BAILEY PAIRS, RADIAL LIMITS OF ¢-HYPERGEOMETRIC FALSE
THETA FUNCTIONS, AND A CONJECTURE OF HIKAMI

JEREMY LOVEJOY AND RISHABH SARMA

ABSTRACT. In the first part of this paper we prove a conjecture of Hikami on the values of
the radial limits of a family of g-hypergeometric false theta functions. Hikami conjectured
that the radial limits are obtained by evaluating a truncated version of the series. He proved
a special case of his conjecture by computing the Kashaev invariant of certain torus links in
two different ways. We prove the full conjecture using Bailey pairs. In the second part of
the paper we show how the framework of Bailey pairs leads to further results of this type.

1. INTRODUCTION

The first main goal of this paper is to prove a conjecture of Hikami [5] on the values of the
radial limits of certain g-hypergeometric series. To state Hikami’s conjecture, first recall the
g-Pochhammer symbol, defined for n > 0 by

(@)n = (230)n = (1 - 2)(1 —2q) -+ (1 —2¢"™"),
and the g-binomial coefficient (or Gaussian polynomial)
(4:0)n :
[n] = [n] = { (@Dn—r(G0)k’ fo0<k<m,
k k q 0, otherwise.

(a) 1

Next, for m > 2 and 0 < a < m — 2, define the g-hypergeometric series Pl (q) for |q] < 1 by

Sl

m—1—a)? B
53) (q) = mq# Z (—1)"’”*1q(nm L2402, et nm oo

N1y Nm—120

X
" g

1=

2
g |:ni+1 + 5i,a:|
1 4

Hikami [5, Corollary 7] showed that the series zﬁgﬁf)(q) is the weight 1/2 false theta function
B (q) =m D x5 (n)g/im,

n>0
where Xg;r)L(n) is the odd periodic function defined by
1, ifn=m—-a—1 (mod2m),
nglv)z(”) =< -1, ifn=m+a+1 (mod2m),
0, otherwise.
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Hikami included the prefactor m for convenience. For consistency, we preserve it here.
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It is known that such false theta functions have well-defined limiting values as ¢ approaches
a root of unity radially from inside the unit disk and that the resulting function is a quantum

modular form [4]. Hikami’s conjecture states that in the case of &353)((]) these radial limits are

) (9)

given by evaluating a truncated version of the series. Namely, define the polynomial Y,
by

N-1 m—2
VM) = X (g e e TT [
N1,y —1=0 =1 v
27rz/N

Then we have the following. Here and throughout the paper we let {(y =

Conjecture 1.1 (Hikami [5]). For any m > 2 and 0 < a < m — 2 we have

m—1—a
fim 0(0) = G V()
q—CN
Hikami proved his conjecture in the case a = 0 by showing that both sides are essentially

the Kashaev invariant of the torus link 7'(2,2m). He writes that it is unclear whether these
expressions for @ # 0 correspond to any quantum invariant, perhaps hinting that another
method is needed to prove the full conjecture. Here we show that the full conjecture follows
from the theory of Bailey pairs. In fact, it does so quite easily once the Bailey pair framework
is set up. Moreover, it holds for any root of unity.

Theorem 1.2. Let C]]\\/4 be a primitive Nth root of unity with N > 0. Then for any m > 2
and 0 < a <m — 2 we have

Al(mflfa)

lim & () =y Y, (N

q_><N

In the second part of the paper we show that a similar phenomenon occurs for other families
of g-hypergeometric false theta functions constructed using Bailey pairs. That is, the radial
limits at roots of unity are obtained by evaluating the truncated series. See Theorems 3.3,
3.7, and 3.11.

The paper is organized as follows. In the next section we prove Hikami’s conjecture. In
Section 3 we review the computation of radial limits of false theta functions and present three
more results along the lines of Theorem 1.2. We conclude with some remarks on quantum
g-series identities in the spirit of [6] that arise from our work.

2. PROOF OF THEOREM 1.2

In this section we prove Theorem 1.2. Before proceeding to the proof we note two facts.
First, at any primitive Nth root of unity, Hikami [5, Proposition 10] computed the limiting

values of &% (q).

Lemma 2.1 (Hikami). For coprime integers M and N with N > 0 we have

hm CIJ mZX(a) (1 - %) C]]\\;‘[nQMm. (2.1)

q—CM
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Second, we need a result from the classical theory of Bailey pairs. Recall that a pair of
sequences (ay, B,) is called a Bailey pair relative to (a, q) if

n

Bn=>_ @ : (2.2)

=0 nfk(CLQ)nJrk

The Bailey lemma (see [1, p. 270] or [2, Lemma 5.1]) says that if (ay,, ) is a Bailey pair
relative to (a, q) then so is (o, f},), where

Ol
an - (aq/b)n(aq/c)n( q/b ) n (23)
and
. (aq/bc)n S ")iq"”
Pn = (Dnlaa/O)nlag] o) Z;) bcq ”/a P @4)

Putting this into (2.2) with b, ¢ — oo and using

we have the following.

Lemma 2.2. If (o, By) is a Bailey pair relative to (q,q), then

(*)n k0(‘1n)k(_l)kq(k+l)+(n+l)kﬁ _ kzo ((;2+n))kk (_1)kq(k;1)+(n+1)kak

With these two lemmas in hand, we are ready to prove Hikami’s conjecture.

Proof of Theorem 1.2. We begin by recalling the Bailey pair relative to (¢, q) in [7, Prop. 4.1],

(1 _ q(a+1)(2n+1))(_1)nq(n;1)+(a+l)n2+(mfafl)(n2+n)

and

ni+o4n, o tnapitetnmer M1
/6 . ﬁ B q 1 m—1 +1 1 |:7’LZ'+1 + 5a,i:|
n — Mnm — E | | .

oo -1 >0 (@)n i=1 i

Here m > 1 and 0 < a < m — 1. When m = 1 (and a = 0) the above sum is understood to
be empty, and we have

1

(q)n1'

Using this Bailey pair with m — m — 1 and substituting into Lemma 2.2 with n = N — 1
we obtain

Bn :Bnl =
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N-1 (ql—N)nm 1(—Dnm_lq(”m_21+1)+N”m—1+"%+"‘+n3nfg+na+1+--~+nm_2

N1 yeeey N —1=0 (q)nm—l

m—2 n —|—5

y i+1 1 Oq,i o5
s o

N-—1 _

_ m(l @D (@k)) gk (m—a— k4 Nk
q k
k=0

Note that for ¢ a primitive Nth root of unity the left hand side vanishes, giving

N-1
0= (1-— q(a+1)(2k+1))

k=0
7(m a— 1)2 k 4
Z Xom (k)g* /4™,

where the second equality follows from a short computation involving completing the square.
Dividing both sides of (2.5) by (¢)n and taking lim,_, -2 we then have

qu2+(mfa71)k

1 N-1,1-N
Y(a) (CN) — lim (q )k (1 _ q(a+1)(2k+l))qu2+(m—a—l)k+Nk
=N (DN = (")
1 1 —(m—a—-1)" 1)2
= — lim Im k /4m
Nqa(%fl—qu ZX
1 —M(m a—1)? 2mN ) Mk2 A
= ISy D Ky (2.6)

In the above we have used the fact that for ¢ a primitive Nth root of unity,

N-1 1 _ N
H (1—q'z) 1 ,
=1 -t
which gives
(¢;¢)N-1 = N.

Now, to finish the proof we compute

M(m—a—1)2 1 2mN

v ™ sz\f@l]‘\;{) = T 4mN?2 Z % 2m CMk jm

1 a m
_ i (Zk2X§m Mk /4 + Z k:2 Mk2/4m>

k=0 k=mN

1 Mk2/4m
- 4mN2<Zk2X2m (Ole
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mN
+ 3" @mN — k)2 x5 @mN — k)¢ 2 /4m>
k=0

mN mN
B _4mlN2 (Zkzxg(’f) M fam _ Y @mN — k)2 (k) ]J\V4k2/4m)

k=0
a 2 m
_ ZX( ) (k ( ) MK?/4

the last equality followmg from (2.1). This establishes Theorem 1.2.

3. FURTHER EXAMPLES

3.1. Preliminaries. In this section we find further examples of families of ¢-hypergeometric
false theta functions of weight 1/2 whose radial limits are given by evaluating a truncated
version of the ¢-series. There are certainly more, but we limit ourselves to applications of
some Bailey pairs which have already played a role in the study of g-series and weight 3/2
false theta functions at roots of unity [7]. Here we will need a specialization of the Bailey
lemma different from Lemma 2.2. Namely, if we take a = b = ¢ and ¢ — oo in (2.3) and (2.4)
and then use the definition (2.2) with n — oo we have the following, which is well-known.

Lemma 3.1. If (ay, 5y) is a Bailey pair relative to (q,q), then
Y @a(-1"" 8, = (1-9) Y (-1 .
nz0 n>0

We also require a formula which allows us to compute the radial limits of false theta
functions as we approach a root of unity. We cite this more or less verbatim from Hikami [5,
Proposition 9.

Lemma 3.2. Let C¢(n) be a periodic function with mean value 0 and modulus f. Then as
t \( 0 we have the asymptotic expansion

Nk
> Cp(n)e™™t ~ > L(-2k, cf)( ]f!) ,

n>1 k>0

where

" n
L(—k,Cy) = “EL Zcf(n)BkH (f) )
n=1

with By (z) being the kth Bernouilli polynomial.

In each of the following subsections we first use a known Bailey pair together with Lemma
3.1 to produce a family of ¢-hypergeometric false theta functions. These are not all necessarily
new, but we include the derivations for completeness. Next we use Lemma 3.2 to compute
the radial limits of the false theta functions. Finally, we use the same Bailey pair in Lemma
2.2 to produce a truncated version of the ¢-series whose values at roots of unity coincide with
the radial limits of the infinite series.
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3.2. Example 1. For m > 2 define

- 27m —1 (@em=3)32
U(g) = —5—g 0 Y

(—1)m-t1 q(”m31H)+nf+---+n$n_2+n1+---+nm72

2 _
n1>n27--~7n7n7120 ( q)nl
m—2
T[]
n
=1 v
and its truncated version
N-1 (_1)nm—1q(nmgl+1)+n%+-"+nfn_2+nl+...+nm,2 m—2 nis
IZmn(@) = 11
; — "
N1yeeesTim—1=0 (=@)ny ey i

Our goal is to prove that the radial limits of \T/m(q) are well-defined at odd roots of unity and
that the values are essentially given by Z,, n(g). We restrict to odd roots of unity to avoid
poles arising from the term (—q),, in the denominator of Z,, n(q).
Theorem 3.3. Let C% be a primitive odd Nth root of unity. Then

. M(27n73)2
Hm W, (q) = ¢ Zyn (CA).

q—¢M

This result will follow from the next three propositions. We first prove that E’m(q) is a
false theta function.

Proposition 3.4. We have the identity

~ 2 -1
\Ijm o ZX4m 2 8(2m 1)

where Xam—2(k) is the odd periodic function deﬁned by
1, ifk=2m —3 (mod 4m — 2),
Xam—2(k) =< =1, ifk=2m+1 (mod 4m — 2),

0, otherwise.

Proof. We begin with the Bailey pair relative to (g, q) (see [7, Proposition 5.1] or [8, p. 373]),

1 _ g2+l
= T (gt (31)
—q
and

n2+-+n? L 4nitedng o Mol [

ﬁnzﬁnm: Z 1

n1,N2,0e N —120

Here m > 1 and when m = 1 we have
1
Bo =By = ———
RN O

Using (3.1) and (3.2) with m +— m — 1 in Lemma 3.1 we obtain

Ti+1
CIIE— | 8

m 2 n
\T/m(q) 2m —1 (82(2m 3)1) 2n+1 Jrl)Jr(mfl)nQJr(mf2)n

n>0
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and the result then follows after completing the square on the right-hand side. O

Next we employ Lemma 3.2 to calculate the radial limits of ‘:Ivim(q) as q approaches an odd
root of unity.

Proposition 3.5. For coprime integers M and N with N odd and positive we have

(4m—2)N &2 M
lim k? N
L, m(q) = 8(2m— N Z Xam—2(

2miT

Proof. Regarding U,, as a function of 7 with q = e“™7 . we have

~ — 2
\I/m (M + t) 2m 1 ZX4m ) 27” ]W—l-’b )%

N 2
2m —1 - k2
== > Clm-gn (k)esem",
k=0
where
_ME
C(4m72)N(k) = X4m_2(k)62(47n72)N

We have

Mmi(k24+2kN (4m—2)+N2(4m—2)2)

Clam—2)n (k + (4m — 2)N) = Xam—2(k + (4m — 2)N)e 2m=N

Mrik? .
= Xam—2(k)eZim-28 eMmi(k+N(2m—1))

and using the fact that N is odd together with the definition of x4,,—2(k) this gives
Clam—2)n(k + (4m — 2)N) = Cypm_2)n (k).

Similarly, we have

C(4m72)N((4m —2)N —k) = _C(4m72)N(k)' (3-3)
Note that by (3.3) we have
(4m—2)N (4m—2)N
> Cumank)= > Cuman(k)=0. (3.4)
k=1 k=0

Now using Lemma 3.2 we have the asymptotic expansion as ¢ \, 0,

~ (M .t 2m — 1 o= L(=2k, Clym—2)n) 13 k
m — — ~Y - .
’"(NH%) 2 kzzo k! < 8(2m—1)>

Using this together with By(z) = x — % we compute the limiting value as follows,

2m —1
li%qj m(T) = L(0, Cigm-2)n)
(4m—2)N
2m -1 k
= Z Clam—2)n (k) B <U4m—2)N)
k=1
(4m—2)N

_ 2m -1 Z Clam—an (k) (M) (by (3.4))

k=1
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(4m—2)N i
= - Z Clam-2)n (k) (4]\7)
(2m— l)N

Z Clam-2)n ( )<k>

(2m 1)N
(4m —2)N — k
Z Cum—2)n((4m —2)N — k)( v

(2m—-1)N

Z Clam—2)n( )(Zm_l 2’” (by (3.3)).

Using the fact that

o a% = sy (1 (m =2V = k)

we then obtain
(2m—-1)N
Tli%\lfm() 8(2m—1< Z k'c(4m )n (k)

(2m—1)N

— Y ((4m—2)N = k)’Cum-2)n <k>>

k=0

(2m—-1)N
8(2m—1< Z k*Cam-2)n (k)

(2m—-1)N

+ Z ((4m — 2)N — k)*Clam_o)n ((4m—2)N—k;)>

(2m-1)N (4m—2)N
8(2m_1< Z FCum-onE) + Y k20(4m2)N(k)>

k=(2m—-1)N

(4m—2)N
M

m Z K’ Xam—2( 2(4m N ’

which gives the result. (Il
Now we determine the value of Z,,, n(¢) at primitive odd Nth roots of unity.
Proposition 3.6. For g = C%, a primitive odd N -th root of unity, we have
) _Mam—3? (4m=2)N M2

- )N2<N8(2m v Z k*Xam—2(k) (™Y (3.5)

Zm,N(q) = 8(2m

Proof. Inserting the Bailey pair from (3.1) and (3.2) into Lemma 2.2 with m +— m — 1 and
n = N — 1, we obtain
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> :
Ny Nm—1=0

_ Nil (" M)r(—4q

k=0

i (q N)n (_ | )nm—l Nnm—l (nm 21 1)+n1++nm +n1++nm m—2
m—1 -2 2 :|
(q)nmfl( Q)nl i

2k+1) —(5)+(N=1)k+mk?+(m—1)k

q
(@)N+k

Then taking ¢ to be a primitive odd N-th root of unity Q{‘,ﬁ we get

N-1 (@ N)(1 — g2++1) q—(‘;)+(N—1)k+mk2+(m—1)k

Zmn(g) = lim

S vt (@)n—1(1 = gN)(gN 1)
N_l(l _ g2ty g (5)+mh?Lmb—2k
= — lim *=° &
N g (1-4")
—(2m=3)2 (dm—2)N k2
. q 8(2m—1) Z X4m—2(k) q8(2m—1)
= — lim k=0 &
N g (1-4¢"N)
1 —M(@2m=3)2 (4m—2)N Mk
“smo w2 MG
This completes the proof. O

Comparing Propositions 3.5 and 3.6 gives Theorem 3.3.

3.3. Example 2. We follow the same steps as in the previous example, this time with the
function

(2m—3)2 (_1)nm_1q2("m‘21+1)+2n§+2n1+-~+2n3n,2+2nm_2 (

Ti(q) = (m— g sm=r >~

N1y Nm—12>0

G4,

(_Q)2n1+1

m—2
n
% { z+1:|
=1

and the truncated version
N-1 (_1)nm71q2(nm*21+1)+2n%+2n1+-..+2nfn_2+2nm,2(

Un,n(q) = Z

N1y Nm—1=0

ni;[ [nzﬂ]

As usual, these are valid for m > 2. We will show that I',,(q) is a false theta function and
that its limiting values at odd roots of unity are computed using U, v (q).

(_Q)2n1+1

Theorem 3.7. Let C% be a primitive odd Nth root of unity. Then

_ M(2m—3)2
lim Tp(q) = (""" Unn (G
q—¢Y

This theorem will follow from the next three propositions. We first show that fm(q) is a
false theta function.
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Proposition 3.8. We have the identity

Tm(g) = (m —1 ZX4m n(k qg(’” R
where
1, ifk=2m -3 (mod 4(m — 1)),
Xam—1)(k) = ¢ =1, ifk=2m—1 (mod 4(m — 1)),
0, otherwise.

Proof. We use the Bailey pair relative to (¢2,¢?) [7, Proposition 5.3],
(_l)nq(mel)n2+(2m72)n(1 _ q2n+1)
1—¢2

ap =

and
2n%+2n1+--'+2n;71+2nm—1( .2

), nﬁl [nn+l]q2 (3.7)

(0% 4*)nm (=201 41 i1

Bu=bam = Y 2

N1y Nm—120

Here m > 1 and when m = 1 we have

B, =5, = (4 6*)n,
n — niy — .

b (P (D21

Inserting this Bailey pair with m + m — 1 into Lemma 3.1 (remembering to replace ¢ by ¢

throughout) we obtain

~ (2m—3)*

Th(q) = (m — 1)g 30m=D Zq (2m—2)n?+(2m—3)n (] — (]271_;_1)7
n>0
and the result then follows after completing the square on the right-hand side. OJ

Next we use Lemma 3.2 to compute fm(q) as ¢ approaches an odd root of unity.

Proposition 3.9. For coprime integers M and N with N odd and positive we have

(4m—4)N 52 M
L SOon=T)
! Fnl®) = Tem—1n2 Z Examn (B '
Proof. Regarding fm as a function of 7 with ¢ = e*™" we have
= M t > omi(M 4 L k2
Iy <N + Z2ﬂ_> = - 1) Z XZJL(mfl)(k)e (N 27()8(7”_1)
_i2

=(m-1) ZCZL(m 1 (k)estn=1 ot

where
_ MK
C4(m71)]\7(k) = X4(m71)(k)64(m—1)N .
We note that

Cim-1)n(k +4(m —1)N) = Cy(m-1yn (k)
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and
C4(m—1)N(4<m - 1>N - k) = _04(m—1)N(k)' (38)
Then using Lemma 3.2 we have, asymptotically as £ \, 0,

o <]\J§ +i 27;> ~(m—1) i L(_%’%(ml)zv) <8(mt— 1))’3

k=0
Using this and keeping in mind (3.8) we compute the limiting value

hfﬁ T, (7) = (m — 1)L(0, Cagm_1yn)
N

4(m—-1)N

I ey
4(m21 NC4m o )(; (m_kl)N)
_ 2(%:1 Cagm-1)n )<1 Q(mfl)N)

2(m—1)N

kgo Citm1yv (k) <(m_1)_2]]€\f>

2(m-1)N 2(m—1)N
= 16(m ( Z K Cym-nn(k) = Y (4m—1)N = k)’Cyim-1)n (k))
k=0

1 2(m—1)N

_ 2

N 16(m—1)N2< Y KCimonn(k)
k=0

2(m—1)N

+ > (4m—1)N — k)*Cygm-nn(4(m — 1)N — k))

1 2(m—1)N 4(m—-1)N
= 16(m —1)N? ( > BCimoyn®)+ Y k204(m_1)N(k))
k=0 k=2(m—1)
(4m—4)N
- 16( Z B Xy (R)e T
and the result follows. 0

Finally, we compute the values of the rational function U, n(¢) when ¢ is a primitive odd
Nth root of unity.

Proposition 3.10. For q = C%, a primitive odd N -th root of unity, we have

1 —M(2m—3)2 32 (Am—4N ME?2

ST 2 Py ®GT (3.9)

Um,N(q) ].6(

Proof. Inserting the Bailey pair (3.6) and (3.7) into Lemma 2.2 with m +— m—1andn = N—1
we find
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N = lm
R <q P ),
N-1
(1 — g2+1) q2(m71)k2+(2m73)k
= — lim +=Y —
N q—¢N 1—gq
—(em-3)2 (4m—4)N 2
g 8m=D Z X4(m_1)(/€)q8<m—”
= — lim k=0 -
N ¢y 1—gq
1 _M@m-3)2 (dm—4HN M2

16(m B )N2CN8(m ! Z K Xam—1) (k) G

Combining Propositions 3.9 and 3.10 gives Theorem 3.7.

3.4. Example 3. For m > 2 and 0 < a < m — 2 define 7\2‘? (q) by

2m_1 (m—a— 1)2
A(a)( ) = 5 q @m-1) Z

(—1)nm—1q2(nm_21+l)+2"%+‘"+2n3n,2+2na+1+-~+2nm_2

(=45 ¢*)n1 4640

m—2
{niﬂ + 6i,a:|
1 q?

N1y M —120

X
ng
i=

along with its truncated counterpart

N-1 1 2("m= 1T fon2 4 on2 4 om0 g et 20— M2
V(a) (q) _ (_1) m lq ( 2 ) 1 m—2 a+ m nz+1 +6i7a
i (_q; q2)n1+5 0 . N 5
P11 =0 a i=1 q

We will show the following.
Theorem 3.11. Let (% be a primitive odd Nth root of unity. Then

M(m—a—1)2
lim A% (q) = Gy O VAN,
a—Cpf '
The steps should be familiar. We prove a series of three propositions, beginning with the
fact that Aq(ﬁ)(q) is a false theta function.

Proposition 3.12. We have the identity

2

~la 2m—1 <= (a R
AD(@) = =5 Xy (W) 77,
k=0

where
1, ifk=2m—-a—1) (mod2(2m—1)),
ng;m pk)=4q-L ifk=2(m+a) (mod2(2m—1)),
0 otherwise.
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Proof. We begin with the Bailey pair relative to (¢2,¢?) [7, Proposition 5.5,

an = 1_1qz<—1>"q2<m“”(”2*”)”(““)”2*"(1 — gDl (3.10)
and
T qQ"EZ'f“?ﬂ—lf’f;*"'””m1 ”ﬁl [niJrl""éi,a:l L (311
1m0 404 I (G )mi+ba0 i i ¢

Here m > 1 and 0 < a <m — 1. When m =1 (and a = 0) we have

1
Bn = Bn, = .
T (@220 (— 45 @)y

Using the case m + m — 1 of this Bailey pair in Lemma 3.1 (with ¢ = ¢?) we have

Al 2m —1 oty S a n m—1)n m—a—1)n
Al (q) = 5 ¢ Y Z(l — gRatD)(2n+1)y o (2m—1)n?+2( 1)

)

n=0
and this gives the result after rewriting the right-hand side. ([l
Now we compute the of limiting values of Ag,g)(q) as ¢ approaches a root of unity.

Proposition 3.13. For coprime integers M and N with N positive we have

(4m—2)N AR
li A(“) k2 (k) G0

2miT

Proof. Regarding K,(ﬁ) as a function of 7 with ¢ = ™", we have

~ (Mt 2m — 1 & oi( Moy by K
Ala) < +i> - E ng . (k)e ﬂl(N+22Tr)4(2mfl)
m m— )

N 2n 2 & (

4(27n 1)

where

C )= (kjemmnion
2(2m—1)N( ) Xg(gm_l)( Je

We note that
Coem-1)n(k +2(2m — 1)N) = Com-1)n (k)
and
Coem-1)N(2(2m = 1)N — k) = —Cyom-1)n (k). (3.12)

Then using Lemma 3.2 we have the asymptotic expansion as t 0,

(Mt >, L(~2k, Cogam-—1)n) ¢ g
(@ (24 v (@m-1) _
A <N+Z27T) 2 k! < 4(2m—1)> ‘

k=0

2We note that there is a typo in Proposition 5.5 of [7]. The term (1 + z2¢F1¢g2¢+D7+1)) ghould be
(1 _ x2a+lq(2a+l)(2n+l)).
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Using this and keeping in mind (3.12) we compute the limiting value

2m —1
lfl{} Al )( )= L(OacQ(mel)N)
2(2m—1)N
2m — 1 k
=T Z Com-1)n (k) B1 (2(2771—1)]\7)
2(2m—1)N
2m —1 1 k
=3 Z Co(2m— 1)N(k)< M)
(2m—1)N
2m —1 k
= kgo Coem—1)n (k) (1 - (2m—1)N>
(2m—1)N
2m —1 k
> CQ(Zml)N(k)( g 2N>
k=0
(2m—-1)N
8(2m—1< Z K Com-1)n (k)
(2m 1N
- > <2<2m—1>N—k>202<2m_1w<k>>
k=0
(2m—1)N
8(2m—1< Z kC2(2m1 ~(k)
(2m 1N
+ Z 2(2m — 1)N — k)2 Coom_1)n (2(2m1)Nl<:)>
(2m—-1)N 2(2m—1)N
2
m Z K Coem-1)n (k) + Z k*Coam-1)n (k)
k=(2m—1)
4E)N 2 ) e%z\/mi
8(2m—1 o) ’
which gives the result. O

Proposition 3.14. For g = CJZ\\]/I, a primitive odd N -th root of unity, we have
1 —M(m—a—1)2 12 (dm-2)N MEk?2

(a) _ — T (@em-1) 2 a(2m—1)
Vm,N(Q)—mCN Z k“x 2(2m 1 (k) Cy . (3.13)

Proof. Inserting the Bailey pair from (3.10) and (3.11) with m — m — 1 into Lemma 2.2 with
n = N — 1, we obtain

AR (s
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N-1 (qQ—QN; q2)k(1 _ q(2a+1)(2k+1))q2(a+1)k2+k+2(m—a—1)(k2+k)+2Nk—2k—k(k—1)

= lim
e (@ Pna (- ) @V P,
N-1
Z (1— q(2a+1)(2k+1)) q(zm—l)k2+2(m—a—1)k
— — lim *=°
N gl 1— g2V
7(771 a— 1)2 (4m 2 k2
—Gm= (a) Em=D
! g @m0 Z X2(2m 1)(k) g @m=T)
= — lim
N gl 1 -V
1 “M(m—a—1)2 (4m=2)N ME2

— (2m—1) 2 (2m— )
8(2m )NQCN o Z k 2m 1)(k) ]%72 '

Theorem 3.11 now follows upon comparing Propositions 3.13 and 3.14.

4. CONCLUDING REMARKS

In closing we observe that the evaluations in (2.6), (3.5), (3.9), and (3.13) can be used to
obtain g-series identities that hold at roots of unity but not inside the unit disk. This is in the
spirit of quantum g¢-series identities described in [3, 6, 7]. For instance, if we take m +— 2m —1
and a — 2a in (2.6) and compare with (3.13), we have that if ¢ is a primitive odd Nth root
of unity, then

N-1 X 2m 3
Z (_1)”2m*2q(n2m52+ )+”%+'"+”§m73+n2a+1+'"+n2m 3 |:nl+1 + 05, 2a:|

ni,...,n2m—2=0

N-1 (_1>nm_1q2(”m S 20t 4202, 420041+ 2nm g M2

TS 1;[ [nl+1+5m}

N1y Nm—1=0
For another example, comparing the case m — 2m — 2 and a = 0 of (2.6) with (3.9), we have
that if ¢ is a primitive odd Nth root of unity, then

(=@ @*)n1+64.0 e

pls nom—3+1 2 2 2m—d n
E : (_1)n2m73q( 2 JAni+eAnd,, _ytnitetnom—a H i+1
.
N1y sN2m—3=0 i1 i
Nl (Cymma 2ttt 2nl ottt 2nm2

-9 Z

N1y Nm—1=0

e AR

Note that the left-hand sides of the above two equations are essentially Kashaev invariants
for certain torus links, as shown by Hikami [5], and so the right-hand sides provide alternative
expressions for these invariants.

(_Q)2n1+1
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