 we have the asymptotic expansion
n2 (—t)*

n>1 k>0

where

/
f* n
L(—k,Cy) = — g Cs(n)B = 3.3
with By (z) being the kth Bernouilli polynomial.

In each of the following subsections we first use a known Bailey pair together with Lemma
3.1 to produce a family of g-hypergeometric false theta functions. These are not all necessarily
new, but we include the derivations for completeness. Next we use Lemma 3.2 to compute
the radial limits of the false theta functions. Finally, we use the same Bailey pair in Lemma
2.2 to produce a truncated version of the ¢-series whose values at roots of unity coincide with
the radial limits of the infinite series.

3.2. Example 1. For m > 2 define

Ny —1+1 2 2
_ oI — 1 (@m=3)2 B e o R AT S
TP D SR

2 (_Q)nl

ni,n2,...,Nm—120 _ (3'4)

i1

il

i=1
and its truncated version
N-1 P11\ 20y 2 -2
Zo ) — Z (—1)nmrg("mRt )bl ot +nm727:’”[_[ i 35)
" (~@)us Wl ™

n1,...,Mm—1=0

Our goal is to prove that \I'm(q) is well-defined at odd roots of unity and that the values are
essentially given by Z,, nv(¢). We restrict to odd roots of unity to avoid poles arising from
the term (—q),, in the denominator of Z,, n(q).

Theorem 3.3. Let g = e2™"M/N be o primitive odd Nth root of unity. Then

~ (2m—3)2

Uin(q) = ¢5Cm=D Z, N(q).- (3.6)
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This result will follow from the next three propositions. We first prove that \Tfm(q) is a
false theta function.

Proposition 3.4. We have the identity

~ 2 —1
\Ilm m Zx4m 2 8(2m 1) (37)

where x4m—2(k) is the odd periodic function deﬁned by
1, fk=2m—-3 (mod4m —2),
Xam—2(k) =< =1, ifk=2m+1 (mod 4m — 2), (3.8)
0, otherwise.

Proof. We begin with the Bailey pair relative to (g, q) (see [5, Proposition 5.1] or [6, p. 373]),

1 — g2l

1—g¢q

ﬁnzﬁnm: Z 1

n1,N2,50e N —120 (q)nM(_q)nl =1
Using this with m = m — 1 in Lemma 3.1 we obtain

~ — (2m—3)2 "
Tonla) = LR (1 — gl 2
n>0

o = (—1)rgmnHim=tn (3.9)

and

n244n2 _ Hniteotnmor Mol |:TL‘+1:|
! . (3.10)

and the result then follows after completing the square on the right-hand side. [l

Next we employ Lemma 3.2 to calculate the radial limits of ‘:Ivlm(q) as g approaches a root
of unity.

Proposition 3.5. For coprime integers M and N with N odd and positive we have
(4m—2)N 2y

U (CN) = Z K Xam—2 (k)" (3.11)

8(2m — 1)N?

Proof. Regarding \Ilm as a function of 7 with ¢ =€

~ (M .t 2m — 1 ri(M it ) K

27T we have

N 'on 2
k=0
2m — 1 & _ k2
= LS Clamey (W,
k=0
where
_ MK
C(4m—2)N(k) = X4m,2(k‘)62(4m72)N .
We have
IV[""i(k2+2kN(4m72)+N2(4m72>2)
Clam-ayn(k + (4m — 2)N) = xam_2(k + (4m — 2)N)e L
= X4m72(1€) 2(4157?712)1\76M7rz(k+N(2m 1))7



and using the fact that N is odd together with the definition of x4y,—2(k) this gives

Clam-2)n(k + (4m — 2)N) = Ciym_oyn (k). (3.12)
Similarly, we have
C(4m72)N((4m —2)N —k) = _C(4m72)N(k)' (3.13)
Note that by (3.13) we have
(4m—2)N
> KCum—zyn(k) =0 (3.14)
k=0

for any constant K.
Now using Lemma 3.2 we have the asymptotic expansion as ¢ \, 0,

- (Mt 2m — 1 = L(—2k, Clam_2)n) t k
mm —_— .7 ~Y - .
(N * Z27r> 2 kzzo k! ( 8(2m — 1))

Using this together with B;(z) = x — % we compute the limiting value as follows,

~ M 2m —1
Y, <N> = 2 L(O7 C(4m—2)N)

(4m—2)N

k
Z Clam-2n <<4m—2>N>
(4m72)N
2m — 1 k
= ; Clam-2)n (k) <1 - (4m—2)]\7> (by (3.14))
(4’"22 . om—1  k
(Qmi o 2m—1 k.
(4m—2)N 2 AN
@m DN o9m—1 (4m—2)N —k
2m—1)N

Z Clam-a <2m2‘1—2’jv) (by (3.13).

Using the fact that

2m2_ - % - 8(2m_—11)N2 (K = ((4m = 2N — k)%)

we then obtain
(2m—1)N

W () = 8(2m_1< > FCuma(h
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(2m—-1)N

- > (4m—-2)N - k)2C(4m—2)N(k)>

k=0

(2m—1)N
8(2m—1< Z k> Clam—2)n (k)

(2m 1)N
+ Z (4m — 2)N — k) C(4m2)N((4m—2)N—k)>

(2m— I)N (4m—2)N
8(2m—1< Z FCum-ank) + > k20(4m—2)N(k))

k=2m—1)N
(4m—2)N

1 .
Z K Xam—2( ¢ Flim- - M Z7

8(2m —1)N
which gives the result. (|

Now we determine the values of Z,, n(¢) at primitive odd Nth roots of unity.

Proposition 3.6. For q= C]]\\f, a primitive odd N -th root of unity, we have

(4m—2)N
1 —(2m—3)%
Zm, — T g Bem 1) k2 m— 8(2m 1), 1
N (q) 8(2m—1)N2q E Xam—2(k) q (3.15)

Proof. Inserting the Bailey pair from (3.9) and (3.10) into Lemma 2.2 with m = m — 1 and
n = N — 1, we obtain

— (@)

Nm—1

1
(1)1 N1+ (75 bbb, M2 [

Nj41
n;

0 (Q)nmfl(_Q)nl 1

1=

N-1 (M)(1 - q2k;+1)q—(’;)+(N—1)k+mk2+(m—1)k

(@N+k
Then taking g to be a primitive odd N-th root of unity C]]\‘,/[, we get,

N-1 (¢~ N)k(l o q2k+1) q—(‘;)+(N—1)k+mk2+(m_1)k

S vt (@n-1(1 = g™)(gN+1)i
Nil(l _ g2ty g (5)+mh?Lmb—2k
= 1 lim £=Y
N g (1—4¢N)
—(2m—3)2 (dm—2)N 52

q 8(2m—1) Z X4m—2(k) qm
k=0

m
N g—ci (1—¢")




1 —M@m—3)? (4m—2)N ME2

T D D ST

This completes the proof. O

Comparing Propositions 3.5 and 3.6 gives Theorem 3.3.

3.3. Example 2. We follow the same steps as in the previous example, this time with the
function

(2m—3)2 (_1)nm_1q2("m‘21+1)+2n§+2n1+-~+2n3n,2+2nm_2 (

Ti(q) = (m = Dg s >~

G4,

N1,y Nm—1>0 (—q)2n1+1
m—2
<A,

=1

(3.16)
and the truncated version
U ( ) NZ_I (_1)nm—1q2(nm—21+1)+2n%+2n1+-~.+2n3,172+2nm_2( n1 7‘rﬁ2 |:TLH_1:|
7N q =
" nlv--wnmflzo (_q)2n1+1 =1

(3.17)

As usual, these are valid for m > 2. We will show that fm(q) is a false theta function and
that its values at odd roots of unity are computed using U, n(q).

Theorem 3.7. Let g = e2™M/N be q primitive odd Nth root of unity. Then

~ (2m—3)2

Cin(q) = ¢ 500 Uy, n(q)- (3.18)

This theorem will follow from the next three propositions. We first show that f(q) is a
false theta function.

Proposition 3.8. We have the identity

Tin(q) = (m—1 ZX4 (m—1)(k 8<m 2 (3.19)
where
1, ifk=2m -3 (mod 4(m —1)),
Xam—1)(k) = ¢ =1, ifk=2m—1 (mod 4(m — 1)),
0, otherwise.

Proof. We use the Bailey pair relative to (¢2,¢?) [5, Proposition 5.3],
(_1)nq(2m71)n2+(2m72)n(1 _ q2n+1)

an = & (3.20)
and
2 2 —1
B B q2”1+2n1+ +2ng, 1 +2nm—1 (q; q2)n1 m it
Pn = Bn = Z (0% Dn. (—q) n : (3.21)
N1 30 59" )n,, q)2n,+1 =1 (2 q?
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Inserting this with m = m — 1 into Lemma 3.1 (remembering to replace ¢ by ¢ throughout)

we obtain
(2m—=3)~ 3)

Fon(a) = (m— 1) 8 3 g2 smn(y _ o),
n>0
and the result then follows after completing the square on the right-hand side. O

Next we use Lemma 3.2 to compute f(q) at odd roots of unity.

Proposition 3.9. For coprime integers M and N with N odd and positive we have
(4m—4)N 52 M

Lo (CN) = 6(m — )N? Z k2 Xagm—1) (k)G 0 (3.22)

Proof. Regarding [ as a function of 7 with g = €?"7 we have

2

= M .t > omi(M i ) _ k7
(o %) = (D3 v

_ k2

=(m—1) Zc4m 1N (k)estn=1 o'

where
2

MEk :
Catm-1)n (k) = Xa(m—1)(k)eTm-DN""
We note that
Cyim-1yn(k+4(m — 1)N) = Cym-_1)n (k) (3.23)
and
Cym-1)n(4(m — )N — k) = —=Cy_1)n (k). (3.24)
Then using Lemma 3.2 we have, asymptotically as £ \, 0,

k=0
Using this and keeping in mind (3.24) we compute the limiting value

~ M
| (N) = (m —1)L(0, Cy(m-1)N)
4(m—-1)N k
_1) Z C4(m—1)N(k)Bl (M)
4(m 1N 1 k
Z Cam-nn(k (2 4(m—1)N)
2(m 1)N
k
)X ) (1= 5 )

2(m—1)N

];) Citm1yv (k) <(m_1)_2/]<v)
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1 2(m—1)N 2(m—1)N

= m Z k204(m71)N<k) - Z (4(m - 1)N - k)2c4(m71)N(k)
k=0 k=0
1 2(m—1)N

- - k2Cyim—1yn (k)

— 2 Z 4(m—-1)N

16(m — 1)N < o
(m— 1)N
+ Z - 1 N - k) C14 (m— 1)N(4(m - 1)N - k))

1 2(m—1)N 4(m—1)N
= m Z k2C4(m—1)N(k) + Z k2C4(m—1)N(k)

k=0 k=2(m—1)
(4m—4)N '
= 17 Z k? Xa(m—1)(k)e st M7 Y
and the result follows. O

Finally, we compute the values of the rational function U, y(¢) when ¢ is a primitive odd
Nth root of unity.

Proposition 3.10. For g = C%, a primitive odd N -th root of unity, we have

-1 7(2m 3)2 4m 4)N

m - - 8(m—1) k m— ]{j 8(m 1) 325
U (@) = 50m—Tyw21 Z Xa(m—1) (k) g5n=T) (3.25)

Proof. Inserting the Bailey pair (3.20) and (3.21) into Lemma 2.2 with m = m — 1 and
n=N —1 we find

N-1, o 2N _2k+1 2(m*1)k2+(2m73)k+2Nk
: 1
Um,N(C%) = lim (g )il —q )q

S wart (q ;2 N-1(1 = ¢*V)(¢*N 25 g2k
N—-1
S (1- q2k+1) q2(m71)k2+(2m73)k
_ li k=0
= — lim
g—C¥ 1—q
—(2m 3)2 (4m74)N 2
1 q 8(m—1) Z X4(m 1)(k)q8(m 1)
= — lim
N gt 1—¢*N
1 —M@em-3)2 (4m—4)N M2

e R L T T

Combining Propositions 3.9 and 3.10 gives Theorem 3.7.
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3.4. Example 3. For m > 2 and 0 < a < m — 2 define Mfi) (q) by

Nm—1+1 2 2
~ 2m — 1 (m-a-1)? (—1)"’”‘1(12( 1) A2nd ek 2n], 4 2naga ot 2nm
Mg)=5—q T )

(_Q§ qz)nﬁ—fsa,o

N1y Nm—1>0
m—2
|:ni+1 + 5i,a:|
X .
i=1 ' q?

(3.26)
along with its truncated counterpart

N-1 T —1+1 24 .. yop2 -2
V(a) (Q) _ Z (_1)nm_1q2( 21 )+2n1+ +2ng, _ot2natite2nm 2 M |:ni+1 + 5i,a:|
N\ = 2 . :
" N1y —1=0 (=4 0%)n1+5u.0 i=1 i q2
(3.27)
We will show the following.
Theorem 3.11. Let g = e2™M/N be ¢ primitive odd Nth root of unity. Then
~(CL) (m7a71)2 (a)
Ay (q) = q @0V (). (3.28)

The steps should be familiar. We prove a series of three propositions, beginning with the
fact that Agff)(q) is a false theta function.

Proposition 3.12. We have the identity

A0 = 21y @ N
m (q) = 9 X2(2m_1)(k) qiem=b, (3.29)
k=0
where
1, ifk=2(m—a—1) (mod2(2m —1)),
ngmq)(k) =<¢-1, ifk=2(m+a) (mod2(2m — 1)),
0 otherwise.

Proof. We begin with the Bailey pair relative to (¢2,¢?) [5, Proposition 5.5,

oy, = : _1q2 (—1)" 2(mfa71)(n2+n)+2(a+l)n2+n(1 _ q(2a+1)(2n+1)) (3.30)
and
24 yon2 -2
6 B IB B Z q2n1+ +2nZ, _o+2na41++2nm—2 h |:ni+1 + 5i,a:| (3 31)
n — Pnm — .
N1yeeesNm—1>0 (q2; q2)nm (_q; q2)n1+5“70 i=1 s q>
Using the case m = m — 1 of this Bailey pair in Lemma 3.1 (with ¢ = ¢?) we have
T (a) 2m —1 (moa=1)? & (2a+1)(2n4+1)y - (2m—1)n2+2(m—a—1)n
A () = =5—q D" ) (1-¢ )q : (3.32)
n=0
and this gives the result after rewriting the right-hand side. ([l

Now we compute the limiting values A,(fi) (q) at roots of unity.

2We note that there is a typo in Proposition 5.5 of [5]. The term (1 + z2¢t1g2¢+D7+1)) ghould be
(1 _ x2a+lq(2a+l)(2n+l)).



Proposition 3.13. For coprime integers M and N with N positive we have
(4m—2)N ME2

-1 a @Em-DN
AD (M = SEm V2 z kQXé ;m ROLS: i@m-DN

2miT

Proof. Regarding Kfff) as a function of 7 with ¢ = ¢*™", we have

o (Mt 2m -1 (i) s
B (N J”zw) Z @ ()

2m — 1 S
— m 202(2m—1)N(/€)64(2m 1)
k=0

where ,

Mk .
Coom—-1)n (k) = Xé@m_l)(k’)emm’lwm
We note that
Coom-1)n(k +2(2m — 1)N) = Corap_1yn (k)
and
Com-—1)n(2(2m — )N — k) = —=Com-1n (k).
Then using Lemma 3.2 we have the asymptotic expansion as ¢ ~\, 0,

Mt > L(—2k, Coiam_1)n) t b
(a) L) (2m—-1)N .
P <N+227r> kz_o k! ( 4(2m—1)) ‘

Using this and keeping in mind (3.35) we compute the limiting value

N 2
2(2m—1)N
2m —1 y
=T Y a9 (55w )
k=1
2(2m—1)N
2m —1 1 i
- > Com-nn(k) (2 T 20m - 1)N>
k=1
2m—-1)N
2m —1 i
_ Z Coam-1)n (k) < (2m — 1)]\7)
k=0
(2m-1)N 2m—1  k
= Z CQ(Qm—l)N(k) 2 o ﬁ
k=0
1 (2m—1)N
~8@m - 1N? ( kZ:O FCoam-1)n (k)

13

(3.33)

(3.34)

(3.35)
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(2m—1)N
8(2771_1( Z k 02 2m—1)N (k)

(2m—1)N
+ Y (2@m—1)N = k)*Com-1)n(2(2m — )N — k))

k=0
1 (2m—1)N 2(2m—1)N
T 8(2m - 1)N? Z k2 Cogam-1)n (k) + Z k2 Coom-1)n (k)
= k=(2m—1)
(4m—2)n 2 .
8(2m —1)N Z k2X2 om—1) (k) €2Cm=DN ™,
which gives the result. 0

Proposition 3.14. For q = (]]\\]/[, a primitive odd N -th root of unity, we have

(a) —1 =(ma-1)? N 2 -
YmN = §am — 1yn? e Z k X? - (k) g1em=D. (3.36)

Proof. Inserting the Bailey pair from (3.30) and (3.31) with m = m — 1 into Lemma 2.2 with
N = N — 1, we obtain

(e
N-1 (quzN. ¢)(1— q(2a+1)(2k+1))q2(a+1)k2+k+2(mfaf1)(k2+k)+2Nk72k7k(k71)
= lim !
a1 (% @) N-1(1 — ¢*N)(¢*N+2; g2
N-—1
_ 2 —a—
. Z (1 _ q(2a+1)(2k+1)) q(2m Dk*+2(m—a—1)k
R T
N qir&f 1— q2N
—(m—a—l) (4m 2 k2
g @mn-1 Z ng;mfl)uc) qiem=1)
= — lim
N g 1 - ¢V
1 “M(m—a—1)2 (4m=2)N Mk2

— T @em-1) 2 i2m=1)
8(2m )N2<N Z k"x 2m 1) k) N

Theorem 3.11 now follows upon comparing Propositions 3.13 and 3.14.

4. CONCLUDING REMARKS

In closing we observe that the evaluations in (2.7), (3.15), (3.25), and (3.36) can be used to
obtain g¢-series identities that hold at roots of unity but not inside the unit disk. This is in the
spirit of quantum g-series identities described in [4, 5]. For instance, if we take m = 2m — 1
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and a = 2a in (2.7) and compare with (3.36), we have that if ¢ is a primitive odd Nth root
of unity, then

Nl 1 2m—3
E (_1)n2m72q(n2m52+ )+n%+'"+n§m73+n2a+1+"'+n2m73 H |:ni+1 + 5i72a:|
n;
N1, N2m—2=0 i=1 2
N-1 2 nm—1+1 2n24...42n2 2 D)) om=2

=9 Z (=1)"m-1q ("m0t 20, o+ 2na g1t 20m 2 [ni+1 + 5i,a:|
o a2 N :

N1y —1=0 ( q;94 )n1+6a,0 paie] i 2

(4.1)
For another example, comparing the case m = 2m —2 and a = 0 of (2.7) with (3.25), we have
that if ¢ is a primitive odd Nth root of unity, then

N-1 2m—4
Z (_1)n2m—3q(n2m§3+l)+n%+~--+n§m74 H [ni+1:|
ng
ni,...,n2m—3=0 =1
— —1+1 —

_, NZI (_1)nm_1q2(nm 51 )+2n%+-..+2n3ﬂ_2+2n1+---+2nm_2 (q; q2)n1 Ti—I2 |:ni+1:|

N1,y —1=0 (_q)2n1+1 =1 s q2

(4.2)

Note that the left-hand sides of the above two equations are essentially Kashaev invariants
for certain torus links, as shown by Hikami [3], and so the right-hand sides provide alternative
expressions for these invariants.
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