
BAILEY PAIRS AND STRANGE IDENTITIES

JEREMY LOVEJOY

Abstract. Zagier introduced the term “strange identity” to describe an asymptotic relation
between a certain q-hypergeometric series and a partial theta function at roots of unity. We
show that behind Zagier’s strange identity lies a statement about Bailey pairs. Using the
iterative machinery of Bailey pairs then leads to many families of multisum strange identities,
including Hikami’s generalization of Zagier’s identity.

1. Introduction and Statement of Results

A Bailey pair relative to (a, q) is a pair of sequences (αn, βn)n≥0 satisfying

βn =

n∑
k=0

αk

(q)n−k(aq)n+k
. (1.1)

Here we have used the standard q-hypergeometric notation,

(a)n = (a; q)n =
n∏

k=1

(1− aqk−1),

defined for integers n ≥ 0 and in the limit as n → ∞. Bailey pairs are one of the principal
structural elements in the theory of q-hypergeometric series. Much of their power comes from
the fact that Bailey pairs give rise to new Bailey pairs, and they do so in many different ways.
This leads to an iterative “machinery” that produces infinite families of identities starting
from a single identity. For example, once one understands how to use Bailey pairs to prove
the Rogers-Ramanujan identities,∑

n≥0

qn
2

(q)n
=

∏
n≡1,4 (mod 5)

1

1− qn

and ∑
n≥0

qn
2+n

(q)n
=

∏
n≡2,3 (mod 5)

1

1− qn
,

the Bailey machinery produces the entire family of Andrews-Gordon identities,∑
nk−1≥···≥n1≥0

qn
2
1+···+n2

k−1+n1+···+nk−i

(q)nk−1−nk−2
· · · (q)n2−n1(q)n1

=
∏

n̸≡0,±i (mod 2k+1)

1

1− qn
. (1.2)
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Here 1 ≤ i ≤ k. As a bonus, such identities often arise naturally in number theory, combina-
torics, algebra, physics, or knot theory. For more on Bailey pairs and their applications, see
[4, 5, 6, 21, 24]

Here we consider the role of Bailey pairs in certain q-series identities which are not really
identities at all. The term strange identity was first used by Zagier [25] to describe the fact
that ∑

n≥0

(q)n“ = ”− 1

2

∑
n≥1

n

(
12

n

)
q(n

2−1)/24. (1.3)

What the symbol “ = ” means here is not that the identity holds in any classical sense, but
that both sides agree to infinite order at any root of unity ζ. Somewhat more specifically,
replacing q by ζe−t and letting t → 0+, the right-hand side has an asymptotic expansion as
a power series in t, and this power series is given by the left-hand side at q = ζe−t. See [2] or
[25] for a much more detailed discussion.

Hikami [15] gave an elegant generalization of Zagier’s strange identity. To state it, recall
the q-binomial coefficient defined by[

n
k

]
=

[
n
k

]
q

=

{
(q)n

(q)n−k(q)k
, if 0 ≤ k ≤ n,

0, otherwise.
(1.4)

Then for 0 ≤ a ≤ k − 1 Hikami showed that∑
n1,...,nk≥0

(q)nk
qn

2
1+···+n2

k−1+na+1+···+nk−1

k−1∏
i=1

[
ni+1 + δi,a

ni

]

“ = ”− 1

2

∑
n≥0

nχ
(a)
8k+4(n)q

n2−(2k−2a−1)2

8(2k+1) ,

(1.5)

where χ
(a)
8k+4(n) is the even periodic function modulo 8k + 4 defined by

χ
(a)
8k+4(n) =


1, if n ≡ 2k − 2a− 1 or 6k + 2a+ 5 (mod 8k + 4),

−1, if n ≡ 2k + 2a+ 3 or 6k − 2a+ 1 (mod 8k + 4),

0, otherwise.

(1.6)

Although it is not our primary focus here, we note that strange identities have a num-
ber of interesting applications. They can be used to establish the quantum modularity of
(appropriate normalizations of) the corresponding q-series, to find formulas for the values of
these series at roots of unity, and to give q-hypergeometric generating functions for values of
certain L-functions at negative integers. See [7, 10, 13, 15, 25], for example. Strange identities
also play a key role in the study of congruences and asymptotics for the coefficients of the
corresponding q-series at q = 1− q [1, 2, 8, 9, 11, 12, 14, 23].

Hikami’s proof of the strange identities (1.5) involved some long and impressive compu-
tations using q-difference equations [15]. In this paper we show how these identities can be
understood in the context of Bailey pairs. In addition to providing a streamlined proof, this
leads us to the discovery of many more families of strange identities. Theorem 1.1 below
contains a selection of some of the nicest of these. Note that unlike (1.3) and (1.5), these
strange identities only hold at appropriate subsets of roots of unity – namely, those which do
not cause zeros in the denominators of the q-hypergeometric series.

Theorem 1.1. Assume that 0 ≤ a ≤ k − 1.
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(i) Let χ4k(n) be the even periodic function modulo 4k defined by

χ4k(n) =


1, if n ≡ k − 1 or 3k + 1 (mod 4k),

−1, if n ≡ k + 1 or 3k − 1 (mod 4k),

0, otherwise.

(1.7)

Then ∑
n1,...,nk≥0

(q)nk

qn
2
1+···+n2

k−1+n1+···+nk−1

(−q)n1

k−1∏
i=1

[
ni+1

ni

]
“ = ”− (1 + δk,1)

∑
n≥0

nχ4k(n)q
n2−(k−1)2

4k

(1.8)

and ∑
n1,...,nk≥0

(q2; q2)nk

q2n
2
1+2n1+···+2n2

k−1+2nk−1(q; q2)n1

(−q)2n1+1

k−1∏
i=1

[
ni+1

ni

]
q2

“ = ”− (1 + δk,1)
1

2

∑
n≥0

nχ8k−4(n)q
n2−(2k−2)2

8k−4 .

(1.9)

(ii) Let χ
(a)
8k (n) be the even periodic function modulo 8k defined by

χ
(a)
8k (n) =


1, if n ≡ 2k − 2a− 1 or 6k + 2a+ 1 (mod 8k),

−1, if n ≡ 2k + 2a+ 1 or 6k − 2a− 1 (mod 8k),

0, otherwise.

(1.10)

Then ∑
n1,...,nk≥0

(q2; q2)nk

q2n
2
1+···+2n2

k−1+2na+1+···+2nk−1

(−q; q2)n1+δa,0

k−1∏
i=1

[
ni+1 + δi,a

ni

]
q2

“ = ”− 1

2

∑
n≥0

nχ
(a)
8k (n)q

n2−(2k−2a−1)2

8k .

(1.11)

(iii) Let χ
(a)
4k−2(n) be the even periodic function modulo 4k − 2 defined by

χ
(a)
4k−2(n) =

{
1, if n ≡ ±(2k − 2a− 1) (mod 4k − 2),

0, otherwise.
(1.12)

Then ∑
n1,...,nk≥0

(q)nk

qn
2
1+···+n2

k−1+na+1+···+nk−1(−1)n1+δa,0

(q; q2)n1+δa,0

k−1∏
i=1

[
ni+1 + δi,a

ni

]

“ = ”− (1 + δa,0)
1

2

∑
n≥0

nχ
(a)
4k−2(n)q

n2−(2k−2a−1)2

8(2k−1) .

(1.13)
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The rest of this paper is organized as follows. In the next section we introduce the basic
notions from the theory of Bailey pairs and prove Zagier’s strange identity along with the base
cases of the strange identities in Theorem 1.1. To prove the multisum identities requires some
further development of the theory of Bailey pairs, which we undertake in Section 3. Section
4 is then devoted to Hikami’s identities. In Section 5 we complete the proof of Theorem 1.1,
and we close in Section 6 with some remarks.

2. Bailey pairs And Zagier’s identity

Recall the definition of a Bailey pair from the introduction. From now on we shall say
“Bailey pair relative to a” instead of “Bailey pair relative to (a, q)” unless the second pa-
rameter is something other than q. The Bailey lemma says that if (αn, βn) is a Bailey pair
relative to a, then so is (α′

n, β
′
n), where

α′
n =

(ρ1)n(ρ2)n(aq/ρ1ρ2)
n

(aq/ρ1)n(aq/ρ2)n
αn (2.1)

and

β′
n =

n∑
k=0

(ρ1)k(ρ2)k(aq/ρ1ρ2)n−k(aq/ρ1ρ2)
k

(aq/ρ1)n(aq/ρ2)n(q)n−k
βk. (2.2)

A useful limiting form of the Bailey lemma is found by putting (2.1) and (2.2) into (1.1) and
letting n → ∞, giving

∑
n≥0

(ρ1)n(ρ2)n(aq/ρ1ρ2)
nβn =

(aq/ρ1)∞(aq/ρ2)∞
(aq)∞(aq/ρ1ρ2)∞

∑
n≥0

(ρ1)n(ρ2)n(aq/ρ1ρ2)
n

(aq/ρ1)n(aq/ρ2)n
αn, (2.3)

provided both sides converge absolutely. The case (a, ρ1, ρ2) = (x2q, xq, q) of (2.3) is recorded
as the following lemma, which will play a key role throughout the paper.

Lemma 2.1. If (αn, βn) is a Bailey pair relative to x2q, then we have

(1− x)
∑
n≥0

(xq)n(q)nx
nβn = (1− x2q)

∑
n≥0

(q)n
(x2q)n

xnαn.

We are now ready to prove Zagier’s strange identity, along with the base cases of the
families of identities in Theorem 1.1. In each case we make use of a specialization of Slater’s
Bailey pair relative to a [22],

αn =
(a)n(1− aq2n)(−1)nq(

n
2)(b)n(c)n

(aq
bc

)n
(q)n(1− a)(aqb )n(

aq
c )n

(2.4)

and

βn =
(aqbc )n

(q)n(
aq
b )n(

aq
c )n

. (2.5)

Proof of (1.3). Take a = x2q and b, c → ∞ in (2.4) and (2.5) to obtain the Bailey pair relative
to x2q,

αn =
(x2q)n(1− x2q2n+1)(−1)nx2nqn(3n+1)/2

(q)n(1− x2q)
(2.6)
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and

βn =
1

(q)n
. (2.7)

Using this in Lemma 2.1 we obtain

(1− x)
∑
n≥0

(xq)nx
n =

∑
n≥0

(−1)nx3nqn(3n+1)/2(1− x2q2n+1).

Following Zagier, we then add and subtract (x)∞ on the left-hand side to obtain

(1− x)
∑
n≥0

((xq)n − (xq)∞)xn + (xq)∞ =
∑
n≥0

(−1)nx3nqn(3n+1)/2(1− x2q2n+1).

Now replace x by x2 on both sides, multiply by x, and take d
dx |x=1. The result is the “sum

of tails” identity,

2
∑
n≥0

((q)n − (q)∞) + (q)∞

−1 + 2
∑
n≥1

qn

1− qn

 = −
∑
n≥1

n

(
12

n

)
q(n

2−1)/24.

Letting q approach a root of unity, we obtain Zagier’s strange identity, since (q)∞ vanishes
to infinite order. □

We now proceed to give proofs of the base cases of the strange identities in Theorem 1.1.
These all use a specialization of (2.4) and (2.5) in Lemma 2.1 and a short computation similar
to the one above.

Proof of Theorem 1.1 for k = 1. In the Bailey pair in (2.4) and (2.5), take a = x2q, b = −xq,
and c → ∞ to obtain the Bailey pair relative to x2q,

αn =
(x2q)n(1− x2q2n+1)(−1)nxnqn

2

(q)n(1− x2q)
(2.8)

and

βn =
1

(q)n(−xq)n
. (2.9)

Using this in Lemma 2.1, we have

(1− x)
∑
n≥0

(xq)n
(−xq)n

xn =
∑
n≥0

(−1)nx2nqn
2
(1− x2q2n+1)

= 1 + 2
∑
n≥1

χ4(n)q
n2/4xn,

where χ4(n) is defined in (1.7). Adding and subtracting the product (x)∞/(−xq)∞ on the
left-hand side, we obtain

(1− x)
∑
n≥0

(
(xq)n
(−xq)n

− (xq)∞
(−xq)∞

)
xn +

(xq)∞
(−xq)∞

=
∑
n≥0

(−1)nx2nqn
2
(1− x2q2n+1).

Taking d
dx |x=1 on both sides gives

−
∑
n≥0

(
(q)n
(−q)n

− (q)∞
(−q)∞

)
− 2

(q)∞
(−q)∞

∑
n≥1

qn

1− q2n
= 2

∑
n≥1

nχ4(n)q
n2/4.



6 JEREMY LOVEJOY

Letting q tend to an odd root of unity gives∑
n≥0

(q)n
(−q)n

“ = ”− 2
∑
n≥1

nχ4(n)q
n2/4.

This is (1.8) for k = 1.
Next, in (2.4) and (2.5), let q = q2, a = x2q2, b = −xq, and c = −xq2. The resulting Bailey

pair relative to (x2q2, q2) is

αn =
(x2q2; q2)n(1− xq2n+1)(−1)nqn

2

(q2; q2)n(1− x2q2)
(2.10)

and

βn =
(q; q2)n

(q2; q2)n(−xq)2n+1
. (2.11)

Using this in Lemma 2.1 we have

(1− x)
∑
n≥0

(q; q2)n(xq
2; q2)n

(−xq)2n+1
xn =

∑
n≥0

(−1)nxnqn
2
(1− xq2n+1)

= 1 + 2
∑
n≥1

χ4(n)q
n2/4xn/2.

Adding and subtracting the product (q; q2)∞(x; q2)∞/(−xq)∞ on the left-hand side, we have

(1− x)
∑
n≥0

(
(q; q2)n(xq

2; q2)n
(−xq)2n+1

− (q; q2)∞(xq2; q2)∞
(−xq)∞

)
xn +

(q; q2)∞(xq2; q2)∞
(−xq)∞

= 1 + 2
∑
n≥1

χ4(n)q
n2/4xn/2.

Taking d
dx |x=1 on both sides gives

−
∑
n≥0

(
(q)2n

(−q)2n+1
− (q)∞

(−q)∞

)
− (q)∞

(−q)∞

∑
n≥1

qn

1− q2n
=
∑
n≥0

nχ4(n)q
n2/4.

Letting q tend to an odd root of unity results in the strange identity∑
n≥0

(q)2n
(−q)2n+1

“ = ”−
∑
n≥0

nχ4(n)q
n2/4.

This is (1.9) for k = 1.
Now let q = q2, a = x2q2, b = −xq, and c → ∞ in (2.4) and (2.5) to obtain the Bailey pair

relative to (x2q2, q2),

αn =
(x2q2; q2)n(1− xq2n+1)(−1)nxnq2n

2+n

(q2; q2)n(1− x2q2)

and

βn =
1

(q2; q2)n(−xq; q2)n+1
.

Using this in Lemma 2.1 we have

(1− x)
∑
n≥0

(xq2; q2)n
(−xq; q2)n+1

xn =
∑
n≥0

(−1)nx2nq2n
2+n(1− xq2n+1)
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=
∑
n≥0

χ
(0)
8 (n)q(n

2−1)/8x(n−1)/2,

where χ
(0)
8 (n) is defined in (1.10). Adding and subtracting the product (x; q2)∞/(−xq; q2)∞

on the left-hand side, we obtain

(1− x)
∑
n≥0

(
(xq2; q2)n

(−xq; q2)n+1
− (xq2; q2)∞

(−xq; q2)∞

)
xn +

(xq2; q2)∞
(−xq; q2)∞

=
∑
n≥0

χ
(0)
8 (n)q(n

2−1)/8x(n−1)/2.

Taking d
dx |x=1 on both sides gives

−
∑
n≥0

(
(q2; q2)n

(−q; q2)n+1
− (q2; q2)∞

(−q; q2)∞

)

− (q2; q2)∞
(−q; q2)∞

−1

2
+
∑
n≥1

q2n

1− q2n
+
∑
n≥1

q2n−1

1 + q2n−1


=

1

2

∑
n≥0

nχ
(0)
8 (n)q(n

2−1)/8.

Here we have used the fact that∑
n≥0

χ
(0)
8 (n)q(n

2−1)/8 =
∑
n∈Z

(−1)nq2n
2+n

=
(q2; q2)∞
(−q; q2)∞

,

by Jacobi’s triple product identity∑
n∈Z

znqn
2
= (−zq; q2)∞(−q/z; q2)∞(q2; q2)∞. (2.12)

Now letting q tend to an Nth root of unity where N ̸≡ 2 (mod 4) gives the strange identity∑
n≥0

(q2; q2)n
(−q; q2)n+1

“ = ”− 1

2

∑
n≥0

nχ
(0)
8 (n)q(n

2−1)/8.

This is (1.11) for k = 1.

Finally, take a = x2q and b = −c = xq
1
2 in (2.4) and (2.5) to obtain the Bailey pair relative

to x2q,

αn =
(x2q)nq

(n+1
2 )

(q)n(1− x2q)

and

βn =
(−q)n

(q)n(x2q; q2)n+1
.

Using this in Lemma 2.1 we have the identity

(1− x)
∑
n≥0

(−q)n(xq)n
(x2q; q2)n+1

xn =
∑
n≥0

xnq(
n+1
2 )

=
∑
n≥0

χ
(0)
2 (n)q(n

2−1)/8x(n−1)/2,



8 JEREMY LOVEJOY

where χ
(0)
2 (n) is defined in (1.12). Adding and subtracting the infinite product (−q)∞(x)∞/(x2q; q2)∞

on the left hand side, we obtain

(1− x)
∑
n≥0

(
(−q)n(xq)n
(x2q; q2)n+1

− (−q)∞(xq)∞
(x2q; q2)∞

)
xn +

(−q)∞(xq)∞
(x2q; q2)∞

=
∑
n≥0

χ
(0)
2 (n)q(n

2−1)/8x(n−1)/2.

Taking d
dx |x=1 on both sides gives

−
∑
n≥0

(
(q2; q2)n
(q; q2)n+1

− (q2; q2)∞
(q; q2)∞

)
+

(q2; q2)∞
(q; q2)∞

1

2
−
∑
n≥1

qn

1− qn
+ 2

∑
n≥1

q2n−1

1− q2n−1


=

1

2

∑
n≥0

nχ
(0)
2 (n)q(n

2−1)/8.

Here we have used the fact that∑
n≥0

χ
(0)
2 (n)q(n

2−1)/8 =
(q2; q2)∞
(q; q2)∞

,

which follows from (2.12). Now letting q tend to an even root of unity gives the strange
identity ∑

n≥0

(q2; q2)n
(q; q2)n+1

“ = ”−
∑
n≥0

nχ
(0)
2 (n)q(n

2−1)/8.

This is (1.13) at k = 1. □

We leave it to the interested reader to find more single-sum strange identities arising from
Bailey pairs in Lemma 2.1. This lemma is admittedly somewhat restrictive, due the presence
of the term (q)n/(x

2q)n in the summand of the right-hand side, but there must surely be
other nice examples. For now we turn to using multisum Bailey pairs in Lemma 2.1 in order
to prove Hikami’s identity (1.5) and Theorem 1.1.

3. More on Bailey pairs

Our goal in this section is to prove Lemma 3.4 below. We accomplish this via a sequence
of auxiliary results. We first record a lemma from [19].

Lemma 3.1. [19, Lemma 3.2] If (αn, βn) is a Bailey pair relative to a, then so is (γ∗n −
γ∗n−1, β

∗
n), where γ∗−1 = 0,

γ∗n =
(aq/b)n(−b)nqn(n+1)/2

(bq)n

n∑
r=0

(b)r(−b)−rq−r(r−1)/2αr

(aq/b)r
, (3.1)

and

β∗
n =

(b)nq
n

(bq)n
βn. (3.2)

This may be used to deduce the following.

Lemma 3.2. If (αn, βn) is a Bailey pair relative to a, then so is (α′
n, β

′
n), where

β′
n = (1− qn)βn (3.3)
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and

α′
n = (1− qn)αn + an−1qn

2−n(1− aq2n)
n−1∑
r=0

a−rq−r2αr. (3.4)

Proof. Suppose that (αn, βn) is a Bailey pair relative to a. Using the linearity of Bailey pairs
along with Lemma 3.1, we have that

(α′
n, β

′
n) =

(
αn − (γ∗n − γ∗n−1), βn − β∗

n

)
is a Bailey pair relative to a. Using the case b → 0 of equations (3.1) and (3.2), we have that

α′
n = αn − (γ∗n − γ∗n−1)

= αn −

(
anqn

2+n
n∑

r=0

a−rq−r2αr − an−1qn
2−n

n−1∑
r=0

a−rq−r2αr

)

= αn −

(
−an−1qn

2−n(1− aq2n)
n−1∑
r=0

a−rq−r2αr + qnαn

)

= (1− qn)αn + an−1qn
2−n(1− aq2n)

n−1∑
r=0

a−rq−r2αr

and
β′
n = (1− qn)βn.

This completes the proof. □

The next lemma extends Theorem 1.2 of [20] from the case a = 1 to arbitrary a.

Lemma 3.3. If (αn, βn) is a Bailey pair relative to a with α0 = β0 = 0, then (α′
n, β

′
n) is a

Bailey pair relative to aq, where
β′
n = βn+1 (3.5)

and

α′
n =

1

1− aq

(
1

1− aq2n+2
αn+1 −

aq2n

1− aq2n
αn

)
. (3.6)

Proof. We first recall the Bailey pair inversion, which says that (1.1) holds if and only if

αn =
(1− aq2n)

1− a

n∑
j=0

(a)n+j(−1)n−jq(
n−j
2 )

(q)n−j
βj . (3.7)

Now suppose that (αn, βn) is a Bailey pair relative to a with α0 = β0 = 0. We set β′
j = βj+1

and use (3.7) to calculate α′
n with a = aq as follows:

α′
n =

1− aq2n+1

1− aq

n∑
j=0

(aq)n+j(−1)n−jq(
n−j
2 )

(q)n−j
β′
j

=
1

1− aq

n∑
j=0

(aq)n+j(−1)n−jq(
n−j
2 )

(q)n−j
βj+1(1− aqn+j+1 + aqn+j+1(1− qn−j))

=
1

1− aq

(
n∑

j=0

(aq)n+j+1(−1)n−jq(
n−j
2 )

(q)n−j
βj+1 + a

n−1∑
j=0

(aq)n+j(−1)n−jq(
n−j
2 )+n+j+1

(q)n−j−1
βj+1

)
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=
1

1− aq

(
n+1∑
j=1

(aq)n+j(−1)n+1−jq(
n+1−j

2 )

(q)n+1−j
βj + a

n∑
j=1

(aq)n+j−1(−1)n−j+1q(
n−j+1

2 )+n+j

(q)n−j
βj

)

=
1

1− aq

(
n+1∑
j=1

(a)n+j+1(−1)n+1−jq(
n+1−j

2 )

(1− a)(q)n+1−j
βj − aq2n

n∑
j=1

(a)n+j(−1)n−jq(
n−j
2 )

(1− a)(q)n−j
βj

)

=
1

1− aq

(
1

1− aq2n+2
αn+1 −

aq2n

1− aq2n
αn

)
,

as desired. □

Finally we have our key lemma.

Lemma 3.4. If (αn, βn) is a Bailey pair relative to a, then (α′′
n, β

′′
n) is a Bailey pair relative

to aq, where

β′′
n = (1− qn+1)βn+1 (3.8)

and

α′′
n =

1

1− aq

(
1− qn+1

1− aq2n+2
αn+1 +

qn(1− aqn)

1− aq2n
αn

)
. (3.9)

Proof. Suppose that (αn, βn) is a Bailey pair relative to a. We apply Lemma 3.3 to the Bailey
pair (α′

n, β
′
n) relative to a resulting from an application of Lemma 3.2. Equation (3.8) follows

directly from (3.3) and (3.5). For (3.9) we use (3.4) and (3.6) to compute

α′′
n =

1

1− aq

(
1

1− aq2n+2
α′
n+1 −

aq2n

1− aq2n
α′
n

)

=
1

1− aq

(
1− qn+1

1− aq2n+2
αn+1 +

1

1− aq2n+2
anqn

2+n(1− aq2n+2)
n∑

r=0

a−rq−r2αr

− aq2n

1− aq2n
(1− qn)αn − anqn

2+n

1− aq2n
(1− aq2n)

n−1∑
r=0

a−rq−r2αr

)

=
1

1− aq

(
1− qn+1

1− aq2n+2
αn+1 −

aq2n

1− aq2n
(1− qn)αn + qnαn

)

=
1

1− aq

(
1− qn+1

1− aq2n+2
αn+1 +

qn(1− aqn)

1− aq2n
αn

)
,

as desired. □

4. Hikami’s identities

To obtain Hikami’s identities we need a more general Bailey pair than the one in (2.6) and
(2.7).

Proposition 4.1. For k ≥ 1 and 0 ≤ a ≤ k−1, the following is a Bailey pair relative to x2q:

αn =
(x2q)n

(q)n(1− x2q)
(−1)nx2knq(

n+1
2 )+(a+1)n2+(k−a−1)(n2+n)(1− x2(a+1)q(a+1)(2n+1)) (4.1)
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and

βn = βnk
=

∑
n1,n2,...,nk−1≥0

qn
2
1+···+n2

k−1+na+1+···+nk−1x2n1+···+2nk−1

(q)nk

k−1∏
i=1

[
ni+1 + δa,i

ni

]
. (4.2)

Proof. We start by setting a = x2 and letting b, c → ∞ in (2.4) and (2.5) to obtain a Bailey
pair relative to x2,

αn =
(x2)n(1− x2q2n)(−1)nx2nqn(3n−1)/2

(q)n(1− x2)
and

βn =
1

(q)n
.

Assuming for a moment that a ≥ 1, we insert this Bailey pair in (2.1) and (2.2) and iterate
a times with ρ1, ρ2 → ∞ to obtain another Bailey pair relative to x2,

αn =
(x2)n(1− x2q2n)

(q)n(1− x2)
(−1)nq(

n
2)+(a+1)n2

x2(a+1)n

and

βn = βna+1 =
∑

n1,...,na≥0

qn
2
1+···+n2

ax2n1+···+2na

(q)na+1−na · · · (q)n2−n1(q)n1

.

Next we apply Lemma 3.4 to the above to obtain a Bailey pair relative to x2q,

αn =
1

1− x2q

(
(1− qn+1)

(1− x2q2n+2)

(x2)n+1(1− x2q2n+2)

(q)n+1(1− x2)
(−1)n+1q(

n+1
2 )+(a+1)(n+1)2x(a+1)(2n+2)

+
qn(1− x2qn)

(1− x2q2n)

(x2)n(1− x2q2n)

(q)n(1− x2)
(−1)nq(

n
2)+(a+1)n2

x2(a+1)n

)

=
1

1− x2q

(
(x2q)n
(q)n

(−1)n+1q(
n+1
2 )+(a+1)(n+1)2x(a+1)(2n+2)

+
(x2q)n
(q)n

(−1)n+1q(
n+1
2 )+(a+1)n2

x(a+1)(2n)

)

=
1

1− x2q

(x2q)n
(q)n

(−1)nq(
n+1
2 )+(a+1)n2

x2(a+1)n(1− x2(a+1)q(a+1)(2n+1))

and

βn = βna+1 =
∑

n1,...,na≥0

qn
2
1+···+n2

ax2n1+···+2na(1− qna+1+1)

(q)na+1+1−na · · · (q)n2−n1(q)n1

. (4.3)

Finally, we iterate this k − 1 − a times using (2.1) and (2.2) with ρ1, ρ2 → ∞ to obtain the
Bailey pair relative to x2q,

αn =
(x2q)n

(q)n(1− x2q)
(−1)nx2knq(

n+1
2 )+(a+1)n2+(k−a−1)(n2+n)(1− x2(a+1)q(a+1)(2n+1)).

and

βn = βnk
=

∑
n1,...,nk−1≥0

qn
2
1+···+n2

k−1+na+1+···+nk−1x2n1+···+2nk−1(1− qna+1+1)

(q)nk−nk−1
· · · (q)na+2−na+1(q)na+1+1−na(q)na−na−1 · · · (q)n2−n1(q)n1

.
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In this last expression, multiplying the numerator and denominator by

(q)nk
· · · (q)n2

and using the definition of the q-binomial coefficient (1.4) gives the expression in the statement
of the proposition. For a = 0, instead of a multisum at (4.3) we have

βn = βn1 =
1

(q)n1

.

The rest of the argument is the same. This completes the proof. □

We note one corollary for later use. This is Hikami’s “Andrews-Gordon variant” and may
be compared with (1.2).

Corollary 4.2. Recall the periodic function χ
(a)
8m+4(n) defined in (1.6). For 0 ≤ a ≤ k− 1 we

have ∑
n1,n2,...,nk−1≥0

qn
2
1+···+n2

k−1+na+1+···+nk−1

(q)nk−1

k−2∏
i=1

[
ni+1 + δa,i

ni

]

=
1

(q)∞

∑
n≥0

χ
(a)
8m+4(n)q

n2−(2k−2a−1)2

8(2k+1)

=
∏

n ̸≡0,±(a+1) (mod 2k+1)

1

1− qn
.

Proof. We use the Bailey pair in (4.2) and (4.1) with x = 1 in the definition of a Bailey pair
(1.1) and let n → ∞. This gives

∑
n1,n2,...,nk−1≥0

qn
2
1+···+n2

k−1+na+1+···+nk−1

(q)nk−1

k−2∏
i=1

[
ni+1 + δa,i

ni

]
=

1

(q)∞

∑
n≥0

(−1)nq(k−a−1)(n2+n)+(n+1
2 )+(a+1)n2

(1− q(a+1)(2n+1))

=
1

(q)∞

∑
n≥0

χ
(a)
8m+4(n)q

n2−(2k−2a−1)2

8(2k+1)

=
1

(q)∞

∑
n∈Z

(−1)nq
2k+1

2
n2+ 2k−2a−1

2
n

=
(qa+1, q2k−a, q2k+1; q2k+1)∞

(q)∞
,

by Jacobi’s triple product identity (2.12). □

We are now almost ready to prove Hikami’s identities. We need one last q-series lemma.

Lemma 4.3. We have ∑
n≥0

xn
[
n
k

]
=

xk

(x)k+1
(4.4)
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and ∑
n≥0

xn
[
n+ 1
k

]
=

xk−χ(k ̸=0)

(x)k+1
(4.5)

Proof. We have ∑
n≥0

xn
[
n
k

]
=
∑
n≥k

xn
[
n
k

]

=
∑
n≥0

xn+k

[
n+ k
k

]

=
xk

(x)k+1
,

by [3, Eq. (3.3.7)]. This is (4.4).
For (4.5), the case k = 0 is clear. If k ≥ 1, then∑

n≥0

xn
[
n+ 1
k

]
= x−1

∑
n≥0

xn+1

[
n+ 1
k

]

= x−1
∑
n≥1

xn
[
n
k

]

= x−1
∑
n≥0

xn
[
n
k

]
,

and the result follows from (4.4). □

Proof of (1.5). We begin by inserting the Bailey pair in (4.2) and (4.1) into Lemma 2.1. This
gives

(1− x)
∑

n1,...,nk≥0

(xq)nk
qn

2
1+···+n2

k−1+na+1+···+nk−1x2n1+···+2nk−1+nk

k−1∏
i=1

[
ni+1 + δa,i

ni

]
=
∑
n≥0

(−1)nx(2k+1)nq(
n+1
2 )+(a+1)n2+(k−a−1)(n2+n)(1− x2(a+1)q(a+1)(2n+1)).

A short calculation shows that the right-hand side can be written∑
n≥0

χ
(a)
8k+4(n)q

n2−(2k−2a−1)2

8(2k+1) x
n−(2k−2a−1)

2 ,

where χ
(a)
8k+4(n) is defined in (1.6). As for the left-hand side, we add and subtract the product

(x)∞ multiplied by∑
n1,...,nk≥0

qn
2
1+···+n2

k−1+na+1+···+nk−1x2n1+···+2nk−1+nk

k−1∏
i=1

[
ni+1 + δa,i

ni

]
to obtain

(1− x)
∑

n1,...,nk≥0

((xq)nk
− (xq)∞)qn

2
1+···+n2

k−1+na+1+···+nk−1x2n1+···+2nk−1+nk

k−1∏
i=1

[
ni+1 + δa,i

ni

]
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+(x)∞
∑

n1,...,nk≥0

qn
2
1+···+n2

k−1+na+1+···+nk−1x2n1+···+2nk−1+nk

k−1∏
i=1

[
ni+1 + δa,i

ni

]
,

and then using Lemma (4.3) to eliminate the nk variable in the second term gives

(xq)∞
∑

n1,...,nk−1≥0

qn
2
1+···+n2

k−1+na+1+···+nk−1x2n1+···+2nk−1+nk−1−δa,k−1χ(nk−1>0)

(xq)nk−1

×
k−2∏
i=1

[
ni+1 + δa,i

ni

]
+(1− x)

∑
n1,...,nk≥0

((xq)nk
− (xq)∞)qn

2
1+n2

2+···+n2
k−1+na+1+···+nk−1x2n1+···+2nk−1+nk

×
k−1∏
i=1

[
ni+1 + δa,i

ni

]
=
∑
n≥0

χ
(a)
8m+4(n)q

n2−(2k−2a−1)2

8(2k+1) x
n−(2k−2a−1)

2 .

This is Lemma 10 in Hikami’s paper [15], with a slight correction in the case a = k − 1.
Follwing Hikami, we differentiate with respect to x, set x = 1, and use Corollary 4.2 to obtain

(q)∞
∑

n1,...,nk−1≥0

qn
2
1+···+n2

k−1+na+1+···+nk−1

(q)nk−1

k−2∏
i=1

[
ni+1 + δa,i

ni

]

×

2n1 + · · ·+ 2nk−1 + nk−1 − δa,k−1χ(nk−1 > 0) +

nk−1∑
j=1

qj

1− qj


+(qa+1; q2k+1)∞(q2k−a; q2k+1)∞(q2k+1; q2k+1)∞

2k − 2a− 1

2
−
∑
j≥1

qj

1− qj


−

∑
n1,...,nk≥0

((q)nk
− (q)∞)qn

2
1+···+n2

k−1+na+1+···+nk−1

k−1∏
i=1

[
ni+1 + δa,i

ni

]

=
1

2

∑
n≥0

nχ
(a)
8k+4(n)q

n2−(2k−2a−1)2

8(2k+1) .

This might be described as “a bit of a mess,” but the point is that as q tends to a root of
unity the first two terms are annihilated, leaving the “strange” identity∑

n1,...,nk≥0

(q)nk
qn

2
1+···+n2

k−1+na+1+···+nk−1

k−1∏
i=1

[
ni+1 + δa,i

ni

]

“ = ”− 1

2

∑
n≥0

nχ
(a)
8k+4(n)q

n2−(2k−2a−1)2

8(2k+1) .

This is (1.5). □
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5. Proof of Theorem 1.1

In this section we prove the four families of strange identities in Theorem 1.1. In each
case we follow the same basic outline as in the previous section. First, we give a Bailey pair
and corresponding Rogers-Ramanujan type identities. Then we apply Lemma 2.1 and after
some manipulation differentiate to find the strange identity. Since the results for k = 1 were
established in Section 2, we assume that k ≥ 2 throughout.

5.1. Proof of (1.8). We begin with a Bailey pair.

Proposition 5.1. For k ≥ 2, the sequences (αn, βn) form a Bailey pair relative to x2q, where

αn =
(x2q)n(1− x2q2n+1)

(q)n(1− x2q)
(−1)nx(2k−1)nqkn

2+(k−1)n (5.1)

and

βn = βnk
=

∑
n1,...,nk−1≥0

qn
2
1+···+n2

k−1+n1+···+nk−1x2n1+···+2nk−1

(q)nk
(−xq)n1

k−1∏
i=1

[
ni+1

ni

]
. (5.2)

Proof. Start with the Bailey pair in (2.8) and (2.9) and iterate k − 1 times using (2.1) and
(2.2) with ρ1, ρ2 → ∞. □

Corollary 5.2. Recall the periodic function χ4k(n) defined in (1.7). For k ≥ 2 we have∑
n1,...,nk−1≥0

qn
2
1+···+n2

k−1+n1+···+nk−1

(q)nk−1
(−xq)n1

k−2∏
i=1

[
ni+1

ni

]

=
1

(q)∞

∑
n≥0

χ4k(n)q
n2−(k−1)2

4k

=
∏

n̸=0,±1 (mod 4k)

1

1− qn
.

Proof. We use the Bailey pair in (5.1) and (5.2) with x = 1 in the definition of a Bailey pair
(1.1) and let n → ∞. This gives∑

n1,...,nk−1≥0

qn
2
1+···+n2

k−1+n1+···+nk−1

(q)nk−1
(−xq)n1

k−2∏
i=1

[
ni+1

ni

]
=

1

(q)∞

∑
n≥0

(−1)nqkn
2+(k−1)n(1− q2n+1)

=
1

(q)∞

∑
n≥0

χ4k(n)q
n2−(k−1)2

4k

=
1

(q)∞

∑
n∈Z

(−1)nqkn
2+(k−1)n

=
(q; q2k)∞(q2k−1; q2k)∞(q2k; q2k)∞

(q)∞
,

by the triple product identity (2.12). □
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Proof of (1.8). We begin by inserting the Bailey pair in (5.1) and (5.2) into Lemma 2.1. We
obtain

(1− x)
∑

n1,...,nk≥0

(xq)nk
qn

2
1+···+n2

k−1+n1+···+nk−1x2n1+···+2nk−1+nk

(−xq)n1

k−1∏
i=1

[
ni+1

ni

]
=
∑
n≥0

(−1)nx2knqkn
2+(k−1)n(1− x2q2n+1).

Now, the right-hand side can be written as∑
n≥0

χ4k(n)q
n2−(k−1)2

4k xn−(k−1),

where χ4k(n) is defined in (1.7). As for the left-hand side, we add and subtract the product
(x)∞ times the appropriate multisum and then apply Lemma 4.3 to obtain

(xq)∞
∑

n1,...,nk−1≥0

qn
2
1+···+n2

k−1+n1+···+nk−1x2n1+···+2nk−1+nk−1

(xq)nk−1
(−xq)n1

×
k−2∏
i=1

[
ni+1

ni

]

+(1− x)
∑

n1,...,nk≥0

((xq)nk
− (xq)∞)

qn
2
1+···+n2

k−1+n1+···+nk−1x2n1+···+2nk−1+nk

(−xq)n1

×
k−1∏
i=1

[
ni+1

ni

]
=
∑
n≥0

χ4k(n)q
n2−(k−1)2

4k xn−(k−1).

Taking d
dx |x=1 on both sides and using Corollary 5.2 gives

(q)∞
∑

n1,...,nk−1≥0

qn
2
1+···+n2

k−1+n1+···+nk−1

(q)nk−1
(−q)n1

k−2∏
i=1

[
ni+1

ni

]

×

2n1 + · · ·+ 2nk−1 + nk−1 +

nk−1∑
j=1

qj

1− qj
−

n1∑
j=1

qj

1 + qj


+(q; q2k)∞(q2k−1; q2k)∞(q2k; q2k)∞

k − 1−
∑
j≥1

qj

1− qj


−

∑
n1,...,nk≥0

((q)nk
− (q)∞)

qn
2
1+···+n2

k−1+n1+···+nk−1

(−q)n1

k−1∏
i=1

[
ni+1

ni

]
=
∑
n≥0

nχ4k(n)q
n2−(k−1)2

4k .
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Letting q approach an odd root of unity we have the strange identity∑
n1,...,nk≥0

(q)nk

qn
2
1+···+n2

k−1+n1+···+nk−1

(−q)n1

k−1∏
i=1

[
ni+1

ni

]
“ = ”−

∑
n≥0

nχ4k(n)q
n2−(k−1)2

4k .

This is (1.8) for k ≥ 2. □

5.2. Proof of (1.9). Again we begin with a Bailey pair.

Proposition 5.3. For k ≥ 2, the sequences (αn, βn) form a Bailey pair relative to (x2q2, q2),
where

αn =
(x2q2; q2)n(−1)nx(2k−2)nq(2k−1)n2+(2k−2)n(1− xq2n+1)

(q2; q2)n(1− x2q2)
(5.3)

and

βn = βnk
=

∑
n1,...,nk−1≥0

q2n
2
1+2n1···+2n2

k−1+2nk−1x2n1+···+2nk−1(q; q2)n1

(q2; q2)nk
(−xq)2n1+1

k−1∏
i=1

[
ni+1

ni

]
q2
. (5.4)

.

Proof. This follows from iterating the Bailey pair in (2.10) and (2.11) k−1 times in (2.1) and
(2.2) with ρ1, ρ2 → ∞. □

Corollary 5.4. Recall the periodic function χ8k−4(n) defined in (1.10). For k ≥ 2 we have
the identities ∑

n1,...,nk−1≥0

q2n
2
1+2n1···+2n2

k−1+2nk−1(q; q2)n1

(q2; q2)nk−1
(−xq)2n1+1

k−2∏
i=1

[
ni+1

ni

]
q2

=
1

(q2; q2)∞

∑
n≥0

χ8k−4(n)q
n2−(2k−2)2

8k−4

=
(q; q4k−2)∞(q4k−3; q4k−2)∞(q4k−2; q4k−2)∞

(q2; q2)∞
.

Proof. We use the Bailey pair in (5.3) and (5.4) with x = 1 in the definition of a Bailey pair
(1.1) and let n → ∞. This gives∑

n1,...,nk−1≥0

q2n
2
1+2n1···+2n2

k−1+2nk−1(q; q2)n1

(q2; q2)nk−1
(−xq)2n1+1

k−2∏
i=1

[
ni+1

ni

]
q2

=
1

(q2; q2)∞

∑
n≥0

(−1)nq(2k−1)n2+(2k−2)n(1− q2n+1)

=
1

(q2; q2)∞

∑
n≥0

χ8k−4(n)q
n2−(2k−2)2

8k−4

=
1

(q2; q2)∞

∑
n∈Z

(−1)nq(2k−1)n2+(2k−2)n
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=
(q; q4k−2)∞(q4k−3; q4k−2)∞(q4k−2; q4k−2)∞

(q2; q2)∞
,

by the triple product identity (2.12). □

Proof of (1.9). Inserting the Bailey pair from (5.3) and (5.4) into Lemma 2.1, we obtain

(1− x)
∑

n1,...,nk≥0

(xq2; q2)nk
q2n

2
1+2n1···+2n2

k−1+2nk−1x2n1+···+2nk−1+nk(q; q2)n1

(−xq)2n1+1

k−1∏
i=1

[
ni+1

ni

]
q2

=
∑
n≥0

(−1)n(1− xq2n+1)x(2k−1)nq(2k−1)n2+(2k−2)n.

Note that the right-hand side can be written∑
n≥0

χ8k−4(n)q
n2−(2k−2)2

8k−4 x
n−(2k−2)

2 ,

where χ8k−4(n) is defined in (1.7). Adding and subtracting (x; q2)∞ times the appropriate
multisum on the left-hand side and applying Lemma 4.3, we have

(xq2; q2)∞
∑

n1,...,nk−1≥0

q2n
2
1+2n1+···+2n2

k−1+2nk−1x2n1+···+2nk−1+nk−1(q; q2)n1

(xq2; q2)nk−1
(−xq)2n1+1

k−2∏
i=1

[
ni+1

ni

]
q2

+(1− x)
∑

n1,...,nk≥0

((xq2; q2)nk
− (xq2; q2)∞)

× q2n
2
1+2n1+···+2n2

k−1+2nk−1x2n1+···+2nk−1+nk(q; q2)n1

(−xq)2n1+1

k−1∏
i=1

[
ni+1

ni

]
q2

=
∑
n≥0

χ8k−4(n)q
n2−(2k−2)2

8k−4 x
n−(2k−2)

2 .

Taking d
dx |x=1 on both sides and using Corollary 5.4 gives

(q2; q2)∞
∑

n1,...,nk−1≥0

(q; q2)n1q
2n2

1+···+2n2
k−1+2n1+···+2nk−1

(q2; q2)nk−1
(−q)2n1+1

k−2∏
i=1

[
ni+1

ni

]
q2

×

2n1 + · · ·+ 2nk−1 + nk−1 +

nk−1∑
j=1

q2j

1− q2j
−

2n1+1∑
j=1

qj

1 + qj


+(q; q4k−2)∞(q4k−3; q4k−2)∞(q4k−2; q4k−2)∞

k − 1−
∑
j≥1

q2j

1− q2j


−

∑
n1,...,nk≥0

((q2; q2)nk
− (q2; q2)∞)

q2n
2
1+···+2n2

k−1+2n1+···+2nk−1(q; q2)n1

(−q)2n1+1

k−1∏
i=1

[
ni+1

ni

]
q2

=
1

2

∑
n≥0

nχ8k−4(n)q
n2−(2k−2)2

8k−4 .
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Letting q tend to an odd root of unity gives the strange identity∑
n1,...,nk≥0

(q2; q2)nk

q2n
2
1+2n1+···+2n2

k−1+2nk−1(q; q2)n1

(−q)2n1+1

k−1∏
i=1

[
ni+1

ni

]
q2

“ = ”− 1

2

∑
n≥0

nχ8k−4(n)q
n2−(2k−2)2

8k−4 .

This is (1.9) □

5.3. Proof of (1.11). Unlike the Bailey pairs in the previous two subsections, the ones here
and in the next subsection depend on two parameters, k and a.

Proposition 5.5. For k ≥ 2 and 0 ≤ a ≤ k − 1, the following is a Bailey pair relative to
(x2q2, q2):

αn =
(x2q2; q2)n

(q2; q2)n(1− x2q2)
(−1)nx(2k−1)nq2(a+1)n2+n+2(k−a−1)(n2+n)(1− x2a+1q(2a+1)(2n+1)).

(5.5)
and

βn = βnk
=

∑
n1,n2,...,nk−1≥0

q2n
2
1+···+2n2

k−1+2na+1+···+2nk−1x2n1+···+2nk−1

(q2; q2)nk
(−xq; q2)n1+δa,0

k−1∏
i=1

[
ni+1 + δi,a

ni

]
q2

(5.6)

Proof. We take q = q2, a = x2, b = −xq, and c → ∞ in (2.4) and (2.5). This gives the Bailey
pair relative to (x2, q2),

αn =
(x2; q2)n(1− x2q4n)(−1)nxnq2n

2−n

(q2; q2)n(1− x2)

and

βn =
1

(q2; q2)n(−xq; q2)n
.

Assuming for a moment that a ̸= 0, we use this pair in (2.1) and (2.2) and iterate a times
with ρ1, ρ2 → ∞. The result is the Bailey pair relative to (x2, q2),

αn =
(x2; q2)n(1− x2q4n)(−1)nx(2a+1)nq2(a+1)n2−n

(q2; q2)n(1− x2)

and

βn = βna+1 =
∑

n1,...,na≥0

q2n
2
1+···+2n2

ax2n1+···+2na

(q2; q2)na+1−na · · · (q2; q2)n1(−xq; q2)n1

.

Applying Lemma 3.4 and computing as in the proof of Proposition 4.1, we obtain a Bailey
pair relative to (x2q2, q2),

αn =
1

1− x2q2

(
(x2q2; q2)n(−1)nx(2a+1)nq(2a+2)n2+n(1− x2a+1q(2a+1)(2n+1))

(q2; q2)n

)
and

βn = βna+1 =
∑

n1,...,na≥0

q2n
2
1+···+2n2

ax2n1+···+2na(1− q2na+1+2)

(q2; q2)na+1+1−na · · · (q2; q2)n1(−xq; q2)n1

. (5.7)
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Iterating k − 1 − a times using (2.1) and (2.2) with ρ1, ρ2 → ∞ and then multiplying the
numerator and denominator of the resulting βn by

(q2; q2)nk
· · · (q2; q2)n2

gives the result for a ≥ 1. When a = 0 we have

βn = βn1 =
1

(q2; q2)n(−xq; q2)n1+1

at (5.7), and the rest of the proof is similar. □

Corollary 5.6. Recall the definition of χ
(a)
8k (n) from (1.10). For k ≥ 2 we have the identities∑

n1,n2,...,nk−1≥0

q2n
2
1+···+2n2

k−1+2na+1+···+2nk−1

(q2; q2)nk−1
(−q; q2)n1+δa,0

k−2∏
i=1

[
ni+1 + δi,a

ni

]
q2

=
1

(q2; q2)∞

∑
n≥0

χ
(a)
8k (n)q

n2−(2k−2a−1)2

8k

=
(q2a+1, q4k−2a−1, q4k; q4k)∞

(q2; q2)∞
.

Proof. We take the Bailey pair from (5.5) and (5.6) with x = 1, put it in the definition of a
Bailey pair, and let n → ∞. Then we have∑

n1,n2,...,nk−1≥0

q2n
2
1+···+2n2

k−1+2na+1+···+2nk−1

(q2; q2)nk−1
(−q; q2)n1+δa,0

k−2∏
i=1

[
ni+1 + δi,a

ni

]
q2

=
1

(q2; q2)∞
×
∑
n≥0

(−1)nq2kn
2+(2k−2a−1)n(1 + q(2a+1)(2n+1))

=
1

(q2; q2)∞

∑
n≥0

χ
(a)
8k (n)q

n2−(2k−2a−1)2

8k

=
1

(q2; q2)∞
×
∑
n∈Z

(−1)nq2kn
2+(2k−2a−1)n

=
1

(q2; q2)∞
× (q2a+1, q4k−2a−1, q4k; q4k)∞.

□

Proof of (1.11). Using the Bailey pair in (5.5) and (5.6) in Lemma 2.1 gives

(1− x)
∑

n1,...,nk≥0

(xq2; q2)nk
q2n

2
1+···+2n2

k−1+2na+1+···+2nk−1x2n1+···+2nk−1+nk

(−xq; q2)n1+δa,0

k−1∏
i=1

[
ni+1 + δi,a

ni

]
q2

=
∑
n≥0

(−1)nx2knq2kn
2+(2k−2a−1)n(1− x2a+1q(2a+1)(2n+1)).

Now, the right-hand side can be written as∑
n≥0

χ
(a)
8k (n)q

n2−(2k−2a−1)2

8k x
n−(2k−2a−1)

2 ,
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where χ
(a)
8k (n) is defined in (1.10). Adding and subtracting (x; q2)∞ times the appropriate on

the left-hand side and applying Lemma 4.3 gives

(xq2; q2)∞
∑

n1,...,nk−1≥0

q2n
2
1+···+2n2

k−1+2na+1+···+2nk−1x2n1+···+2nk−1+nk−1−δa,k−1χ(nk−1>0)

(xq2; q2)nk−1
(−xq; q2)n1+δa,0

×
k−1∏
i=1

[
ni+1 + δi,a

ni

]
q2

+(1− x)
∑

n1,...,nk≥0

((xq2; q2)nk
− (xq2; q2)∞)

× q2n
2
1+···+2n2

k−1+2na+1+···+2nk−1x2n1+···+2nk−1+nk

(−xq; q2)n1+δa,0

k−1∏
i=1

[
ni+1 + δi,a

ni

]
q2

=
∑
n≥0

χ
(a)
8k (n)q

n2−(2k−2a−1)2

8k x
n−(2k−2a−1)

2 .

Taking d
dx |x=1 on both sides and using Corollary 5.6 gives

(q2; q2)∞
∑

n1,...,nk−1≥0

q2n
2
1+···+2n2

k−1+2n1+···+2nk−1

(q2; q2)nk−1
(−q; q2)n1+δa,0

k−2∏
i=1

[
ni+1

ni

]
q2

×

(
2n1 + · · ·+ 2nk−1 + nk−1 − δa,k−1χ(nk−1 > 0)

+

nk−1∑
j=1

q2j

1− q2j
−

n1+δa,0∑
j=1

q2j−1

1 + q2j−1

)

+(q2a+1; q4k)∞(q4k−2a−1; q4k)∞(q4k; q4k)∞

2k − 2a− 1

2
−
∑
j≥1

q2j

1− q2j


−

∑
n1,...,nk≥0

((q2; q2)nk
− (q2; q2)∞)

q2n
2
1+···+2n2

k−1+2n1+···+2nk−1

(−q; q2)n1+δa,0

k−1∏
i=1

[
ni+1

ni

]
q2

=
1

2

∑
n≥0

nχ8k(n)q
n2−(2k−2a−1)2

8k .

As q tends to an odd root of unity, this implies the strange identity

∑
n1,...,nk≥0

(q2; q2)nk

q2n
2
1+···+2n2

k−1+2na+1+···+2nk−1

(−q; q2)n1+δa,0

k−1∏
i=1

[
ni+1 + δi,a

ni

]
q2

“ = ”− 1

2

∑
n≥0

nχ
(a)
8k (n)q

n2−(2k−2a−1)2

8k .

This is (1.11).
□
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5.4. Proof of (1.13). As usual, we begin with a Bailey pair.

Proposition 5.7. For k ≥ 2 and 0 ≤ a ≤ k−1, the following is a Bailey pair relative to x2q:

αn =
(x2q)n

(q)n(1− x2q)
x(2k−2)nq(

n+1
2 )+an2+(k−a−1)(n2+n)(1 + x2aqa(2n+1)) (5.8)

and

=
∑

n1,...,nk−1≥0

qn
2
1+···+n2

k−1+na+1+···+nk−1x2n1+···+2nk−1(−1)n1+δa,0

(q)nk
(x2q; q2)n1+δa,0

k−1∏
i=1

[
ni+1 + δi,a

ni

]
. (5.9)

Proof. Let b = −c = xq1/2 and a = x2 in (2.4) and (2.5). This gives the Bailey pair relative
to x2,

αn =
(x2)n(1− x2q2n)q(

n
2)

(q)n(1− x2)

and

βn =
(−1)n

(q)n(x2q; q2)n
.

Iterating (2.1) and (2.2) a times, for a ≥ 1, with ρ1, ρ2 → ∞, we obtain

αn =
(x2)n(1− x2q2n)x2anq(

n
2)+an2

(q)n(1− x2)

and

βn = βna+1 =
∑

n1,...,na≥0

qn
2
1+···+n2

ax2n1+···+2na(−1)n1

(q)na+1−na · · · (q)n2−n1(q)n1(x
2q; q2)n1

.

Applying Lemma 3.4 and performing a short calculation as in the proof of Proposition 4.1 or
Proposition 5.5 gives a Bailey pair relative to x2q,

αn =
(x2)n

(q)n(1− x2q)
x2anq(

n+1
2 )+an2

(1 + x2aqa(2n+1))

and

βn = βna+1 =
∑

n1,...,na≥0

qn
2
1+···+n2

ax2n1+···+2na(1− qna+1+1)(−1)n1

(q)na+1+1−na · · · (q)n2−n1(q)n1(x
2q; q2)n1

. (5.10)

Finally, we iterate this k−1−a times along the Bailey chain in (2.1) and (2.2) with ρ1, ρ2 → ∞
to obtain the desired αn and

βn = βnk
=∑

n1,...,nk−1≥0

qn
2
1+···+n2

k−1+na+1+···+nk−1x2n1+···+2nk−1(1− qna+1+1)(−1)n1

(q)nk−nk−1
· · · (q)na+2−na+1(q)na+1+1−na(q)na−na−1 · · · (q)n2−n1(q)n1(x

2q; q2)n1

.

Converting to q-binomial notation gives the result. For a = 0 we have

βn = βn1 =
(−1)n1+1

(q)n1(x
2q; q2)n1+1

at (5.10) and then the rest of the proof is the same. □
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Corollary 5.8. Recall the definition of χ
(a)
4k−2 in (1.12). For k ≥ 2 and 0 ≤ a ≤ k − 1 we

have the identities

∑
n1,...,nk−1≥0

qn
2
1+···+n2

k−1+na+1+···+nk−1(−1)n1+δa,0

(q)nk−1
(q; q2)n1+δa,0

k−2∏
i=1

[
ni+1 + δi,a

ni

]

= (1 + δa,0)
1

(q)∞

∑
n≥0

χ
(a)
4k−2(n)q

n2−(2k−2a−1)2

8(2k−1)

=
(q2k−1; q2k−1)∞(−qa; q2k−1)∞(−q2k−a−1; q2k−1)∞

(q)∞
.

Proof. We take the Bailey pair from (5.8) and (5.9) with x = 1, insert it into the definition
of a Bailey pair (1.1), and let n → ∞. Then we have

∑
n1,...,nk−1≥0

qn
2
1+···+n2

k−1+na+1+···+nk−1(−1)n1+δa,0

(q)nk−1
(q; q2)n1+δa,0

k−2∏
i=1

[
ni+1 + δi,a

ni

]
=

1

(q)∞
×
∑
n≥0

q
(2k−1)

2
n2+ 2k−2a−1

2
n(1 + qa(2n+1))

=
(1 + δa,0)

(q)∞

∑
n≥0

χ
(a)
4k−2(n)q

n2−(2k−2a−1)2

8(2k−1)

=
1

(q)∞
×
∑
n∈Z

q
(2k−1)

2
n2+ 2k−2a−1

2
n

=
1

(q)∞
× (−qa; q2k−1)∞(−q2k−a−1; q2k−1)∞(q2k−1; q2k−1)∞.

□

Proof of (1.13). We first use the Bailey pair in Proposition 5.7 in Lemma 2.1, which gives

(1− x)
∑

n1,...,nk≥0

(xq)nk
qn

2
1+···+n2

k−1+na+1+···+nk−1(−1)n1+δa,0x
2n1+···+2nk−1+nk

(x2q; q2)n1+δa,0

k−1∏
i=1

[
ni+1 + δi,a

ni

]
=
∑
n≥0

x(2k−1)nq(
n+1
2 )+an2+(k−a−1)(n2+n)(1 + x2aqa(2n+1)).

Note that the right-hand side can be written

(1 + δa,0)
∑
n≥0

χ
(a)
4k−2(n)q

n2−(2k−2a−1)2

8(2k−1) x
n−(2k−2a−1)

2 ,

where χ
(a)
4k−2(n) is defined in (1.12).
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Adding and subtracting (x)∞ times the appropriate multisum on the left-hand side and
applying Lemma 4.3 we obtain

(xq)∞
∑

n1,...,nk−1≥0

qn
2
1+···+n2

k−1+na+1+···+nk−1x2n1+···+2nk−1+nk−1−δa,k−1χ(nk−1>0)(−1)n1+δa,0

(xq; q)nk−1
(x2q; q2)n1+δa,0

×
k−2∏
i=1

[
ni+1 + δi,a

ni

]

+(1− x)
∑

n1,...,nk≥0

((xq)nk
− (xq)∞)

qn
2
1···+n2

k−1+na+1+···+nk−1x2n1+···+2nk−1+nk(−1)n1+δa,0

(x2q; q2)n1+δa,0

×
k−1∏
i=1

[
ni+1 + δi,a

ni

]
= (1 + δa,0)

∑
n≥0

χ
(a)
4k−2(n)q

n2−(2k−2a−1)2

8(2k−1) x
n−(2k−2a−1)

2 .

Taking d
dx |x = 1 on both sides and using Corollary 5.8 we find

(q)∞
∑

n1,...,nk−1≥0

qn
2
1+···+n2

k−1+na+1+···+nk−1(−1)n1+δa,0

(q)nk−1
(q; q2)n1+δa,0

k−2∏
i=1

[
ni+1 + δa,i

ni

]

×

(
2n1 + · · ·+ 2nk−1 + nk−1 − δa,k−1χ(nk−1 > 0)

+

nk−1∑
j=1

qj

1− qj
+ 2

n1+δa,0∑
j=1

q2j−1

1− q2j−1

)

+(−qa; q2k−1)∞(−q2k−a−1; q2k−1)∞(q2k−1; q2k−1)∞

2k − 2a− 1

2
−
∑
j≥1

qj

1− qj


−

∑
n1,...,nk≥0

((q)nk
− (q)∞)

qn
2
1+n2

2+···+n2
k−1+na+1+···+nk−1(−1)n1+δa,0

(q; q2)n1+δa,0

k−1∏
i=1

[
ni+1 + δa,i

ni

]

= (1 + δa,0)
1

2

∑
n≥0

nχ4k−2(n)q
n2−(2k−2a−1)2

8(2k−1) .

Letting q tend to an even root of unity, we obtain the strange identity in (1.13),

∑
n1,...,nk≥0

(q)nk

qn
2
1+···+n2

k−1+na+1+···+nk−1(−1)n1+δa,0

(q; q2)n1+δa,0

k−1∏
i=1

[
ni+1 + δi,a

ni

]

“ = ”− (1 + δa,0)
1

2

∑
n≥0

nχ
(a)
4k−2(n)q

n2−(2k−2a−1)2

8(2k−1) .

□
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6. Conclusion

We conclude with a few remarks. First comparing (1.8) and (1.9) gives a “quantum q-series
identity” in the sense of [18],

∑
n1,...,n2k−1≥0

(q)n2k−1

qn
2
1+···+n2

2k−2+n1+···+n2k−2

(−q)n1

2k−2∏
i=1

[
ni+1

ni

]

=q 2
∑

n1,...,nk≥0

(q2; q2)nk

q2n
2
1+2n1+···+2n2

k−1+2nk−1(q; q2)n1

(−q)2n1+1

k−1∏
i=1

[
ni+1

ni

]
q2
.

The symbol =q means that the two sides are equal at any odd root of unity (in which case the
sums become finite) but not as functions inside the unit disk (where neither series converges,
anyway). The case k = 1 reads∑

n≥0

(q)n
(−q)n

=q 2
∑
n≥0

(q)2n
(−q)2n+1

.

Second, it would be nice to have strange identities for other classes of partial theta series
of the form ∑

n≥0

nνχ(n)q
n2−a

b ,

where ν ∈ {0, 1}, a ≥ 0 and b > 0 are integers, and χ(n) is an appropriate periodic function.
One especially interesting class would be∑

n≥0

nχ2st(n)q
n2−(st−s−t)2

4st ,

where χ2st(n) is the even periodic function modulo 2st defined by

χ2st(n) =


1, if n ≡ st− s− t or st+ s+ t (mod 2st),

−1, if n ≡ st− s+ t or st+ s− t (mod 2st),

0, otherwise.

As explained in [16, 17], this series captures the values of the colored Jones polynomial for the
torus knot Ts,t at roots of unity. The case T2,2k+1 corresponds to Hikami’s strange identities
(1.5) when a = 0. The case of torus knots T3,2k is studied in [9], though the strange identities
found there do not appear to be simple consequences of the Bailey pair framework presented
here.

Finally, as is often the case when identities are understood in the context of Bailey pairs,
we have only scratched the surface of what is possible. For instance, in establishing families
of Bailey pairs like those in (4.1) and (4.2), we have iterated the Bailey Lemma in (2.1) and
(2.2) only in the special case ρ1, ρ2 → ∞. This typically leads to the most elegant results,
but there are other possibilities. For example, if we follow the proof of (4.1) and (4.2) but
use ρ1 = −q, ρ2 → ∞ in the very last step, and then follow the steps in the proof of Hikami’s



26 JEREMY LOVEJOY

strange identities with appropriate modifications, we find the strange identities∑
n1,...,nk≥0

(q)nk
(−q)nk−1

qn
2
1+···+n2

k−2+(
nk−1+1

2 )+na+1+···+nk−2

(−q)nk

k−1∏
i=1

[
ni+1 + δi,a

ni

]
“ = ”−

∑
n≥0

nχ
(a)
4k (n)q

n2−(k−a−1)2

4k .

(6.1)

Here 0 ≤ a < k − 1, and χ
(a)
4k (n) is the even periodic function modulo 4k defined by

χ
(a)
4k (n) =


1, if n ≡ k − a− 1 or 3k + a+ 1 (mod 4k),

−1, if n ≡ k + a+ 1 or 3k − a− 1 (mod 4k),

0, otherwise.

Comparing (6.1) with (1.11) and (1.5) gives two families of quantum q-series identities,

∑
n1,...,n2k≥0

(q)n2k
(−q)n2k−1

qn
2
1+···+n2

2k−2+(
n2k−1+1

2 )+n2a+1+···+n2k−2

(−q)n2k

2k−1∏
i=1

[
ni+1 + δi,2a

ni

]

=q 2
∑

n1,...,nk≥0

(q2; q2)nk

q2n
2
1+···+2n2

k−1+2na+1+···+2nk−1

(−q; q2)n1+δa,0

k−1∏
i=1

[
ni+1 + δi,a

ni

]
q2

and ∑
n1,...,n2k+1≥0

(q)n2k+1
(−q)n2k

qn
2
1+···+n2

2k−1+(
n2k+1

2 )+n2a+2+···+n2k−1

(−q)n2k+1

2k∏
i=1

[
ni+1 + δi,2a+1

ni

]

=q 2
∑

n1,...,nk≥0

(q2; q2)nk
q2n

2
1+···+2n2

k−1+2na+1+···+2nk−1

k−1∏
i=1

[
ni+1 + δi,a

ni

]
q2
,

valid at odd roots of unity.
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