BAILEY PAIRS AND STRANGE IDENTITIES

JEREMY LOVEJOY

ABSTRACT. Zagier introduced the term “strange identity” to describe an asymptotic relation
between a certain g-hypergeometric series and a partial theta function at roots of unity. We
show that behind Zagier’s strange identity lies a statement about Bailey pairs. Using the
iterative machinery of Bailey pairs then leads to many families of multisum strange identities,
including Hikami’s generalization of Zagier’s identity.

1. INTRODUCTION AND STATEMENT OF RESULTS

A Bailey pair relative to (a,q) is a pair of sequences (o, Bn)n>0 satisfying

n

ﬁnzz O

k=0 (Q)nfk(GQ)nJrk .

Here we have used the standard g-hypergeometric notation,

n

(@) = (a5q)n = [J(1 = ag"™),

k=1

defined for integers n > 0 and in the limit as n — oo. Bailey pairs are one of the principal
structural elements in the theory of g-hypergeometric series. Much of their power comes from
the fact that Bailey pairs give rise to new Bailey pairs, and they do so in many different ways.
This leads to an iterative “machinery” that produces infinite families of identities starting
from a single identity. For example, once one understands how to use Bailey pairs to prove
the Rogers-Ramanujan identities,

and

2
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the Bailey machinery produces the entire family of Andrews-Gordon identities,
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Here 1 < i < k. As a bonus, such identities often arise naturally in number theory, combina-
torics, algebra, physics, or knot theory. For more on Bailey pairs and their applications, see
[4, 5, 6, 21, 24|

Here we consider the role of Bailey pairs in certain g-series identities which are not really
identities at all. The term strange identity was first used by Zagier [25] to describe the fact

that
. 1 12 2
USSR O € Pl (13)
n>0 n>1
What the symbol “ =7 means here is not that the identity holds in any classical sense, but

that both sides agree to infinite order at any root of unity (. Somewhat more specifically,
replacing ¢ by (e™* and letting t — 0T, the right-hand side has an asymptotic expansion as
a power series in ¢, and this power series is given by the left-hand side at ¢ = (e™!. See [2] or
[25] for a much more detailed discussion.

Hikami [15] gave an elegant generalization of Zagier’s strange identity. To state it, recall
the g-binomial coefficient defined by

(@)n 3
[n] _ m _ ] @ TSk, (1.4)
k k ‘ 0, otherwise.

Then for 0 < a < k — 1 Hikami showed that

k—1
> (q) R e 11 [nm +5z’,a]
Nk
n;
> =1
ni,...,nE>0 7 (15)

n27(2k72a71)2

1
“_» _ 5 Z nXéi;)-i,-4(n)q 8(2k+1)
n>0

where Xg,gr 4(n) is the even periodic function modulo 8% + 4 defined by

1, ifn=2k—2a—1or6k+2a+5 (mod8k+4),
X ) =<4 —1, ifn=2k+2a+3o0r6k—2a+1 (mod 8k +4), (1.6)
0, otherwise.

Although it is not our primary focus here, we note that strange identities have a num-
ber of interesting applications. They can be used to establish the quantum modularity of
(appropriate normalizations of) the corresponding g-series, to find formulas for the values of
these series at roots of unity, and to give g-hypergeometric generating functions for values of
certain L-functions at negative integers. See [7, 10, 13, 15, 25|, for example. Strange identities
also play a key role in the study of congruences and asymptotics for the coefficients of the
corresponding g-series at ¢ =1 —¢ [1, 2, 8, 9, 11, 12, 14, 23|.

Hikami’s proof of the strange identities (1.5) involved some long and impressive compu-
tations using g-difference equations [15]. In this paper we show how these identities can be
understood in the context of Bailey pairs. In addition to providing a streamlined proof, this
leads us to the discovery of many more families of strange identities. Theorem 1.1 below
contains a selection of some of the nicest of these. Note that unlike (1.3) and (1.5), these
strange identities only hold at appropriate subsets of roots of unity — namely, those which do
not cause zeros in the denominators of the g-hypergeometric series.

Theorem 1.1. Assume that 0 <a <k —1.



(1) Let xar(n) be the even periodic function modulo 4k defined by
1, ifn=k—-1o0r3k+1 (mod4k),

Xat(n) =< =1, ifn=k+1o0r3k—1 (mod 4k),
0, otherwise.
Then
q”%+"‘+”i—1+n1+---+nk71 k-1 Nit1
Y (@ ]
ny,...,nk >0 (_Q)nl =1 i
«__» n?=(k-1)?
=" — (1 + dk,1) Z nxa(n)g 4
n>0
and
2 2 k—1
Z (q2‘q2) q2n1+2n1+ +2nk—1+2nk71(q; q2) . H Nit1
R (~@)n 1 L i ]
ni,...,n 20 1 i=1 q
n?—(2k—2)2
=7 = (1+6dk1)5 angk a(n)g ¥4

n>0

(13) Let X(a)( ) be the even periodic function modulo 8k defined by

I, ifn=2k—2a—1o0r6k+2a+1 (mod 8k),

Xg;?( )=<¢—-1, ifn=2k+2a+1o0r6k—2a—1 (mod 8k),
0, otherwise.
Then
k—
Z (q2 q2) q2n%+ +2ni_1+2na+1+ +2nk—1 Hl |:’]’L,L+1 + 51 a:|
9 n
n1y...;ng >0 ’ (_q; q2)n1+5“’0 i=1 q?

1 n?—(2k—2a—1)2
w_» _ 5 ané%)(n)qT

n>0

(éii) Let ngc)_Q(n) be the even periodic function modulo 4k — 2 defined by

(a) (){17 ifn=+(2k—2a—1) (mod 4k — 2),

X ‘
k=2 0, otherwise.
Then
ni+4n?_ Fnapittng_ k—1
2 : (9) 7 — (=1 m+5a0 H [nz+1 + 05, a:|
Nk D)
Ny ,eee,ng >0 (Q7q )n1+5a’0 i1

n 7(2k72a71)

« 1+ 5a 0 Z nX4k 2 8(2k—1)

n>0

(1.7)

(1.10)

(1.11)

(1.12)

(1.13)
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The rest of this paper is organized as follows. In the next section we introduce the basic
notions from the theory of Bailey pairs and prove Zagier’s strange identity along with the base
cases of the strange identities in Theorem 1.1. To prove the multisum identities requires some
further development of the theory of Bailey pairs, which we undertake in Section 3. Section
4 is then devoted to Hikami’s identities. In Section 5 we complete the proof of Theorem 1.1,
and we close in Section 6 with some remarks.

2. BAILEY PAIRS AND ZAGIER’S IDENTITY

Recall the definition of a Bailey pair from the introduction. From now on we shall say
“Bailey pair relative to a” instead of “Bailey pair relative to (a,q)” unless the second pa-
rameter is something other than ¢q. The Bailey lemma says that if (c,, 5,,) is a Bailey pair
relative to a, then so is (o, 8),), where

r_ (pl)n(P2)n(aCI/p1P2)"a
o (aq/p1)n(agq/p2)n " (2.1)
and
Y )k(ag/p1p2)n—r(ag/pipa)"
kz aq/ﬂl )n(aq/p2)n(@)n—k B (2.2)

A useful limiting form of the Bailey lemma is found by putting (2.1) and (2.2) into (1.1) and
letting n — oo, giving

ng _ (a4/p1)oc(ag/p2)oc 5~ (P1)n(p2)n(ag/prp2)" |
%(Pl)n(m)n(GQ/Plpﬁ Bn = (t)oe(@a/ P2 2 (ag/pr)n(aafp) m o (23)

provided both sides converge absolutely. The case (a, p1, p2) = (22q, 2q, q) of (2.3) is recorded
as the following lemma, which will play a key role throughout the paper.

Lemma 2.1. If (ay, 8,,) is a Bailey pair relative to x?q, then we have

(1= 2) Y @a(@na"Bn = (1 - 220) Y D s,

2
n>0 n>0 (22q)n

We are now ready to prove Zagier’s strange identity, along with the base cases of the
families of identities in Theorem 1.1. In each case we make use of a specialization of Slater’s
Bailey pair relative to a [22],

B (a)n(l — aq2n)( 1)qu(g) (b n(C)n (%)n
o (@)n(1 —a)(88)n (), (2.4)
and .
on = (7)n (2.5)

Pmof of (1.3). Take a = 2%q and b, c — oo in (2. ) and (2 5) to obtain the Bailey pair relative
to a2 q,
2 1 — p2g2n+1y (1 )ngp2n n(3n+1)/2
(@)n(1 = 2%q)




and

Brn = : (2.7)
Using this in Lemma 2.1 we obtain
(1= o)) (aq)ua" = Y (=1)"a™q" D2 — g,
n>0 n>0
Following Zagier, we then add and subtract (z). on the left-hand side to obtain
(L=2) Y (@)n — (29)o0) " + (2q)oo = Y (=1)"2™" " FV2(1 — 2?g? 1),
n>0 n>0

Now replace = by z2? on both sides, multiply by z, and take %|x:1. The result is the “sum
of tails” identity,

23 (@~ (@)oo) + (@ [ 1423 0 ) = =3 (1”2) g0/,

n>0 n>1 n>1

Letting g approach a root of unity, we obtain Zagier’s strange identity, since (¢)o vanishes
to infinite order. O

We now proceed to give proofs of the base cases of the strange identities in Theorem 1.1.
These all use a specialization of (2.4) and (2.5) in Lemma 2.1 and a short computation similar
to the one above.

Proof of Theorem 1.1 for k = 1. In the Bailey pair in (2.4) and (2.5), take a = 22q, b = —xq,
and ¢ — oo to obtain the Bailey pair relative to x2¢,
(1.2(])”(1 — q2n+1)( l)nann
(q n(l— )
1

Bn = m (29)

(2.8)

ay =

and

Using this in Lemma 2.1, we have

(1 _ SL‘) Z (.I'q)n 2" = Z( 1)n$2nqn (1 _ x2q2n+1)

n>0 (—2q)n n>0
=142 Z X4(n)q"2/4x",
n>1

where x4(n) is defined in (1.7). Adding and subtracting the product (2)so/(—2¢)s on the
left-hand side, we obtain

(1—$)Z <(($Q)n . (7)o >xn+ (1'(])00 :Z( l)n 2nqn (1_x2q2n+1)_

>0 _xQ)n (_xQ)oo (_xQ)oo >0

Taking %‘x:l on both sides gives

B (@Dn @\ , (@ " .
> )2 = e

n>0 ~On (=) n>1
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Letting ¢ tend to an odd root of unity gives

I e D)
n>0 Dn n>1
This is (1.8) for k = 1.
Next, in (2.4) and (2.5), let ¢ = ¢%, a = 22¢%, b = —xq, and ¢ = —2¢>. The resulting Bailey
pair relative to (22¢%, ¢%) is
2

_ (:E2q2; qz)n(l _ $q2n+1)(_1)nqn
" (4% ¢2)n(1 — 22¢?)

(2.10)
and
(4:¢°)n

P = (4% @*)n(—2q)2nt1

Using this in Lemma 2.1 we have

(1 _ .%') Z (q; q2)n(xq2;q2)nxn _ Z( l)nann (1 _ xq2n+l)

>0 (—$Q)2n+1 n>0

=142 Z X4(n)q"2/4:c"/2.

n>1

(2.11)

Adding and subtracting the product (g; qz)oo(ﬂﬂ ; q2)oo /(—xq)so on the left-hand side, we have
1-nY <(q; @*)n(2¢* ¢*)n (q;qQ)oo(xqz;qQ)oo) o (6o (00% 6o
(_$Q)2n+1 (_xQ)oo (_xQ)w
=142 Z X4(n)qn2/4l'n/2.

n>1

n>0

Taking %‘z:1 on both sides gives

(Q)n (Q)oo oo n?
B R S

n>0 D21 (@)oo o >1 n>0

Letting ¢ tend to an odd root of unity results in the strange identity

Z((q“— —ZnX4

n>0 Q)Zn—i—l n>0
This is (1.9) for k = 1.
Now let ¢ = ¢%, a = 2%¢*, b = —xq, and ¢ — oo in (2.4) and (2.5) to obtain the Bailey pair
relative to (22¢2, ¢?),
o (:U2q2;q2)n(1 _ xq2n+l)(_1)nan2n +n
" (4% ¢®)n(1 — 22¢?)
and
8, = 1
" (q2§q2)n(_m(ﬁ q2)n+1.
Using this in Lemma 2.1 we have
(zq°; ¢°) 20,2 2
1— _ n n, 2n%+4n 1— n+1
( ) Z (—2q;¢* n+1 Z ( xq )

n>0



= 57 O (n)gr VB2,

n>0

where Xéo) (n) is defined in (1.10). Adding and subtracting the product (z;¢?)eo/(—7¢; %) oo

on the left-hand side, we obtain

mQ; 2n mQ; 200 n 'rL— n—
(1_56)2((_( q.%) _(q'qQ) >$ +( ZX(O 1)/8,(n=1)/2.

SN (-2¢,6)o (—2¢;q =

Taking %\1:1 on both sides gives

-y <(_(qf;%2)n B (q2;tq2)oo )

S\ G (467

S 1 q*" Y !
e 2 A2 2n—1
(¢ \ 2 1@ Sl+¢™

1 0 2_
= 5> (m)g
n>0

Here we have used the fact that

ZXS (n?-1)/8 _ Z(_l)nq2n2+n

n>0 nez
_ <q2§ q2)oo
(—4:¢%)
by Jacobi’s triple product identity
D2 = (=240 (=4/7 670 (@5 6o (2.12)
nez
Now letting ¢ tend to an Nth root of unity where N # 2 (mod 4) gives the strange identity
(q2; q2)n « ) 1 (0) (nQ*I)/S
AL DUNPTEE S N Ol /L)
n%% (—¢;¢*)nt1 3 2

n>0
This is (1.11) for k£ = 1.

Finally, take a = 2%g and b = —c = xq% in (2.4) and (2.5) to obtain the Bailey pair relative
to xzq,

@0
" (on(1-2%)
(_Q)n

P = :
" (@n(a?65 ¢ nta
Using this in Lemma 2.1 we have the identity

(1733)2( n(Tq)n n_zq:qn-kl

2
= (@266} nn1 =

_ ZX (n?-1) /Sx(n—l)/Q,

n>0

and
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where Xgo) (n) is defined in (1.12). Adding and subtracting the infinite product (—q)eo (2)oo/(2%¢; ¢*) o
on the left hand side, we obtain

(1—x) Z < (=@)n(xq)n . (_Q)oo(-TQ)oo> 2"+ M _ Zxéo) (n)q(nQ*I)/Sl,(n*l)/%

S\ (724567 (#2¢:¢%)00 I

Taking %‘1:1 on both sides gives

o (@%6)x) | (@3 (1 " gt
_Z 0. q 2 T 9 1_qn+ 1—g2n1

< Dpi1 (G0H)o (45 4%)oo "1 n>1
1 0 n2_
T2 > ()™ V.
n>0

Here we have used the fact that

2. .2
S (g V8 = (@54 )0

= (43 4%)oc

which follows from (2.12). Now letting ¢ tend to an even root of unity gives the strange

identity
(6% )n o« Z (n -1)/8.
S =T om
(4% )nt =

This is (1.13) at k = 1. O

We leave it to the interested reader to find more single-sum strange identities arising from
Bailey pairs in Lemma 2.1. This lemma is admittedly somewhat restrictive, due the presence
of the term (q),/(22q), in the summand of the right-hand side, but there must surely be

other nice examples. For now we turn to using multisum Bailey pairs in Lemma 2.1 in order
to prove Hikami’s identity (1.5) and Theorem 1.1.

3. MORE ON BAILEY PAIRS

Our goal in this section is to prove Lemma 3.4 below. We accomplish this via a sequence
of auxiliary results. We first record a lemma from [19].

Lemma 3.1. [19, Lemma 3.2] If (an, fn) is a Bailey pair relative to a, then so is (v, —
7;—175;((7,)J where ryil = O}

v (aq/b)n(=0)"q"" D2 G~ (b)r(=b) "¢~V 0,

» () N T (31)
and 0
* T'an

This may be used to deduce the following.

Lemma 3.2. If (o, 5y) is a Bailey pair relative to a, then so is (o, 5)), where

Brn=(1~-q")8, (3.3)



and
n—1

al = (1—q")a, + a”_lq"2_"(1 — ag®™) Z a "qg7" . (3.4)
r=0

Proof. Suppose that (ay, 3,) is a Bailey pair relative to a. Using the linearity of Bailey pairs
along with Lemma 3.1, we have that

(O‘/nvﬁ;w) - (Ctn - (77*1 - 7;—1)a Bn — 6:7,)
is a Bailey pair relative to a. Using the case b — 0 of equations (3.1) and (3.2), we have that

o =0 — (Y —Ym_1)

[l
)

3
N
S

3
=)
3
N
+
3
.
I M:
o
®
1
=)
!
N
o
£
|
jw)
3
L
=)
3
]
3
3
M
L
jw)
.
=)
1
N
Q
g
N——

r=0
n—1
2 2
= (1—qMan+a" "¢ "1 —ag®™)) a g "o

r=0

and
/8;7, = (1 - qn)ﬁn

This completes the proof. O

The next lemma extends Theorem 1.2 of [20] from the case a = 1 to arbitrary a.

Lemma 3.3. If (ap, By) is a Bailey pair relative to a with ag = o = 0, then (al,, B)) is a
Bailey pair relative to aq, where

B = Ba+1 (3.5)
and )
1 1 aq”"”
/
o, = 1_ aq <1 — aq2n+2 Op41 — ]-_a/anan> . (36)

Proof. We first recall the Bailey pair inversion, which says that (1.1) holds if and only if

_ (1—ag’™) zn: (@)ngj(—1)" g2 )54 (3.7)

n e

Now suppose that (a,, 8,) is a Bailey pair relative to a with ag = Sy = 0. We set B} = Bj+1
and use (3.7) to calculate o, with a = aq as follows:

o = 1- aq2n+1 i (QQ)n+j(_1)n7jq(n;j) 5,

" 1- aq =0 (Q>n—j J

1 " (a (=1)"J (") , . .
Z ( q)n-‘rj( ) q Bj—l-l(l _ aqn+]+1 + aqn—i—j—i-l(l _ qn—j))

1-aq = (@)n—;
_ (e GO S (e (LU
1—ag\ = (@)n—; e (@)n—j-1 "
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1 <n+1 (GQ)n+j(_1)n+l—jq(n+2lj)ﬁj + ai (A1 (~1) g3 ﬁj)

1—aq\ = (@Dnt1-; o (@)n—j
1 = n+1— . n—j
_ 1 - (a)n+j+1(—1)n+1 ]q( 2 J) i n+j n ]q( 2])ﬁ<
e\ & (- 0@y Z G
1 1 ag®”
= « -
l—ag\1—agn+2 " 1 _ggn" ")
as desired. ]

Finally we have our key lemma.

Lemma 3.4. If (an, By) is a Bailey pair relative to a, then (o, B) is a Bailey pair relative
to aq, where

Bn =1 ="t (3.8)
and
1 1— qn+1 qn(1 _ aqn)
" __
“wn_w@_wwﬂw+1_wn%' (39)

Proof. Suppose that (o, 5,,) is a Bailey pair relative to a. We apply Lemma 3.3 to the Bailey
pair (a},, B5,) relative to a resulting from an application of Lemma 3.2. Equation (3.8) follows
directly from (3.3) and (3.5). For (3.9) we use (3.4) and (3.6) to compute

o = 1 1 o - ag™” o
" 1—agq 1—aqz”"‘2 R

1 1— gt 1 2 L e
= 1 aq (1 — aq2n+2 apt+1 + 71 — aq2n+2anqn +n(1 — aq2n+2) Za rq r a

r=0
2n n, n%4n n—1
aq a’q .2
B 1— aq2n(1 - qn)an - 1— aq2n(1 - aq2n) § :CL T'q " a7’>
r=0

1 1 _qn+1 aq2n " "
= 1—aq<1—aq2”+2an+1 —71_aq2n(1—q Jom + q" o

1 l1—gq q"(1—aq")
:l—aQ<1—aq2”+2 Gt L—ag@ ")

as desired. 0

4. HIKAMI'S IDENTITIES

To obtain Hikami’s identities we need a more general Bailey pair than the one in (2.6) and
(2.7).

Proposition 4.1. Fork > 1 and 0 < a < k—1, the following is a Bailey pair relative to x%q:

2
(1' Q)n (_1)nkanq(";rl)+(a+1)n2+(kfa71)(n2+n)(1 N x2(a+1) (a+1)(2n+1)) (4'1)

T (@a(1 - 2%9) ¢
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and
n%+-~-+ni_l+na+1+--~+nk,1 $2n1+~--+2nk,1 k-1

Bn = /Bnk = Z 1 (Q)nk H

ni,ng,...,ng—1>0 i=1

["’*1 0, Z} L (42)

Proof. We start by setting a = 22 and letting b,¢ — oo in (2.4) and (2.5) to obtain a Bailey
pair relative to z2,
(l‘Q)n(l _$2q2n)( 1)n 2nqn(3n—1)/2
(@)n(L —2?)
1
Pn = ~
" (@)n

Assuming for a moment that a > 1, we insert this Bailey pair in (2.1) and (2.2) and iterate
a times with p1, po — 0o to obtain another Bailey pair relative to x2,

Qy =

and

Brn = Bnaﬂ = . .
zn: >0 (Q)na+1—na T (q)n2—"1 (q)”l

ni,...;Na =

Next we apply Lemma 3.4 to the above to obtain a Bailey pair relative to x2g,

Ay =

and
ni+ng 201+ +2na

= 1 ( (1—q"") (@®)pr(1 — 2q2"+2)(_1)n+1q(";l)+(a+1)(n+1)2$(a+1)(2n+2)

1—a2q\ (1 -2%¢>"*%)  (@nt1(1 —2?)
qn(l - qun) (3}2)n(1 - x2q2n) n (7 a+1)n? _2(a+1)n
0 (=) (—1)ng(3)+(e+Dn? 2(at)
1 (51?2Q)n( 1)L HE (12 (D20 +2)
1—2%q\ (@)n
+ ($2q)7’b (_1)n+1q(";rl)+(a+1)n2$(a+1)(2n)
(Dn
1 (2@ n_ ("5 +(a+1)n? 2(a+1)n 2(a+1) (a+1)(2n+1)
SToa% @ VT ’ ot )
and

qn%+~~-+n§$2n1+~-+2na (1-— qna+1+1)

Bn=Bross = (4.3)

N1,...Ng >0 (q)n“+1+l_na T (Q)n2—n1 (Q)nl

Finally, we iterate this k — 1 — a times using (2.1) and (2.2) with p1, po — o0 to obtain the
Bailey pair relative to z%q,

(xQQ)n n,.2kn (n+1)+(a+1)n2+(kz—a—l)(n2+n) 2(a+1 1)(2n+1
ap = —————5—(=1)"z"""g\ 2 1 — g2lat)glatD)(2n+1))
"= @i —a2g) Y ( )
and

nf+~~-+ni_1+na+1+-~~+nk—1m2n1+---+2nk71(1 _ qna+1+1)

Br = Bry Z (Dng—rps  (Dnaro—noes (Dnass+1-n0 (Dna—na1 - (@ng—n1 (@)

ni,...,ng—1>0
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In this last expression, multiplying the numerator and denominator by

(Dnye = (@ o

and using the definition of the ¢-binomial coefficient (1.4) gives the expression in the statement
of the proposition. For a = 0, instead of a multisum at (4.3) we have

1
ﬂ = /8 = —
" (@
The rest of the argument is the same. This completes the proof. (]

We note one corollary for later use. This is Hikami’s “Andrews-Gordon variant” and may
be compared with (1.2).

Corollary 4.2. Recall the periodic function X§ﬂ+4(n) defined in (1.6). For0<a<k—1 we
have

Nt Ang_ Fnapitobng o

> f
n1,n2,...,nE—1>0 (q)nk71

lj {nzﬂ s ]

n?—(2k—2a—1)2

Z X8m+4 S(2EF1)
n>0

1
- H 1_qn'

n#0,£(a+1) (mod 2k+1)

Proof. We use the Bailey pair in (4.2) and (4.1) with = 1 in the definition of a Bailey pair
(1.1) and let n — oo. This gives

E q

nit-dn?_ Fnapi+etng 1 K

2
|:ni+1 + 5a,z]
1

n1,n2,..,Nk 120 (q)nk_l i= i
1 Z n (k== n)+ (") +at Un? (1 — glatD@n+D)
(@)oo n>0
n2— —2a—1)2
n>0
2k+1 n24 2k=2a-1,
= @ Z :
nez
( At g2h—a g2kl 2y
(@)oo ’
by Jacobi’s triple product identity (2.12). d

We are now almost ready to prove Hikami’s identities. We need one last ¢-series lemma.

Lemma 4.3. We have

> an H: 2" (4.4)

= (%) k11
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and
2k—x(k#£0)

S o [“ i 1] _r 7 (4.5)

n>0 (T)k+1

Proof. We have

ARED SN

n>0 n>k

_ n+k n+k
-]
n>0

rk

(@)1’
by [3, Eq. (3.3.7)]. This is (4.4).
For (4.5), the case k = 0 is clear. If k£ > 1, then

Soi]ege

n>0 n>0
el
n>1
= ;l’,'il Z " I:Z:l 5
n>0
and the result follows from (4.4). O

Proof of (1.5). We begin by inserting the Bailey pair in (4.2) and (4.1) into Lemma 2.1. This
gives

k—1
(1 _ x) Z (xq)nkqn%+...+ni71+na+1+-,.+’nk—1x2n1+~..+2nk_1+nk H |:ni+1n—|.- (5a7i]
ni,...,n=>0 i=1 7
— Z(_1)nx(2k+1)nq(7L;1)+(a+1)n2+(/€7a71)(n2+n)(1 _ x?(a+1)q(a+1)(2n+1)).
n>0
A short calculation shows that the right-hand side can be written

() n?=(2k=2a-1)" n_(2k—2a-1)
Z X84 (n)q 8(2k+1) T b} ,
n>0

where Xé‘,?_F 4(n) is defined in (1.6). As for the left-hand side, we add and subtract the product
(7)o multiplied by

k—1
Z qn%+~~-+ni,1+na+1+"'+nk—1$2n1+“~+2nk_1+nk H |:ni+1 + (Sa,i:|
N
N1yeeyngy >0 i=1 t
to obtain
k—1
n24tn2 | Ang 1t ng_1 . 2m 20+ Ni+1 + 0a,i
G=2) 3 (@@ — (2g)oc)g™ T . e T [

ni,...,ng >0 i=1
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+(2) 00 Z qn%+"'+ni—l+na+1+"‘+nk71x2n1+"'+2nk71+”k H i
%

k-1
|:ni+1 + 6a,i:|
b
i=1

ni,...,Mg >0
and then using Lemma (4.3) to eliminate the ny variable in the second term gives

n e ng ettt e o1 204420k 11 =80 k-1 X (nk—1>0)

($Q)oo Z a (ZEQ)nk,l

ni,...,ng—12>0
k—2
o H |:ni+1 + 5a,z]
0
i=1 t

H1=2) 0 (@0, — (wg)ec)q AT b g2t

ni,...,nE>0

k—1 + S
i1 a,i

X K

T [" ]

i=1

2 2

B (a) nZ=(2k=2a-1)" n—(2k—2a—1)
— Zx8m+4(n)q 8(2k+1) T 2

n>0

This is Lemma 10 in Hikami’s paper [15], with a slight correction in the case a = k — 1.
Follwing Hikami, we differentiate with respect to x, set x = 1, and use Corollary 4.2 to obtain

n24edn2_ g +oAng k—2 |:ni+1 + 4, 7,:|

ORI (@,

N
i=1 ¢

Nk—1 j

X | 2y + - 4 2np—1 + g1 — g p—1X(nEk—1 > 0) + 1— g
=1

<

_ 2k —2a -1 ¢
+(qa+1; q2k+1)oo(q2k a; q2k+1)oo(q2k+1; q2k+1)oo - Z

2 A 2 e —
B Z ((q)nk - (Q)oo)qn1+ +ng_tnaritoAng—a H

ni,...,nE >0 i=1

n2—(2k—2a—1)2

1 a n=(2k—2a—1)°
— 3 Z ”Xz(sk)ﬂ(”)q SR
n>0
This might be described as “a bit of a mess,” but the point is that as ¢ tends to a root of
unity the first two terms are annihilated, leaving the “strange” identity

k-1
Z (q) qn§+~~~+ni,1+na+1+-~~+w—1 H Nit1 + Oay

ni,...,nE >0 i=1

n2—(2k—2a—1)2

“ 1
=7 = 2 maa(ne e
n>0

This is (1.5).
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5. PROOF OF THEOREM 1.1

In this section we prove the four families of strange identities in Theorem 1.1. In each
case we follow the same basic outline as in the previous section. First, we give a Bailey pair
and corresponding Rogers-Ramanujan type identities. Then we apply Lemma 2.1 and after
some manipulation differentiate to find the strange identity. Since the results for k = 1 were
established in Section 2, we assume that & > 2 throughout.

5.1. Proof of (1.8). We begin with a Bailey pair.
Proposition 5.1. For k > 2, the sequences (o, Bn) form a Bailey pair relative to x2q, where
(22q)n(1 — 22¢*"+1)
T a1 = 2%

(_1)nx(2k—1)nqkn2+(k—1)n (5'1)

and
ni o tng_natebng 1 204420

5n:5nk: Z 1

N, ngp—1>0

]j {”M} (5.2)

Proof. Start with the Bailey pair in (2.8) and (2.9) and iterate £k — 1 times using (2.1) and
(2.2) with py, pa — o0. O

(Q)nk (_xQ)nl

Corollary 5.2. Recall the periodic function x4 (n) defined in (1.7). For k > 2 we have

> T[]

ni+4ni_ +ni+oFng_y

nl,...7Nk_1>0 (Q)nk—l (_xq)nl i=1
n?—(k—1)2
Z Xak(n ik
)oo n>0

1
- H 1_qn'

n#0,£1 (mod 4k)

Proof. We use the Bailey pair in (5.1) and (5.2) with z = 1 in the definition of a Bailey pair
(1.1) and let n — oco. This gives

Z Q"%Jf“*”ifﬁ”l*“*”k*l kl—f |:77f+1]
i
,’,Ll’.n,nk_lzo (Q)nkfl(_xq)nl i=1 nl
( ) (_1)nqkn2+(k—l)n(1 _ q2n+1)
q)co
n>0
1 n?—(k-1)?
= = > Xaw(n)g
) >0
1

1) o0 (25 ¢7F)

(¢)oo
by the triple product identity (2.12). O

o0
Y
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Proof of (1.8). We begin by inserting the Bailey pair in (5.1) and (5.2) into Lemma 2.1. We
obtain
n + +”k 1+7L1+ Hng_1 2n1+ +2nk 1+nk

I e s

N1y, >0 (—2q)n, i=1
_ Z n an kn +(k—1)n (1 o $2q2n+1)
n>0
Now, the right-hand side can be written as
n?—(k—1)2
Z Xak(n g

n>0

where x4 (n) is defined in (1.7). As for the left-hand side, we add and subtract the product
()0 times the appropriate multisum and then apply Lemma 4.3 to obtain

ni e ng_natetng 1 20 e 200k

(W)“m,.%lzoq @ (2 Dm
k—2
e

=1

+1-2) Y (@q)n — (r0)c)?

ni,...,nE>0

nitng _pnatebne 1 20 e 20 g 4

(—2q)n,

k—1
i1
X
I1 [ |
n2oke1)? L g
= S ak(n)g g,
n>0

Taking %| z=1 on both sides and using Corollary 5.2 gives

N34 4n?_ 4ni+tng_1

D i mnﬁ

ni,...,Mk—120

Nk—1

X |1 2ny+ -4+ 2np_1 +ng— 1+lel—qﬂ ]Zl+q1

9k 2%—1. 2k 2k. 2k ¢
(2507 )oo (@507 )00 (67747 ) oo k_l_;l_qj
J=Z

ni4etnd_ +nidetng g k-1 [

II

ni+1:|

1
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Letting ¢ approach an odd root of unity we have the strange identity

qn§+-~~+ni,l+n1+-~+nk,1 k-1 st
> (@ = I1
N1y >0 TIm i=1 ¢
n?—(k—1)2
R O T e
n>0
This is (1.8) for k > 2. O

5.2. Proof of (1.9). Again we begin with a Bailey pair.

Proposition 5.3. For k > 2, the sequences (am, Bn) form a Bailey pair relative to (x2¢2, ¢?),
where
(xzqz; q2)n(_1)nl,(2k:—2)nq(2k—1)n2+(2k—2)n(1 _ xq2n+1)

(0% =
" (g% ¢%)n(1 — 22¢?)

(5.3)

and

ﬁnzﬁnk: Z a

N1, nkp—1>0

2n3+2n1 4202 +2nk_1, 214201 (. 2y FT1
1 1 k—1 k=1 p2n1t-+2ng 1<q7q )m

11 [";‘;jl]ﬁ . (5.4)

=1

(q27 q2)nk (_$Q)2n1+1

Proof. This follows from iterating the Bailey pair in (2.10) and (2.11) k£ —1 times in (2.1) and
(2.2) with p1, p2 — oco. O

Corollary 5.4. Recall the periodic function xsk—4(n) defined in (1.10). For k > 2 we have
the identities
2n? 1+2nq- +2”k 1H2ng 1(

2 : (%5 ¢*)ny 1 (—2Q)2n, 11 lj [nlﬂ]

N1,eNkp—1220

n?—(2k—2)2

ZXSk a(n)g 3T

n>0

4k72)oo(q4k 37 q4k72)oo(q4k72; q4k:72)oo

(4% ¢%) oo

Proof. We use the Bailey pair in (5.3) and (5.4) with 2 = 1 in the definition of a Bailey pair
(1.1) and let n — oco. This gives

_ (q;q

2 2 k—2
2. g T (g ), I1 [nHl]
N1 >0 (4% sy (=) 2041 Pl B PR
1 2k—1)n2+(2k—2 2n+1
- WZH)%( EHCEn (1 g
’ o0 n>0
n?—(2k—2)2
ZXSk 4(n)q~ 33
n>0
B (212) > (1R mt k=2
q7;4% )oo

ne’l
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(44" )0 (¢ 73 ¢ o (¢* 2 g2 o

- Y

(4% 4%) oo
by the triple product identity (2.12). O

Proof of (1.9). Inserting the Bailey pair from (5.3) and (5.4) into Lemma 2.1, we obtain

(6% ¢*)n,pa
S DY (—2q)2n,+1 -

nl,...,nk>0 =
_ Z 2n+1) (Qkfl)nq(Qkfl)n2+(2k72)n

n>0

2n24+2n1---+2n2 2ny_ k:l
ny+2ny--+2n;_+2ng 1x2n1+ +2nk,1+nk 2 [nl+1:|

Note that the right-hand side can be written

n2—(2k-2)2 n—_(2k-2)

ZXSk—4(n)q sk=d w2

n>0

where ygi_4(n) is defined in (1.7). Adding and subtracting (z;¢?)s times the appropriate
multisum on the left-hand side and applying Lemma 4.3, we have

2n1+2n1+ +2nk 1H2ng— 1.’E2n1+ A2np 1 +ng_ 1

5 q = i+1
(‘:Uq 4 )oo Z (xq yq )nk_1<_xQ)2n1+1 1:1 I: :|

ni,...,ngp—1>0

+1l-2) D (2% ¢)n, — (36%¢%)s)

ni,...,nk>0
y q2n§+2n1+“'+2ni_1+2nk_1x2n1+---+2nk,1+nk nl k—1 |:n2+1:|
(_xq)inJ,-l i1 q
n2—(2k—=2)2 n_(26—2)
= ZX8k74(n)q sk—4 x 2
n>0
Taking %| z=1 on both sides and using Corollary 5.4 gives
2n2 4. 42n2 2 ) -
(4% ¢%) > (45 @)y "7 I H [nul}
Y o
N1yt 1 >0 (q2§q2)nk,1(_Q)2n1+1 i1
Nk—1 27 2n1+1 qj
X | 2ny 4 -+ 201 + N 1+ZT_Zl+qj

j=1 Jj=1

o

. Ak—2 Ak—3, 4k—2 Ak—2. Ak—2 q

H@a" )o@ 0 )oo(¢ T oo [ K1 = )
>1 q
20244202 4201 +-A2np 1 k-1
q 1 k—1 n
Y (@ P~ D)) — 1 Z“]
ni,...,ni >0 q)2n,+1 i=1

n?—(2k—2)2

**E nxsk—a(n 8k—4

n>0
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Letting ¢ tend to an odd root of unity gives the strange identity

i et2n? k—1
Z (q2 q2) q2n1+2n1+ +2nk—1+2nk_1(q; q2)n1 H |:’I’ZZ+1:|
9 n
n1,eng >0 " (=@)2n+1 Pl RRLUI PP
" _ 5 Z nX8k74(n)q 8k—4
n>0
This is (1.9) .

5.3. Proof of (1.11). Unlike the Bailey pairs in the previous two subsections, the ones here
and in the next subsection depend on two parameters, k and a.

Proposition 5.5. For k > 2 and 0 < a < k — 1, the following is a Bailey pair relative to
(z%¢%, ¢%):

2.2, .2
(QZ a9 )n (_1)nx(2k:—1)n 2(a+1)n2+n+2(k’—a—1)(n2+n)(1 _ x2a+1q(2a+1)(2n+1))'

Ay — q
" (g% ¢%)n(1 — 22¢?)

(5.5)

and

Bn:/Bnk: Z 1

n1,n2,...,ng—1>0

20344 20) 2001t F2np1 201 4420k k

1
Nit1 + 5i,a:|
(0% 6®)ni (=245 )y 1640 . 1[ ni ]

(5.6)
Proof. We take ¢ = ¢?, a = 2%, b = —2q, and ¢ — oo in (2.4) and (2.5). This gives the Bailey
pair relative to (22, ¢?),
(225 ¢%)n(1 — 2?q*")(=1)"a"g*" "
(4% ¢*)n(1 —2?)
1
B = .
" (@ P26
Assuming for a moment that a # 0, we use this pair in (2.1) and (2.2) and iterate a times
with p1, po — 0o. The result is the Bailey pair relative to (22, ¢?),

B (1:2; q2)n(1 _ $2q4n)(_1)n$(2a+1)nq2(a+1)n2—n

Qp =

and

" (4% ¢*)n(1 — 22)
and ) ,
2ng+--4+2ns .2n1+--+2n,
q 1 aq
Bn = Broy = Z 2. 2 2. 2 N
o o (58 naga—na o (0% 0%)na (=265 4%)m,

Applying Lemma 3.4 and computing as in the proof of Proposition 4.1, we obtain a Bailey
pair relative to (22¢2, ¢°),

1 (x2q2; q2)n(_1)nx(2a+1)nq(2a+2)n2+n(1 _ x2a+1q(2a+1)(2n+1))
C 1-a?¢? (4% ¢*)n

(679

and
203+ 4207 201+ +2ng (1— q2na+1+2)

Bn = 6na+1 = Z 1

. (5.7)
w0 (@5 1ng - (@%56%)n (=265 4%y
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Iterating £ — 1 — a times using (2.1) and (2.2) with p;, p2 — oo and then multiplying the
numerator and denominator of the resulting 3,, by

(@%@ )ny (@56 )ns
gives the result for a > 1. When a = 0 we have
1

Brn = Bny =
T (@ P24 ¢P)ny
at (5.7), and the rest of the proof is similar. O

Corollary 5.6. Recall the definition of ng) (n) from (1.10). For k > 2 we have the identities

Z q

n1,n2,...,Nk—120

2n24--+2n2 +2n 1t 2ng g k=2
1 k—17T4"a Ni+1 + 0ia
q2

(q2;q2)nk—1(7q;q2)nl+5a,0 i1 ng

1 n?—(2k—2a-1)2
— A

(4% 4*)oo 25
_ (q2a+17 q4k72a717 q4k; q4k)oo
(4% ¢%) o

Proof. We take the Bailey pair from (5.5) and (5.6) with = 1, put it in the definition of a
Bailey pair, and let n — oo. Then we have

Z q

R Ui q2)nk71 (=4 ¢*)n1 4509

2n%+-~~+2ni71+2na+1+~--+2nk,1 k—2 |:

Niy1 + 0iq
n; q2

i=1

-« Z n an +(2k—2a— 1)n(1+q(2a+1)(2n+1))

n>0
n2—(2k—2a—1)2
zx =
n>0
ot Z K 2kn2+ 2k—2a—1)n
nez
1
_ 2a+1 4k—2a—1 4k, 4k
- 2. X(qa »q “ 4 54 )oo

(4% ¢%) oo

Proof of (1.11). Using the Bailey pair in (5.5) and (5.6) in Lemma 2.1 gives

(1—x)

24 ... 2 k—1
(qu;qQ)nkanl-i- +2ng g F2na 1+t 2ng1 20+ 201 g |:

[I

N
i=1 !

ni,...,nE>0 <_xq7 q2)n1+5a70

_ Z n 2kn 2kn2+(2k 2a—1)n (1_1,2a+1q(2a+1)(2n+1))_

ni11 + 51',@}
q2

n>0
Now, the right-hand side can be written as

(a) n?—(2k—2a—1)2 n—(2k—2a—1)
g Xsk 8k T 2
n>0

)
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where ng) (n) is defined in (1.10). Adding and subtracting (x; ¢*)s times the appropriate on

the left-hand side and applying Lemma 4.3 gives

Y I

ni,...,ngp—1>0

2n1+ +2nk 1+2na+1+ “+2n,_q 2n1+ A2np_14+ng_1— 5ak 1x(nk 1>0)

(2% ¢ np_, (=26 ¢ ni 4500

k—1
|:nz+1 + 51 a:|
e

’L

X
=1

+1l-2) > ((@¢%¢")n, — (26%¢%)o0)

ni,...,nE >0

X

) k—1 Z’n] -4 Mg —1 Jr’nk TLH— 51, a
q

(=24 ¢*)n1+5u0 - n;

.

(a) n?—(2k—2a—1)2  n—(2k—2a—1)
= ZXSk (n)q Sk T 2 .
n>0

Taking %‘:p:l on both sides and using Corollary 5.6 gives
ni+1:|
n; ¢

X <2n1 4+ 4 2np 1+ g1 — 5a,k_1x(nk_1 > 0)

@) Y. L5

234 42n2 | +2n14-42np_g kK2 [
.42 a2
N1y 1 >0 (q 54 )nk71( q; 94 )n1+5a70 i1

NEk—1 ; n1+5a,0 q2j71

2k—2a—1
2a+1, 4k 4k—2a—1. 4k 4k, Ak .
Ha* 0% (g 10" )00 (45" o0 ;1_(12]

Z . ) q2n%+-~~+2n%71+2n1+~--+2nk_1 k-1
- (@759 ) — (@54 )o0) [

ni+1:|
e 2 n;
ni,...,nE =0 ( q;9q )n1+5a,0 i=1 vlg?

1 n2—(2k—2a—1)2
n>0
As ¢ tends to an odd root of unity, this implies the strange identity

Y (@)

n1,...,nE >0

2n%+~~~+2ni_1+2na+1+--~+2nk_1 k—1

Nit1 + 5i,a:|
(_q7 q2)n1+6a,0 i=1 q2

, 1 n?—(2k—2a-1)?
S B (O
n>0

This is (1.11).
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5.4. Proof of (1.13). As usual, we begin with a Bailey pair.

Proposition 5.7. Fork > 2 and 0 < a < k — 1, the following is a Bailey pair relative to x%q:

(xQQ)n (2k—2)n ("+1)+an2+(kfafl)(n2+n) 2a a(2n+1)
Qp = 57 g\ 2 14+ 2% 5.8
" (@)n(1 — 2%q) ( ) ¥
and
n%+"'+ni—1+na+1+“'+nk—1x2"1+"'+2nk*1 -1 k-1 ) .
_ Z q : - ( )n1+6a,0 H |:nz+1 + 5z7a:| ) (59)
o (@i (2@ 61 +64.0 palet ni

Proof. Let b= —¢ = 2¢*/? and @ = 22 in (2.4) and (2.5). This gives the Bailey pair relative

to :U2,

($2)n(1 _ $2q2n)q(g)
(Q)n(l - 332)

__ (=Da
Pn = 20 02)
(@n(22q: ¢*)n
Iterating (2.1) and (2.2) a times, for a > 1, with p1, p2 — 00, we obtain

Ay =

and

(x2)n(1 _ x2q2n)x2anq(;)+an2
(Q)n(l - 12)

Ay =

and

nitedng g 2m 2 (1),

q
Bn = Brayr = :
" tatt nl,.;nazo (q)na+1—na “(@Dng—n1 (Qny (qu; qz)m

Applying Lemma 3.4 and performing a short calculation as in the proof of Proposition 4.1 or
Proposition 5.5 gives a Bailey pair relative to z2¢,

(x2)n 2an ("I +an? 2a a(2n+1
(@)n(1—22q)" AV (L g )

Bn = ﬁna+1 = Z g

o o Dnapiti=ne (@no—n (@ (22467

Ay =

and
ni+eng 201+ 4+2na (1— qna+1+1)(_1)n1

(5.10)

Finally, we iterate this k—1—a times along the Bailey chain in (2.1) and (2.2) with p1, ps — 00
to obtain the desired «, and

Bn :Bnk =

>

N, nkp—1>0

qnf+-~~+ni,1+na+1+~~~+nk_1 g2mt ey (] _ granitl) (1)

ni

(q)nk_”kfl T (q)na+2—na+1 (q)na+1+1—na (q)na—naq e (Q)nz—m (q)m (x2Q§ q2)n1 .

Converting to ¢-binomial notation gives the result. For a = 0 we have
(_1)n1+1
(@1 (%G5 ¢%)ny 41
at (5.10) and then the rest of the proof is the same. O

Bn = Brm =
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Corollary 5.8. Recall the definition of X4k o N (1.12). Fork>2and 0 <a <k —1 we
have the identities

nitni_ Fnatittng (—1

Z q m+5a 0 ﬁ |:nz+l + 51 a:|
(D1 (@56 n+800 paley

N1,eNp—1220

1 n?—(2k—2a—1)2
=(1+ (5&,0)<T Zxﬁ) o(n)g  8@-D
q)oo >0
_ @ a0 oo (T ¢ )
(@)oo

Proof. We take the Bailey pair from (5.8) and (5.9) with = 1, insert it into the definition
of a Bailey pair (1.1), and let n — co. Then we have

k—2
n1+64,0 H Ni+1 + 0ia
n;

nit4ni_ Fnapi+otng 1 (—1)

N1y —1>0 (Q)nkfl(q’ q2)n1+5a70 i=1

- $ TR (1 g g

(@)oo >0

(1 + 46 70) n?—(2k—2a—1)2
- ﬁ Syl

TJoo n>0
(2k=1) 22| 2k— 2a 1,
xY a T "t
q e neL

_ q) « (_qa; q2k—1)oo(_q2k—a—1; qQk—l)Oo(qZk—l; q2k—1)oo

o
]
Proof of (1.13). We first use the Bailey pair in Proposition 5.7 in Lemma 2.1, which gives
24 ... 4n2 w1t k-1
(1 _:1:) Z (xQ)nkqn1+ +ng_;tngy1+otng 1(_1)n1+§a,0$2n1+ +2np_1+nyg H |:ni+1 +5z a:|
A1, 20 (263 @) nao0,0 i1 i

_ Z x(Qkfl)nq("'QH)+an2+(k—a—1)(n2+n)(1 + anqa(Qn#»l)).

n>0
Note that the right-hand side can be written

n2—(2k—24-1)2 n—(2k—2a—1)

1+ 640) Z Xi‘,?d(n)q 82k-1) g 2 )
n>0

where ngg_g(n) is defined in (1.12).
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Adding and subtracting (x). times the appropriate multisum on the left-hand side and
applying Lemma 4.3 we obtain

q”%+"'+”i_1+"a+l+"'+nk—1$2n1+-~~+2nk—1+nk—1—5a,k—1x(nk—1 >0) (_1)
C Y
= (G Ong—, (226 ¢y 160 0

N1yeeyNg—120

n1+0da,0

X
ng

k-2
[ni—&—l + 5i,a:|

=1

2 2
qnl~--+nk_1+na+1+~~-+nk_1x2n1+---+2nk,1+nk(_1)m+6 .
+(1—=) ((Z@)n, — (2¢)0) =
n1,.§k20 " > ($2q; q2)n1+5a,0
N T 40
i+1 2,a
AL
=1
(a) n2—(2k—2a—1)2 n—(2k—2a—1)
= (1 —|— 5a’0) Z X4k72(n)q 8(2k—1) x 2 .
n>0
Taking -2 <—|z =1 on both sides and using Corollary 5.8 we find
24 ...4n2 _
(q) Z qn1+ g1 tat+1t+ +7’Lk—1( n1+6a0 H |:n1+1 +5a z:|
o0
= (D (G G )na+00 Pl
X <2n1 4+ 201 F N1 — 5a,k_1x(nk_1 > 0)
Nk—1 n1+6a 0 1
" 1 ‘s 1)
]:
_ —a— _ _ _ 2k — 2a -1
(4% P Do~ P Do (@ e | e =Y 7
7j>1
210924 12 “ _ k—1
- Z (Do — (@ )qn1+n2+ +ni_ a1t g 1<—l)n1+5a70 H [nz’—&-l +5a,i:|
n o0
N1, >0 ' (45 4%)n1+840 i=1 i
n2—(2k—2a—1)2
(1 +6a,0) Z nXak—2( 8(2k—1)

n>0
Letting ¢ tend to an even root of unity, we obtain the strange identity in (1.13),
n§+---+ni_1+na+1+---+nk,1(

q n1+5a 0 - Ni+1 + 51 a:|
q
Z ( )nk (Q7 q2)n1+6u70 1;[ |:

n?—(2k—2a-1)?

(140} Y s
n>0
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6. CONCLUSION

We conclude with a few remarks. First comparing (1.8) and (1.9) gives a “quantum g¢-series
identity” in the sense of [18],

Y @

ni,...,ngk—120

n24-4n2, oHnitetnog_o 2k—2 |:ni+1:|

22420144202 +2ny_ .2 k—1
1 k—1 1(q’q ) |:

!

(_Q)in-i-l i=1

2, 2y 4 Tit1
:q 2 Z (q 7q )’Hk ;’L :| .
(3 2
Nn1,..,M >0 q
The symbol =, means that the two sides are equal at any odd root of unity (in which case the
sums become finite) but not as functions inside the unit disk (where neither series converges,

anyway). The case k = 1 reads

Z (Q)n :q2z(q))2n

>0 (_Q)n n>0 (—q)2n+1

Second, it would be nice to have strange identities for other classes of partial theta series
of the form

n27a
> n'x(ma T

n>0

where v € {0,1}, a > 0 and b > 0 are integers, and x(n) is an appropriate periodic function.
One especially interesting class would be

n2—(st—s—t)2
> nxas(n)g

n>0

where x25¢(n) is the even periodic function modulo 2st defined by

1, ifn=st—s—torst+s+t (mod 2st),
Xost(n) =< =1, ifn=st—s+torst+s—t (mod2st),
0, otherwise.

As explained in [16, 17], this series captures the values of the colored Jones polynomial for the
torus knot T ; at roots of unity. The case T5 o541 corresponds to Hikami’s strange identities
(1.5) when a = 0. The case of torus knots T} o is studied in [9], though the strange identities
found there do not appear to be simple consequences of the Bailey pair framework presented
here.

Finally, as is often the case when identities are understood in the context of Bailey pairs,
we have only scratched the surface of what is possible. For instance, in establishing families
of Bailey pairs like those in (4.1) and (4.2), we have iterated the Bailey Lemma in (2.1) and
(2.2) only in the special case pi, p2 — oo. This typically leads to the most elegant results,
but there are other possibilities. For example, if we follow the proof of (4.1) and (4.2) but
use p1 = —q, p2 — oo in the very last step, and then follow the steps in the proof of Hikami’s
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strange identities with appropriate modifications, we find the strange identities

2,192 ng—1+1 k—1
Z (q)nk(_q)nk—lqn1+ it ’ frrente H [ni—&-l‘f'éiﬂ]
(_Q)nk . n;
ni,...,nE>0 i=1 (6 1)
« ” (a) n?—(e—a—1)? '
=7 = nxgy(n)g w .
n>0

Here 0 <a <k —1, and Xﬁ) (n) is the even periodic function modulo 4k defined by

1, ifn=k—a—-1lor3k+a+1 (mod4k),
Xﬁ)(n): -1, ifn=k+a+1lor3k—a—1 (mod 4k),
0, otherwise.

Comparing (6.1) with (1.11) and (1.5) gives two families of quantum g-series identities,

Z (Q)NQk(_q)an—lq H

(_Q)n2k i=1

n2+tnd, ("2 ) bnga g+ tngp_n 2k—1

niy1 + 6i,2a]

n1,...,n2K >0

q
=q 2 Z (q25 q2)nk

2n2 44202 42ng114+2n,_q k=1
! e Nit1 + ia
n; 9
n1,...,n >0 4

[I

=1 !

(= 4*)ny 600

and

Z (q)n2k+1(_q)n2kq

n§+~~+n§k_1+(”2’5“)+n2a+2+--~+n2k_1 2
=1 i

Nit1 + 5i72a+1:|
(_q)n2k+1 .

N1,..N2k4120 4

k—1
N
N1y >0 i=1 ! 7

valid at odd roots of unity.

REFERENCES

[1] S. Ahlgren and B. Kim, Dissections of a “strange” function, Int. J. Number Theory 11 (2015), 1557-1562.

[2] S. Ahlgren, B. Kim, and J. Lovejoy, Dissections of strange g-series, Ann. Comb. 23 (2019), 427-442.

[3] G.E. Andrews, The Theory of Partitions, Reprint of the 1976 original, Cambridge Mathematical Library,
Cambridge University Press, Cambridge, 1998.

[4] G.E. Andrews, Multiple series Rogers-Ramanujan identities, Pacific J. Math. 114 (1984), 267-283.

[6] G.E. Andrews, g-Series: Their Development and Application in Analysis, Number Theory, Combinatorics,
Physics, and Computer Algebra, volume 66 of Regional Conference Series in Mathematics. American
Mathematical Society, Providence, RI, 1986.

[6] G.E. Andrews, Bailey’s transform, lemma, chains and tree, Special functions 2000: current perspective
and future directions (Tempe, AZ), 1-22, NATO Sci. Ser. IT Math. Phys. Chem., 30, Kluwer Acad. Publ.,
Dordrecht, 2001.

[7] G.E. Andrews, J. Jiménez-Urroz, Jorge, and K. Ono, g-series identities and values of certain L-functions,
Duke Math. J. 108 (2001), no. 3, 395-419.

[8] G.E. Andrews and J.A. Sellers, Congruences for the Fishburn numbers, J. Number Theory 161 (2016),
298-310.

[9] C. Bijaoui, H.U. Boden, B. Myers, R. Osburn, W. Rushworth, A. Tronsgard, and S. Zhou, Generalized
Fishburn numbers and torus knots, J. Combin. Theory Ser. A 178 (2021), Paper No. 105355.



[10]
[11]
[12]
[13]
[14]
[15]

[16]
[17]

[18]
[19]

[20]
21]

22]
23]
[24]

[25]

27

K. Bringmann and L. Rolen, Half-integral weight Eichler integrals and quantum modular forms, J. Number
Theory 161 (2016), 240-254.

F.G. Garvan, Congruences and relations for r-Fishburn numbers, J. Combin. Theory Ser. A 134 (2015),
147-165.

A. Goswami, Congruences for generalized Fishburn numbers at roots of unity, Acta Arith. 199 (2021),
77-102.

A. Goswami and R. Osburn, Quantum modularity of partial theta series with periodic coefficients, Forum
Math. 33 (2021), no. 2, 451-463.

P. Guerzhoy, Z.A. Kent, and L. Rolen, Congruences for Taylor expansions of quantum modular forms,
Res. Math. Sci. 1 (2014), Art. 17.

K. Hikami, g-series and L-functions related to half-derivatives of the Andrews-Gordon identity, Ramanujan
J. 11 (2006), no. 2, 175-197.

K. Hikami and A.N. Kirillov, Torus knot and minimal model, Phys. Lett. B 575 (2003), no. 3-4, 343-348.
K. Hikami and A.N. Kirillov, Hypergeometric generating function of L-function, Slater’s identities, and
quantum invariant, St. Petersburg Math. J. 17 (2006), no. 1, 143-156.

J. Lovejoy, Quantum g-series identities, Hardy-Ramanujan J. 44 (2021), 61-73.

J. Lovejoy, Bailey pairs and indefinite quadratic forms, II. False indefinite theta functions, Res. Number
Theory 8:24 (2022).

J. Lovejoy and R. Osburn, Mock theta double sums, Glasgow Math. J. 59 (2017), 323-348.

J. McLaughlin, Topics and methods in g-series, Monographs in Number Theory, 8, World Scientific Pub-
lishing Co. Pte. Ltd., Hackensack, NJ, 2018.

L.J. Slater, A new proof of Rogers’s transformations of infinite series, Proc. London Math. Soc. (2) 53
(1951), 460-475.

A. Straub, Congruences for Fishburn numbers modulo prime powers, Int. J. Number Theory 11 (2015),
1679-1690.

S. O. Warnaar, 50 years of Bailey’s lemma, Algebraic combinatorics and applications (GoBweinstein,
1999), 333-347, Springer, Berlin, 2001.

D. Zagier, Vassiliev invariants and a strange identity related to the Dedekind eta-function, Topology 40
(2001), no. 5, 945-960

CNRS, UNIVERSITE DE PARIS, BATIMENT SOPHIE GERMAIN, CASE COURIER 7014, 8 PLACE AURELIE
NEMOURS, FRANCE 75205 Paris CEDEX 13, FRANCE
Email address: lovejoy@math.cnrs.fr



